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In memory of Sergei SOBOLEV, 1908-1989

He pioneered the study of some functional spaces which are crucial in the study
of the partial differential equations of continuum mechanics and physics, and
the first part of these lecture notes is about these spaces, named after him.

In memory of Jacques-Louis LioNs, 1928-2001

He participated in the development of Sobolev spaces, in part with Enrico
MAGENES, applying the general theory of interpolation spaces which he had
developed with Jaak PEETRE, who further simplified the theory so that it
became more easy to use, and the second part of these lecture notes is about
these interpolation spaces.

To Lucia

To my children
Laure, Michaél, André, Marta






Preface

After publishing an introduction to the Navier!'-Stokes?3 equation and
oceanography (18], the revised version of my lecture notes for a graduate
course that I had taught in the spring of 1999, I want to follow with another
set of lecture notes for a graduate course that I had taught in the spring of
2000; that course was divided into two parts, the first part on Sobolev* spaces,
and the second part on interpolation spaces. The first version had been avail-
able on the Internet, and after a few years, I find it useful to make the text
available to a larger audience by publishing a revised version.

When [ was a student at Ecole Polytechnique, which was still in Paris,
France, on the “Montagne Sainte Genevieéve”’,® I had the chance to have

! Claude Louis Marie Henri NAVIER, French mathematician, 1785-1836. He worked
in Paris, France.

% Sir George Gabriel STOKES, Irish-born mathematician, 1819-1903. He worked in
London, and in Cambridge, England, holding the Lucasian chair (1849-1903).

3 Reverend Henry LUCAS, English clergyman and philanthropist, 1610-1663.

4 Sergei L’vovich SOBOLEV, Russian mathematician, 1908-1989. He worked in
Leningrad, in Moscow, and in Novosibirsk, Russia. I first met him when I was a
student, in Paris in 1969, then at the International Congress of Mathematicians
in Nice in 1970, and conversed with him in French, which he spoke perfectly (all
educated Europeans did learn French in the beginning of the 20th century). I only
met him once more, when I traveled with a French group from INRIA (Institut
National de la Recherche en Informatique et Automatique) in 1976 to Akadem-
gorodok near Novosibirsk, Russia, where he worked. There is now a Sobolev Insti-
tute of Mathematics of the Siberian branch of the Russian Academy of Sciences,
Novosibirsk, Russia.

5 Genevieve, patroness of Paris, ¢ 419 or 422-512.



VIII  Preface

Laurent SCHWARTZ®® as my main teacher in mathematics in the first year
(1965-1966), and the course contained an introduction® to his theory of dis-
tributions,!® but I only heard about Sobolev spaces in my second year (1966~
1967), in a seminar organized by Jacques-Louis LIONS!!~13 for interested stu-
dents, in addition to his course on numerical analysis. I learnt a little more in
his courses at the university in the following years, and I read a course [13]
that he had taught in 1962 in Montréal, Québec (Canada), and I also read a
book [1] by Shmuel AGMON,!* corresponding to a course that he had taught
at Rice!® University, Houston, TX.

6 Laurent SCHWARTZ, French mathematician, 1915-2002. He received the Fields
Medal in 1950. He worked in Nancy, in Paris, France, at Ecole Polytechnique,
which was first in Paris (when I had him as a teacher in 1965-1966), and then in
Palaiseau, France, and at Université Paris VII (Denis Diderot), Paris, France.

7 John Charles FIELDS, Canadian mathematician, 1863-1932. He worked in
Meadville, PA, and in Toronto, Ontario (Canada).

8 Denis DIDEROT, French philosopher and writer, 1713-1784. He worked in Paris,
France, and he was the editor-in-chief of the Encyclopédie. Université Paris 7,
Paris, France, is named after him.

® Which means that he only considered questions of convergence for sequences, and
he did not teach anything about the topologies of D or D’, which I first learnt in
his book [15].

10 Laurent SCHWARTZ has described something about his discovery of the concept
of distributions in his biography [16].

11 Jacques-Louis LIONS, French mathematician, 1928-2001. He received the Japan
Prize in 1991. He worked in Nancy and in Paris, France, holding a chair (analyse
mathématique des systémes et de leur controle, 1973-1998) at College de France,
Paris, France. 1 first had him as a teacher at Ecole Polytechnique in 1966—-1967,
and I did research under his direction, until my thesis in 1971. The laboratory
dedicated to functional analysis and numerical analysis which he initiated, funded
by CNRS (Centre National de la Recherche Scientifique) and Université Paris VI
(Pierre et Marie Curie), is now named after him, the Laboratoire Jacques-Louis
Lions.

12 pierre CURIE, French physicist, 1859-1906, and his wife Marie SKLODOWSKA-
CURIE, Polish-born physicist, 1867-1934, jointly received the Nobel Prize in
Physics in 1903, and she also received the Nobel Prize in Chemistry in 1911.
They worked in Paris, France. Université Paris 6, Paris, France, is named after
them.

