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PREFACE

This edition of Geometry is the first major revision of this text. After six years,
it is hard to remember that when the book first appeared it was regarded as
boldly innovative, and many of its novelties were regarded with misgivings.
This applies in particular to the logical accuracy of its language, to the com-
pleteness of its proofs, and to the use of explicit notations to distinguish lines,
rays, segments, and lengths. It turned out in practice that these features were
just as good pedagogically as they were logically; and our notation is now
standard in nearly all widely used geometry books. Since these features were
successful, there was obviously no need to change them.

Nevertheless, in the past six years the world has moved, and in geometry
it has moved faster than usual. The first edition was intended for students who
had not previously had a modern mathematics course. Consequently, the
authors were led to take precautions which are no longer needed. Nearly all
of the present generation of students have heard of equivalence relations
before they take a course in geometry, and the fact is that congruence is an
equivalence relation. Therefore we now say, matter-of-factly, that congruence
is an equivalence relation. Similarly, in the first edition we used a variety of
functions, but did not call them functions, for fear of using too many new
words. Since the word “function” is now familiar, there is no reason to avoid
it. At many points we have made such changes, in response to the change in
the backgrounds of the students.

The problems in the first edition were carefully designed to be ample for
almost every purpose. In the present edition, almost all these problems have
been retained. However, many new problems, especially of an easier nature,
have been inserted. Also, the layout of the problems has been arranged in
such a way that it is easy to tell at a glance which problems are easy, mod-
erate, or difficult. The easy set may often be used as oral exercises. As before,
no student is expected to do every problem, and teachers still need to select
problems discriminately in assigning homework. Extensive teaching expe-
rience with the first edition has prompted us to make slight revisions in the
order of topics within the first few chapters, particularly to ease the transi-
tion from reading proofs to writing them.

Finally, we have added two new chapters, one on trigonometry and an-
other on transformations and vectors. It seemed very desirable to introduce
analytic trigonometry, using directed angles of any size. The transition from
purely geometric ideas to analytic ideas would come soon in any case, and
it seemed better for this transition to occur within the geometry course.
Undirected angles are useful for some purposes (namely, those of elemen-
tary geometry), and directed angles are useful for other purposes—in analytic
geometry and calculus. Making this point clear is a minor advantage of teach-
ing analytic trigonometry in a geometry course. The major advantage, of
course, is that the material is vitally important in later study.

The case for geometric transformations is not quite so strong, because
this material is not going to be needed immediately. Nevertheless, the idea
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of a transformation is central in modern mathematics, and probably the
easiest introduction to it is in geometry. Vector ideas are also prominent in
mathematics and in the other sciences, and it would seem artificial to leave
them unmentioned. Transformations and symmetry naturally go together;
the idea of symmetry clarifies much of the geometry that has been studied
earlier. In the new Chapter 18, we have tied all these things together.

The treatment of transformations and vectors, in Chapter 18, is not to
be confused with various proposals which have been widely discussed in
recent years. Some have advocated that transformations be used from the
outset, and that all the geometric ideas, including congruence, be formulated
in terms of them. We have not carried out any such scheme in the present
book, and we believe that such a scheme involves serious difficulties. In spite
of its logical simplicity, as judged by mathematicians, it would be far more
sophisticated than the present treatment. There is also the difficulty of pro-
viding suitable problems. One of the best features of traditional geometry is
its wealth of interesting problems that the student can solve. The merits of
a teaching plan depend crucially on the sort of problem work that the stu-
dent is given to do. If some of the problems are dull, and the rest are hope-
lessly difficult, then the course is not going to work in the classroom, no
matter how beautiful it may look in theory. The same considerations apply
to a course in which everything is stated, from the beginning, in terms of
vectors.

The central purpose of a textbook ought to be to provide the student
with a stimulating and attractive life to lead, when he does the work as-
signed. At least, this is the purpose of the present authors.

The authors would be remiss, indeed, if we failed to acknowledge the
assistance of the staff at Addison-Wesley and the criticisms and contribu-
tions of the hundreds of teachers and students who have communicated their
thoughts to us.

