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PREFACE TO THE FIRST EDITION

Que nous sert-il d’avoir la panse pleine de viande, si
elle ne se digére? si elle ne se transforme en nous? si
elle ne nous augmente et fortifie?

Montaigne

The interest in fluctuations and in the stochastic methods for describing them
has grown enormously in the last few decades. The number of articles scattered
in the literature of various disciplines must run to thousands, and special journals
are devoted to the subject. Yet the physicist or chemist who wants to become
acquainted with the field cannot easily find a suitable introduction. He reads the
seminal articles of Wang and Uhlenbeck and of Chandrasekhar, which are almost
forty years old, and he culls some useful information from the books of Feller,
Bharucha-Reid, Stratonovich, and a few others. Apart from that he is confronted
with a forbidding mass of mathematical literature, much of which is of little
relevance to his needs. This book is an attempt to fill this gap in the literature.

The first part covers the main points of the classical material. Its aim is to
provide physicists and chemists with a coherent and sufficiently complete frame-
work, in a language that is familiar to them. A thorough intuitive understanding
of the material is held to be a more important tool for research than mathemat-
ical rigor and generality. A physical system at best only approximately fulfills
the mathematical conditions on which rigorous proofs are built, and a physicist
should be constantly aware of the approximate nature of his calculations. (For
instance, Kolmogorov’s derivation of the Fokker—Planck equation does not tell
him for which actual systems this equation may be used.) Nor is he interested
in the most general formulations, but a thorough insight in special cases will
enable him to extend the theory to other cases when the need arises. Accordingly
the theory is here developed in close connection with numerous applications and
examples.

The second part, starting with chapter IX [now chapter X], is concerned with
fluctuations in nonlinear systems. This subject involves a number of conceptual
difficulties, first pointed out by D.K.C. MacDonald. They are of a physical rather
than a mathematical nature. Much confusion is caused by the still prevailing view
that nonlinear fluctuations can be approached from the same physical starting
point as linear ones and merely require more elaborate mathematics. In actual
fact, what is needed is a firmer physical basis and a more detailed knowledge of
the physical system than required for the study of linear noise. This is the subject
of the second part, which has more the character of a monograph and inevitably
contains much of my own work.
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viii PREFACE TO THE FIRST EDITION

The bulk of the book is written on the level of a graduate course. The Exercises
range from almost trivial to rather difficult. Many of them contain applications
and others provide additions to the text, some of which are used later on. My
hope is that they will not frustrate the reader but stimulate an active participation
in the material.

The references to the literature constituted a separate problem. Anything even
approaching completeness was out of the question. My selection is based on the
desire to be helpful to the reader. To stress this aspect references are given at the
bottom of the page, where the reader can find them without having to search for
them. My aim will be achieved if they are sufficient as a guide to further relevant
literature. Unavoidably a number of important contributions are not explicitly but
only indirectly credited. I apologize to their authors and beg them to consider
that this is a textbook rather than a historical account.

I am indebted to B.R.A. Nijboer, H. Falk, and J. Groeneveld for critical
remarks, to the students who reported a number of misprints, and to Leonie
J.M. Silkens for indefatigable typing and retyping.

N.G. van Kampen



PREFACE TO THE SECOND EDITION

This edition differs from the first one in the following respects. A number of
additions are concerned with new developments that occurred in the intervening
years. Some parts have been rewritten for the sake of clarity and a few derivations
have been simplified. More important are three major changes.

First, the Langevin equation receives in a separate chapter the attention merited
by its popularity. In this chapter also non-Gaussian and colored noise are studied.
Secondly, a chapter has been added to provide a more complete treatment of
first-passage times and related topics. Finally, a new chapter was written about
stochasticity in quantum systems, in which the origin of damping and fluctuations
in quantum mechanics is discussed. Inevitably all this led to an increase in the
volume of the book, but I hope that this is justified by the contents.

The dearth of relevant literature mentioned in the previous preface has since
been alleviated by the appearance of several textbooks. They are quoted in the
text at appropriate places. Some of the references appear in abbreviated form;
the key to the abbreviations is given over page.

N.G. van Kampen
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PREFACE TO THE THIRD EDITION

The main difference with the second edition is that the contrived application of
the quantum master equation in section 6 of chapter XVII has been replaced with
a satisfactory treatment of quantum fluctuations. Apart from that, throughout the
text corrections have been made and a number of references to later developments
have been included. Of the more recent textbooks, the following are the most

relevant.

