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For the Sixth Edition of A First Course in Differential Equations with Mod-
eling Applications, the revisions reflect a dual purpose: to ensure that the in-
formation is current and relevant to students and yet maintain the rudimental
foundations on which the previous editions were constructed. Written with the
student in mind, this new book retains the basic level, pedagogical aids, and
straight-forward style of presentation of previous editions.

In differential equations, as in many other mathematics courses, instructors
are beginning to question certain aspects of traditional teaching methods. This
healthy introspection is important in making the subject matter not only more
interesting for the students but also more relevant to the world in which they
live. Changes in both the content and the style of A First Course in Differential
Equations with Modeling Applications, Sixth Edition, including the new subtitle,
reflect changes the author has observed in the overall approach to teaching dif-
ferential equations.

Summary of Major Changes

® Greater emphasis on differential equations as mathematical models. The
notion of a mathematical model is now interwoven throughout the text, and the
construction and pitfalls of such models are discussed.

B Five new Modeling Applications. These applications, illustrated in full
color, have been contributed by selected experts in each field. Presented at ap-
propriate points throughout the text, the applications cover timely areas of study,
ranging from AZT and survivability with AIDS to the effects on the ecological
balance of the reintroduction of the gray wolf to Yellowstone National Park.

B Greater emphasis on nonlinear differential equations and on linear and
nonlinear systems of differential equations. Three chapters contain new sections—
Sections 3.3, 4.9, 5.2, and 5.3.

® Greater emphasis on boundary-value problems for ordinary differential
equations. New to this edition, eigenvalues and eigenfunctions are introduced in
Chapter 5.

® Greater utilization of technology throughout the text. Graphics calcula-
tors, graphing software, computer algebra systems, and ODE solvers are utilized
wherever appropriate in applications and examples, as well as in the exercise
sets.
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B [ncrease in the number of conceptual problems in exercises. In many
sections, new Discussion Problems have been added. Instead of being asked to
solve a differential equation, the student is asked to think about what a differen-
tial equation says. In order to encourage students to think, to draw conclusions, and
to explore possibilities, the answers to these questions have been intentionally
omitted from the end of the book. Some of these problems can serve as indi-
vidual or group assignments, at the option of the instructor.

Changes in the Sixth Edition by Chapter

Chapter 1 has been expanded to include an introduction to the notions of an
initial-value problem and ODE solvers in Section 1.2. The discussion of differ-
ential equations as mathematical models, in Section 1.3, has been rewritten for
ease of student comprehension.

Chapter 2 now combines discussion of homogeneous first-order equations
with discussion of the Bernoulli equation in Section 2.4, Solutions by Substitu-
tion. Material on the Ricatti and Clairaut equations is now in exercise sets.

Chapter 3 includes a new Section 3.3, Systems of Linear and Nonlinear
Equations, which shows systems of first-order differential equations as math-
ematical models. Orthogonal trajectories are now covered in exercises.

Chapter 4 introduces the concept of a linear differential operator in Section
4.1 for the purpose of expediting the proofs of some important theorems. The
slightly different manner in which the two equations defining “variable param-
eters” are presented in Section 4.6 is due to a student, J. Thoo.” The Cauchy-
Euler equation is now covered in Section 4.7. Solving systems of linear differen-
tial equations with constant coefficients has been moved forward to Section 4.8.
A new Section 4.9, Nonlinear Equations, begins with a qualitative discussion of
the differences between linear and nonlinear equations.

Chapter 5 includes two sections new to this edition. Section 5.2, Linear
Equations: Boundary-Value Problems, introduces the concepts of eigenvalues
and eigenfunctions. Section 5.3, Nonlinear Equations, describes modeling with
nonlinear higher-order differential equations.

Chapter 6 is now devoted solely to series solutions of linear differential
equations.

Chapter 7 now contains, in Section 7.7, the application of the Laplace trans-
form to systems of linear differential equations with constant coefficients. An
alternative form of the second translation theorem has been added to Section 7.3.

Chapter 8 covers only the theory and solution of systems of linear first-
order differential equations, as material on matrices has been moved to Appen-
dix II. This placement allows the instructor to decide whether to designate the
material for a reading assignment or insert it into classroom discussion.