Acknowledgment is hereby made for permission to reprint in this volume
portions of the SMSG text, Geometry, copyright by Yale University. How-
ever, this permission must not be construed as an endorsement by the School
Mathematics Study Group of the present volume.

Edwin E. Moise
Floyd L. Downs, Jr.

Hlustration Credits p. 77, Courtesy British Museum; p. 300, Map adapted from Geo-
graphia, an ancient manuscript (225 B.C.). The dimensions of the inhabited world are
given as: length from ocean to ocean—7780 miles, width—3800 miles; p. 644, Archi-
medes (Smith Collection, Library of Columbia University).






CONTENTS

1 Common Sense and Exact Reasoning !

1-1
1-2

Two kinds of problems /
An organized logical development of geometry 8
Euclid 77

2 Sets, Real Numbers, and Lines /5

2-1
2-2
2-3
2-4

2-5

2-6

Sets 15
Order on the number line 23
Absolute value 29
Rulers and units of distance 32
Postulate 1. The Distance Postulate 34
An infinite ruler 37
Postulate 2. The Ruler Postulate 38

The Ruler Placement Postulate. Betweenness. Segments and rays 43

Postulate 3. The Ruler Placement Postulate 43
Postulate 4. The Line Postulate 47
Chapter Review 53

3 Lines, Planes, and Separation 59

3-1
3-2

3-3

3-5

Introduction 59
Lines, planes, and pictures 6/
Postulate 5. 62
Lines, planes, and pictures (continued) 65
Postulate 6. 65
Postulate 7. The Plane Postulate 66
Postulate 8. 66
Convex sets and separation 69
Postulate 9. The Plane Separation Postulate 70
Postulate 10. The Space Separation Postulate 7/
The Seven Bridges of Konigsberg 75
Leonhard Euler 77
Chapter Review 80

vii



4 Angles and Triangles 83

4-1 The basic terms 83
4-2 Measuring angles 89
Postulate 11. The Angle Measurement Postulate 90
Postulate 12. The Angle Construction Postulate 90
Postulate 13. The Angle Addition Postulate 91
Postulate 14. The Supplement Postulate 9/
4-3 Some remarks on angles 96
4-4 Right angles, perpendicularity, congruent angles 98
4-5 Equivalence relations 701
4-6 Some theorems about angles /04
4-7 Vertical angles and other theorems 107
George David Birkhoff 709
4-8 Theorems in the form of hypothesis and conclusion 772
4-9 Writing up proofs 7/4
Chapter Review /18

5 Congruence /23

5-1 The idea of a congruence /23

5-2 Congruences between triangles 729

5-3 The congruence postulates for triangles /36
Postulate 15. The SAS Postulate /37
Postulate 16. The ASA Postulate /37
Postulate 17. The SSS Postulate 737

5-4 Thinking up your own proofs /4!

5-5 Using marks on figures 749

5-6 Bisectors of angles 7152

5-7 Isosceles and equilateral triangles 754

5-8 Converses /59

5-9 Overlapping triangles. Use of figures to convey information /61

5-10 Quadrilaterals, medians, and bisectors /67

Chapter Review /73

6 A Closer Look at Proof 777

6-1 How a deductive system works 177
6-2 Indirect proofs 178
6-3 Theorems on lines and planes 181
6-4 Perpendiculars /187
6-5 Introducing auxiliary sets into proofs. The use of the word “let” 194
6-6 Making theorems of the ASA and SSS Postulates 201
Chapter Review 207

7 Geometric Inequalities 217

7-1 Making reasonable conjectures 271
7-2 Inequalities for numbers, segments, and angles 213
7-3 The Exterior Angle Theorem 217

viii



7-4 Congruence theorems based on the Exterior Angle Theorem 22/
7-5 Inequalities in a single triangle 225
7-6 The distance between a line and a point. The triangle inequality 229
7-7 The Hinge Theorem and its converse 232
7-8 Altitudes of triangles 236
Chapter Review 239

Perpendicular Lines and Planes in Space 243

8-1 The definition of perpendicularity for lines and planes 243
8-2 The basic theorem on perpendiculars 246
8-3 Existence and uniqueness 249
8-4 Perpendicular lines and planes: a summary 253
Chapter Review 257