GARDINER: C.W. Gardiner, Quantum Optics (Springer, Berlin 1991).

GILLESPIE: D.T. Gillespie, Markov Processes (Academic Press, San Diego 1992).

COFFEY, KALMYKOV AND WALDRON: W.T. Coffey, Yu.P. Kalmykov, and
J.T. Waldron, The Langevin Equation (2nd edition, World Scientific, 2004).
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Chapter I
STOCHASTIC VARIABLES

This chapter is intended as a survey of probability theory, or rather a
catalogue of facts and concepts that will be needed later. Many readers will
find it time-saving to skip this chapter and only consult it occasionally when
a reference to it is made in the subsequent text.

1. Definition

A “random number” or “stochastic variable” is an object X defined by

a. a set of possible values (called “range”, “set of states”, “sample space”
or “phase space”);

b. a probability distribution over this set.

Ad a. The set may be discrete, e.g.: heads or tails; the number of electrons
in the conduction band of a semiconductor; the number of molecules of a
certain component in a reacting mixture. Or the set may be continuous in a
given interval: one velocity component of a Brownian particle (interval
— o0, + o0); the kinetic energy of that particle (0, co); the potential difference
between the end points of an electrical resistance (— co, + o). Finally the set
may be partly discrete, partly continuous, e.g., the energy of an electron in
the presence of binding centers. Moreover the set of states may be multidimen-
sional; in this case X is often conveniently written as a vector X. Examples:
X may stand for the three velocity components of a Brownian particle; or
for the collection of all numbers of molecules of the various components in
a reacting mixture; or the numbers of electrons trapped in the various species
of impurities in a semiconductor.

For simplicity we shall often use the notation for discrete states or for a
continuous one-dimensional range and leave it to the reader to adapt the
notation to other cases.

Ad b. The probability distribution, in the case of a continuous one-
dimensional range, is given by a function P(x) that is nonnegative,

P(x)>0, (1.1)

and normalized in the sense

J P(x)dx=1, (1.2)
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where the integral extends over the whole range. The probability that X has
a value between x and x + dx is

P(x) dx.

Remark. Physicists like to visualize a probability distribution by an “ensemble”.
Rather than thinking of a single quantity with a probability distribution they intro-
duce a fictitious set of an arbitrarily large number A" of quantities, all having different
values in the given range, in such a way that the number of them having a value
between x and x +dx is A P(x)dx. Thus the probability distribution is replaced
with a density distribution of a large number of “samples”. This does not affect any
of its results, but is merely a convenience in talking about probabilities, and occasion-
ally we shall also use this language. It may be added that it can happen that a
physical system does consist of a large number of identical replicas, which to a
certain extent constitute a physical realization of an ensemble. For instance, the
molecules of an ideal gas may serve as an ensemble representing the Maxwell
probability distribution of the velocity. Another example is a beam of electrons
scattering on a target and representing the probability distribution for the angle of
deflection. But the use of an ensemble is not limited to such cases, nor based on
them, but merely serves as a more concrete visualization of a probability distribution.
To introduce or even envisage a physical interaction between the samples of an
ensemble is a dire misconception®.

In a continuous range it is possible for P(x) to involve delta functions,

P(x)= Y p, 8(x — x,) + P(x), (1.3)

where P is finite or at least integrable and nonnegative, p, >0, and

Y Pt Jﬁ(x)dx=l.

Physically this may be visualized as a set of discrete states x, with probability
p. embedded in a continuous range. If P(x) consists of delta functions alone,
ie., if P(x)=0, it can also be considered as a probability distribution p, on
the discrete set of states x,,. A mathematical theorem asserts that any distribu-
tion on —oo < x < 0o can be written in the form (1.3), apart from a third
term, which, however, is of rather pathological form and does not appear
to occur in physical problems.**

Exercise. Let X be the number of points obtained by casting a die. Give its range
and probability distribution. Same question for casting two dice.

*) E, Schrédinger, Statistical Thermodynamics (Cambridge University Press, Cambridge 1946).
**)FELLER 11, p. 139. He calls the first term in (1.3) an “atomic distribution”.