* J. Thoo, “Timing Is Everything,” The College Mathematical Journal, Vol. 23, No. 4, September
1992.
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Chapter 9 has been completely rewritten. Error analysis for the various nu-
merical techniques is covered in the appropriate section devoted to each method.

Supplements Available

For Students

Student Solutions Manual (Warren S. Wright) provides a solution to every
third problem in each exercise set, with the exception of the Discussion Prob-
lems.

For Instructors
Complete Solutions Manual (Warren S. Wright) provides worked-out solu-
tions to all the problems in the text.

Lab Experiments for Differential Equations (Dennis G. Zill/Warren S. Wright)
contains an assortment of computer lab experiments with differential equations.

Software

ODE Solver: Numerical Procedures for Ordinary Differential Equations
(Thomas Kiffe/William Rundel), for IBM and compatibles and for Macintosh, is
a software package that presents tabular and graphical representations of the
output for the various numerical methods. No programming is required.

Grapher (Steve Scarborough), for the Macintosh, is a versatile collection of
graphing utilities which can plot graphs of rectangular equations, parametric
equations, polar equations, interpolating polynomials, series, and direction fields.
The program provides an ODE solver for first-order differential equations and
systems of two first-order differential equations.

Computer Programs for BASIC, FORTRAN, and Pascal (C. J. Knicker-
bocker), for IBM and compatibles and for Macintosh, contains listings of com-
puter programs for many of the numerical methods in the text.
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INTRODUCTION TO
DIFFERENTIAL EQUATIONS

1.1 Definitions and Terminology

1.2 Initial-Value Problems

1.3 Differential Equations as Mathematical Models
Chapter 1 Review Exercises

INTRODUCTION

The words differential and equations certainly suggest solving some
kind of equation that contains derivatives. Just as students in a
course in algebra and trigonometry spend a good amount of time
solving equations such as x?> + 5x + 4 = 0 for the variable x, in
this course we wish to solve differential equations such as

y" + 2y’ + y = 0 for the unknown function y. But before you start
solving anything, you must learn some of the basic definitions and
terminology of the subject.



CHAPTER 1 INTRODUCTION TO DIFFERENTIAL EQUATIONS

DEFINITIONS AND TERMINOLOGY

m Ordinary and partial differential equations m Order of an equation

m Linear and nonlinear equations m Solution of a differential equation

m Explicit and implicit solutions m Trivial solution m Family of solutions

m Particular solution m General solution m Systems of differential equations

A Differential Equation In calculus you learned that the derivative
dy/dx of a function y = ¢(x) is itself another function of x found by some
appropriate rule. For example, if y = e* then dy/dx = 2xe”. Replacing
e* by the symbol y then gives

dy

—= = 2xy.

o Xy 1)
The problem we face in this course is not “Given a function y = ¢(x),
find its derivative.”” Rather, our problem is “If we are given a differential
equation such as (1), is there some way or method by which we can find
the unknown function y = ¢(x)?”

m Differential Equation

An equation containing the derivatives of one or more dependent
variables, with respect to one or more independent variables, is said
to be a differential equation (DE).

Differential equations are classified by type, order, and linearity.

Classification by Type If an equation contains only ordinary de-
rivatives of one or more dependent variables with respect to a single
independent variable, it is said to be an ordinary differential equation
(ODE). For example,

dx dx*  dx
are ordinary differential equations. An equation involving the partial

derivatives of one or more dependent variables of two or more indepen-
dent variables is called a partial differential equation (PDE). For example,

+ 10y = e* and +6y=20

u 1) Pu u ou
= and -~ =-5 2
ay dx ox~- at- ot

are partial differential equations.

Classification by Order The order of a differential equation (ODE
or PDE) is the order of the highest derivative in the equation. For example,

second-order l l first-order

d-y+5(£11>’ —4y =e¢'

dx? dx
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is a sgcond-order ordinary differential equation. Since the differential
equation (y — x) dx + 4x dy = 0 can be put into the form

dy
dx2L +y=
X dx y X

by dividing by the differential dx, it is an example of a first-order ordinary
differential equation.