Parallel Lines in a Plane 261

9-1 Conditions which guarantee parallelism 267
9-2 Other conditions that guarantee parallelism 269
9-3 The Parallel Postulate 272
Postulate 18. The Parallel Postulate 272

9-4 Triangles 277
9-5 Quadrilaterals in a plane 281
9-6 Rhombus, rectangle, and square 288
9-7 Some theorems on right triangles 2917
9-8 Transversals to many parallel lines 294
9-9 How Eratosthenes measured the earth 298

Eratosthenes 300

Chapter Review 300

Parallel Lines and Planes 307

10-1 Basic facts about parallel planes 307
10-2 Dihedral angles. Perpendicular planes 373
10-3 Projections 320

Chapter Review 325

Nikolai Ivanovitch Lobachevsky 327

Polygonal Regions and Their Areas 329

11-1 Polygonal regions 329
Postulate 19. The Area Postulate 33/
Postulate 20. The Congruence Postulate 33/
Postulate 21. The Area Addition Postulate 332
Postulate 22. The Unit Postulate 332
11-2 Areas of triangles and quadrilaterals 337
11-3 The Pythagorean Theorem 345
Pythagoras 346
11-4 Special triangles 351/
Chapter Review 356



12

13

14

15

Similarity 361

12-1 The idea of a similarity. Proportionality 361
12-2 Similarities between triangles 368
12-3 The Basic Proportionality Theorem and its converse 373
12-4 The basic similarity theorems 380
12-5 Similarities in right triangles 39/
12-6 Areas of similar triangles 394
Chapter Review 399

Plane Coordinate Geometry 403

13-1 Introduction 403
13-2 Coordinate systems in a plane 403
René Descartes 408
13-3 How to draw pictures of coordinate systems on graph paper 409
13-4 The slope of a nonvertical line 413
13-5 Parallel and perpendicular lines 479
13-6 The distance formula 423
13-7 The midpoint formula. The point dividing a segment in a given
ratio 427
13-8 The use of coordinate systems in proving geometric theorems 432
13-9 The graph of a condition 436
13-10 How to describe a line by an equation 440
Chapter Review 447

Circles and Spheres 449

14-1 Basic definitions 449

14-2 Tangent lines to circles 453

14-3 Tangent planes 462

14-4 Arcs of circles 467

14-5 Inscribed angles and intercepted arcs 477

14-6 Congruent arcs 476

14-7 The power theorems 48/

14-8 Circles in a coordinate plane 488
Chapter Review 495

Characterizations and Constructions 50/

15-1 Characterizations 50/

15-2 The use of characterizations in coordinate geometry 505

15-3 Concurrence theorems 507

15-4 The angle bisectors of a triangle 570

15-5 The median concurrence theorem 574

15-6 Constructions with straightedge and compass 516

15-7 Elementary constructions 5/8

15-8 Elementary constructions (continued) 521

15-9 Inscribed and circumscribed circles 525

15-10 The impossible construction problems of antiquity 528
Chapter Review 532



16 Areas of Circles and Sectors 535

17

18

19

16-1
16-2
16-3
16-4
16-5

Polygons 535

Regular polygons 539

The circumference of a circle. The number 7 542
The area of a circle 545

Lengths of arcs and areas of sectors 549

Chapter Review 554

Trigonometry 557

17-1
17-2
17-3
17-4
17-5
17-6
17-7
17-8

The trigonometric ratios 557

Numerical trigonometry. The use of tables 562
Relations among the trigonometric ratios 568

Radian measure for angles and arcs 570

Directed angles and the winding function 573
Trigonometric functions of angles and of numbers 577
Some basic trigonometric identities 583

More identities. The addition formulas 586

Chapter Review 592

Symmetry, Transformations, and Vectors 595

18-1
18-2
18-3
18-4
18-5
18-6

Introduction 595

Reflections and Symmetric figures 596

Rigid motions: reflections and translations 60/
Rotations 607

Vectors 611

A second look at congruence and similarity 6/6
Chanter Review 62/

Solids and Their Volumes 625

19-1
19-2
19-3

19-4
19-5

Prisms 625

Pyramids 631

Volumes of prisms and pyramids. Cavalieri’s Principle 636
Postulate 23. The Unit Postulate 637
Postulate 24. Cavalieri’s Principle 638

Archimedes 644

Cylinders and cones 645

The volume and the surface area of a sphere 649

Chapter Review 654

Postulates and Theorems 656

List of Symbols 668

Index 670

xi



1-1 TWO KINDS OF PROBLEMS

Consider the following problems.