A general nth-order ordinary differential equation is often repre-
sented by the symbolism

Flx,y,y',..., y)y = 0. )

In general discussions in this text we shall assume that an nth-order
differential equation (2) can be solved for the highest derivative y),
that is,

YO =fe .y yeh).

Classification as Linear or Nonlinear A differential equation

yW = flx,y,y', ..., y" ") is said to be linear when fis a linear function
of y.y’,...,y" Y. This means that an equation is linear if it can be written
in the form
d"y d" 'y ly
a,(x)—+ a, (x) S=r i niw o gi(x) 22 4 ay(x)y = g(x).
dx” dx” dx

From this last equation we see the two characteristic properties of linear
differential equations:

(/) The dependent variable y and all its derivatives are of the first
degree; that is, the power of each term involving y is 1.
(ii) Each coefficient depends only on the independent variable x.

Functions of y such as sin y or functions of the derivatives of y such as
e’ cannot appear in a linear equation. A differential equation that is not
linear is said to be nonlinear. The equations

d’y dy ,
— = [Lg¥E 2 = § R SR X — + = p¥
(y—x)dx+4xdy =0, y'—=2y'+y=0, oS 4rdx 6y =e¢

are linear first-, second-, and third-order ordinary differential equations,
respectively. On the other hand,

coefficient nonlinear
depends on y function of v power not |
l l l
— d*y d'y
(1+y)y' +2y=e +siny=0 X v2=0
dx? Y dax' Y

are nonlinear first-, second-, and fourth-order ordinary differential equa-
tions, respectively.

Solutions As mentioned before, one of our goals in this course is to
solve, or find solutions of, differential equations.
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m Solution of a Differential Equation

Any function ¢ defined on some interval I, which when substituted
into a differential equation reduces the equation to an identity, is said
to be a solution of the equation on the interval.

In other words, a solution of an ordinary differential equation (2) is a
function ¢ that possesses at least n derivatives and

F(x, ¢p(x), ¢'(x),...,¢"(x)) =0 forallxinl.

We say that y = ¢(x) satisfies the differential equation. The interval /
could be an open interval (a, b), a closed interval [a, b], an infinite interval
(a, »), and so on. For our purposes, we shall also assume that a solution
¢ is a real-valued function.

m Verification of a Solution

Verify that y = x*/16 is a solution of the nonlinear equation

dx o

on the interval (—oo, ).
SOLUTION One way of verifying that the given function is a solution
is to write the differential equation as dy/dx — xy'”> = 0 and then see,

after substituting, whether the sum dy/dx — xy'” is zero for every x in
the interval. Using

dy _,x _x m_(£>'”:x_:
- de=7 W ¥ 16

dy - Lk
O _yie=2 _ 4[] ==——-==0
we see that e Xy 7 *\16 14

for every real number. Note that y'? = x*/4 is, by definition, the nonneg-
ative square root of x*/16.

m Verification of a Solution

The function y = xe* is a solution of the linear equation

y'=2y'"+y=0
on the interval (—o, »). To show this, we compute
y' =xe' + e and y" = xe' + 2e*.
Observe that
y" —=2y" + y = (xe* + 2¢€*) — 2(xe* + €') + xe* = 0

for every real number.
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Not every differential equation that we write necessarily has a solu-
tion. You are encouraged to think about this and then solve Problem 51
in Exercises 1.1.

Explicit and Implicit Solutions You should be familiar with the
terms explicit and implicit functions from your study of calculus. Because
some methods for solving differential equations lead directly to these two
forms, solutions of differential equations can be further distinguished as
either explicit solutions or implicit solutions. A solution in which the
dependent variable is expressed solely in terms of the independent variable
and constants is said to be an explicit solution. For our purposes let us
think of an explicit solution as an explicit formula y = ¢(x) that we can
manipulate, evaluate, and differentiate. We have already seen in our initial
discussion that y = e* is an explicit solution of dy/dx = 2xy. In Examples
1 and 2, y = x*/16 and y = xe* are explicit solutions of dy/dx = xy'* and
y" — 2y" + y = 0, respectively. Note that in Examples | and 2 each dif-
ferential equation possesses the constant solution y = 0, — o < x < o,
An explicit solution of a differential equation that is identically zero on
an interval [ is said to be a trivial solution. A relation G(x, y) = 0 is said
to be an implicit solution of an ordinary differential equation (2) on
an interval / provided there exists at least one function ¢ that satisfies
the relation as well as the differential equation on /. In other words,
G(x, y) = 0 defines the function ¢ implicitly.

m Verification of an Implicit Solution

The relation x> + y> — 4 = 0 is an implicit solution of the differen-
tial equation

dy X
< = — = 3
T 9 3)

on the interval —2 < x < 2. By implicit differentiation we obtain

d ’+d 2 d4—d0 or 2.\'+2_\'$=().

ax* T AT ax dx

Solving the last equation for the symbol dy/dx gives (3). In addi-
tion, you should verify that the functions y, = V4 —x*and y, =
—\/4 — x? satisfy the relation (in other words, x* + y — 4 = 0 and
x> + y> — 4 = 0) and are solutions of the differential equation on
2 <x<2

Any relation of the form x> + y* — ¢ = 0 formally satisfies (3) for
any constant c. However, it is understood that the relation should always
make sense in the real number system; thus, for example, we cannot say
that x> + y> + 4 = 0 is an implicit solution of the equation. (Why not?)

Because the distinction between an explicit solution and an implicit
solution should be intuitively clear, we will not belabor the issue by always
saying, “Here is an explicit (implicit) solution.”
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c<0

y=ce¥

FIGURE 1.1
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More Terminology The study of differential equations is similar to
that of integral calculus. A solution is sometimes referred to as an integral
of the equation, and its graph is called an integral curve or a solution
curve. When evaluating an antiderivative or indefinite integral in calculus,
we use a single constant ¢ of integration. Analogously, when solving a
first-order differential equation F(x, y, y") = 0, we usually obtain a solution
containing a single arbitrary constant or parameter c. A solution containing
an arbitrary constant represents a set G(x, y, ¢) = 0 of solutions, called a
one-parameter family of solutions. When solving an nth-order differential
equation F(x, y, y', ..., y®) = 0, we seek an n-parameter family of
solutions G(x, y, ¢/, ¢, ..., ¢,) = 0. This simply means that a single
differential equation can possess an infinite number of solutions corre-
sponding to the unlimited choices for the parameter(s). A solution of a
differential equation that is free of arbitrary parameters is called a particu-
lar solution. For example, by direct substitution we can show that any
function in the one-parameter family y = ce*’, where ¢ is an arbitrary
constant, also satisfies equation (1). The original solution y = e* corre-
sponds to ¢ = 1 and thus is a particular solution of the equation. Figure
1.1 shows some of the integral curves in this family. The trivial solution

y = 0, corresponding to ¢ = 0, is also a particular solution of (1).

m Particular Solutions

The function y = c,e* + c,e™* is a two-parameter family of solutions
of the linear second-order equation y” — y = 0. Some particular solu-
tionsare y =0 (c; = ¢, =0),y =¢e* (¢, =1, =0),and y = 5e* —
2¢ (¢; = 5, ¢, = —2).

In all the preceding examples we have used x and y to denote the
independent and dependent variables, respectively. But in practice these
two variables are represented by many different symbols. For example,
we could denote the independent variable by r and the dependent variable

by x.

m Using Different Symbols

The functions x = ¢, cos 4t and x = ¢, sin 4z, where ¢, and ¢, are
arbitrary constants, are solutions of the differential equation

x"+ 16x = 0.
For x = ¢, cos 4t the first two derivatives with respect to ¢ are x' =
—4c¢, sin 4t and x" = —16¢, cos 41. Substituting x” and x then gives

x" 4+ 16x = —16¢; cos 4t + 16(c, cos 41) = 0.
In like manner, for x = ¢, sin 4¢ we have x" = —16¢;, sin 4¢, and so
X" + 16x = —16¢, sin 4t + 16(c, sin 4t) = 0.

Finally, it is easy to verify that the linear combination of solutions, or
two-parameter family, x = ¢, cos 4t + ¢, sin 4t is a solution of the
given equation.