(1) A certain rectangle measures 6 in. by
8 in. The area enclosed is cut into two pieces
by a line segment. If the area of one piece is
20 square inches (sq in.), what is the area of

the other piece? %
(2) In a certain rectangle, the sum of the

length and the width is 14 (measured in
inches). A second rectangle is five times as
long as the first, and three times as wide.
The perimeter of the second rectangle is
91. What are the dimensions of the first
rectangle?

You should be able to get the answer to Problem 1 without having
to think very hard. The answer is 28 sq in., because 6 - 8 = 48 and
48 — 20 = 28. Of course, we could solve the problem algebraically,
if we wanted to, by setting up the equation

204+ x=6-38

and then solving to get x = 28. But this seems a little silly because it
is so unnecessary. The chances are that you solved more difficult
problems than this, with arithmetic, before you studied algebra at all.
And if all algebraic equations were as superfluous as the one we have
just set up, then no serious-minded person would pay any attention
to them.
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Problem 2, however, is quite another matter. If we denote the
length and width of the first rectangle by x and y, then the length and
width of the second rectangle are 5x and 3y. Therefore

5x + 3y = %,

because the sum of the length and width is half of the perimeter.
We also know that

x+y=14.

This gives us a system of two equations in two unknowns. To solve,
we multiply each term in the second equation by 3, getting

3x + 3y = 42,

and then we subtract this last equation, term by term, from the first.
This yields

2x = 454 — 42 =33 =3
or

Therefore

y= 14— 13 = 121
It is now rather easy to check that our answer satisfies the conditions
of the problem.

In a way, these two problems are rather similar, but in a very im-
portant way, they are quite different. The first is what you might
call a common-sense problem. It is easy to guess what the answer
ought to be, and it is also easy to check that the natural guess is also
the right answer. On the other hand, guessing the answer to the
second problem is almost out of the question. To solve it, we need
to know something about mathematical methods.

There are cases of this kind in geometry. Consider the following
statements.

(1) If a triangle has sides of length 5 3
3, 4, and 5, then it is a right triangle,
with a right angle opposite the longest 90°
side. 4
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(2) Let a triangle be given, with sides
of length a, b, and ¢. If

a2_+_b2:cz’ a

. . . . . 90°?
then the triangle is a right triangle, with

a right angle opposite the longest side.

Statement 1 was known to the ancient Egyptians. They checked it
by experiment. You can check it yourself by drawing a 3-4-5 triangle,
as exactly as possible, and then measuring the angle opposite the long-
est side with a protractor. You should bear in mind, of course, that
this check is only approximate. Suppose, for example, that the angle
is really 89° 59’ 59%”” (that is, 89 degrees, 59 minutes, and 591 seconds)
instead of 90° 0’ 0” exactly. In this case, you would hardly expect to
tell the difference with a protractor, no matter how carefully you
sharpened your pencil and drew your figure. Nevertheless, the “Egyp-
tian method™ is a sound common-sense method of checking an experi-
mental fact.

Statement 2 was not known to the Egyptians. It was discovered
much later by the Greeks, and is called the Pythagorean relation. It
is impossible to check Statement 2 by experiment because there are
infinitely many cases to consider. For instance, you would have
to construct triangles, and take readings with a protractor, for all the
following cases:

V2 Vs 1
90°?

V17

90°?

and so on endlessly. Thus it is hopeless to verify our general state-
ment by experiment, even approximately. Therefore, a reasonable
person would not be convinced that Statement 2 is true in all cases
until he had seen a logical reason why it has to be true in all cases.
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The Egyptians were extremely skillful at making physical measure-
ments. For example, the edges of the base of the Great Pyramid of
Gizeh are about 756 feet (ft) long, and the lengths of these four edges
agree, with an error of only about two-thirds of an inch. Nobody seems
to know, today, how the builders achieved such accuracy.

But the Greeks discovered a new method which was vastly more
powerful. This was the method of exact geometrical reasoning.
By this method they turned plausible guesses into solid knowledge,
and they learned some rather startling things that nobody would have
believed without seeing them proved. In this way, the Greeks laid the
foundation for modern mathematics and hence for modern science
in general.

Problem Set 1-1

1. How good are you at guessing? Try this
experiment. Take a piece of string about
5 ft long, and place it on the floor in a loop
with the ends free:
Then pull the ends of the string, gradually making the loop smaller, and
stop when you think the loop is the size of your waist. Mark the string
where it crosses itself, and check your guess by putting the string around
your waist. Afrer you have made this check, read the remarks on
Problem 1 at the end of this set of problems.

2. This is also a problem in guessing.

A page of a newspaper is not very thick, about 0.003 in., and you often
have seen a stack of newspapers. Suppose you were to place one
sheet of newspaper on the floor. Next you place another sheet on top
of the first, then two more sheets, then four, and so on, building up
a pile of newspaper. Each time you add to the pile as many sheets as
are already there. After the tenth time you would have a pile about 3 in.
high. If you were able to continue until you had added to the pile for the
fiftieth time, how high would the pile be?

One of the answers (a) through (d) below is the correct one. All you
have to do is guess, or calculate, which one it is.

(a) About as high as your classroom

(b) About as high as a four-story building

(¢c) About as high as the Empire State Building

(d) More than twice as high as the Empire State Building

After you have made your choice, read the remarks on Problem 2 at the
end of this set of problems.
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3. The first of the pair of questions below can be answered by “common
sense.” State only its answer. The second requires some arithmetic or
algebraic process for its solution. Show your work for it.

(a) What is one-sixth of 12?
(b) What is one-sixth of 5,255,6227?

4. Follow the directions for Problem 3.

(a) One-third of the distance between two cities is 10 miles (mi). What
is the distance between them?

(b) The distance between two cities is 10 mi more than one-third of the
distance between them. What is the distance between them?

5. An important part of learning mathematics is learning to recognize
patterns which suggest general truths. For example, looking at the
statements,

34+5=38, 9+5 =14 11 + 17 = 28,

you might guess that the sum of two odd numbers is an even number.
Can you think of two odd numbers whose sum is an odd number? Does
your answer prove that two such odd numbers do not exist?

6. Consider these statements:
1+34+5=09, 5474+ 11 =23, 9 4+ 13 + 21 = 43.

(a) Complete this generalization: If a, b, and ¢ are three odd numbers,
thena + b + cis

(b) Can you establish the truth of this generalization?

7. Consider the following figures and the pattern suggested.

Number of points @ @ @ @
2 3 4 5 6

connected:

Number of
regions formed: 2 4 8 16 2

(a) Replace the question mark under the 6 by the number you think
belongs there.

(b) Draw a circle and connect any six points on it in all possible ways.
Count the regions thus formed. Does the result agree with your
answer to part (a)?

(c) What does this problem indicate about showing whether a generaliza-
tion is true or false?
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8. The following optical illusions show
that you cannot always trust appear-
ances to decide upon a fact.

(a) Is this a circle? Test your answer
with a dime.

(b) Are XY and YZ the same length?
Compare the lengths with your
ruler or compass.

4
X z
M N
(c) Are MN and PQ straight line seg-
ments? Q
C
A D B

©

(d) Which line at the right of the rec-
tangle is the continuation of the
line at the left?

(e) Which is longer, AB or CD?

9. If two students carefully and independently measure the width of a class-
room with rulers, one measuring from left to right and the other from
right to left, they will probably get different results. Try it! Which
of the following is a plausible reason for the difference?

(a) The rulers have different lengths.

(b) Things are longer (or shorter) from left to right than from right to
left.

(c) The discrepancies resulting from the change in the position of the
ruler accumulate, and the sum of these small errors makes a discerni-
ble difference.

(d) One person may have lost count.