13 Alfred NOBEL, Swedish industrialist and philanthropist, 1833-1896. He created
a fund to be used as awards for people whose work most benefited humanity.

14 Shmuel AGMON, Israeli mathematician, born in 1922. He worked at The Hebrew
University, Jerusalem, Israel.

15 William Marsh RICE, American financier and philanthropist, 1816-1900.



Preface IX

I first read about interpolation spaces (in a Hilbert!6:17 setting) in a book
that Jacques-Louis LIONS had written with Enrico MAGENES'® [14], and
then he gave me his article with Jaak PEETRE!® to read for the theory in
a Banach?®:2! setting, and later he asked me to solve some problems about
interpolation for my thesis in 1971, and around that time I did read a few
articles on interpolation, although I can hardly remember in which of the
many articles of Jaak PEETRE I may have read about some of his results.
For the purpose of this course, I also consulted a book by BERGH?2:23 &
LOFSTROM?* [2].

I also learnt in other courses, by Jacques-Louis LIONS or others, in sem-
inars, and the usual process went on, learning, forgetting, inventing a new
proof or reinventing one, when asked a question by a fellow researcher or a
student, so that for many results in this course I can hardly say if I have read
them or filled the gaps in statements that I had heard, and my memory may
be inaccurate on some of these details. Some of the results may have been
obtained in my own research work, which is concerned with partial differen-
tial equations from continuum mechanics or physics, and my personal reason
for being interested in the subject of this course is that some of the ques-
tions studied have appeared in a natural way in a few practical problems. Of
course, although a few problems of continuum mechanics or physics have led
to some of the mathematical questions described in this course, many have
been added for the usual reason that mathematicians are supposed to discover
general structures hidden behind particular results, and describe something

16 David HILBERT, German mathematician, 1862-1943. He worked in Konigsberg
(then in Germany, now Kaliningrad, Russia) and in Gottingen, Germany. The
term Hilbert space was coined by his student VON NEUMANN, when he worked
on his mathematical foundation of quantum mechanics.

7 Janos (John) VON NEUMANN, Hungarian-born mathematician, 1903-1957. He
worked in Berlin, in Hamburg, Germany, and at IAS (Institute for Advanced
Study), Princeton, NJ.

18 Enrico MAGENES, Italian mathematician, born in 1923. He worked in Pavia,
Italy.

19 Jaak PEETRE, Estonian-born mathematician, born in 1935. He worked in Lund,
Sweden.

20 Stefan BANACH, Polish mathematician, 1892-1945. He worked in Lwéw (then
in Poland, now Lvov, Ukraine). There is a Stefan Banach International Mathe-
matical Center in Warsaw, Poland. T'’he term Banach space was introduced by
FRECHET.

21 Maurice René FRECHET, French mathematician, 1878-1973. He worked in
Poitiers, in Strasbourg and in Paris, France. I do not know who introduced the
term Fréchet space.

22 Joran BERGH, Swedish mathematician, born in 1941. He has worked in Lund,
and at Chalmers University of Technology, Géteborg, Sweden.

23 William CHALMERS Jr., Swedish merchant, 1748-1811.

24 Jorgen LOFSTROM, Swedish mathematician, born in 1937. He worked at
Chalmers University of Technology, Géteborg, Sweden.
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more general after having done a systematic study, akin to a cleaning process.
For those who do not yet know much about continuum mechanics or physics,
I recommend looking first at more classical descriptions of the problems, for
example by consulting the books which have been prepared under the direc-
tion of Robert DAUTRAY?® and Jacques-Louis LIONS [4-12]. For those who
already know something about continuum mechanics or physics, I recommend
looking at my other lecture notes for reading about the defects which I know
about classical models, because other authors rarely mention these defects
even when they have heard about them: I suppose that it is the result of hav-
ing been raised as the son of a (Calvinist) Protestant minister that I learnt
and practiced the point of view that one should not follow the path of the
majority when reason clearly points to a different direction. However, although
I advocate using reason for criticizing without concessions the points of view
that are taught in order to find better “truths”, one should observe that this
approach is more suited to mathematicians than to engineers or physicists;
actually, not all “mathematicians” have been trained well enough for following
that path, and that might explain why some people initially trained as mathe-
maticians write inexact statements, which they often do not change even after
being told about their mistakes, which others repeat then without knowing
that they propagate errors; if their goal had not been to mislead others, a
better strategy would have been to point out that some statements were only
conjectures.

I have decided to write my lecture notes with some information given
in footnotes about the people who have participated in the creation of the
knowledge related to the subject of the course, and I have mentioned in [18] a
few reasons for doing that: I had great teachers?® like Laurent SCHWARTZ and
Jacques-Louis LIONS, and I have met many mathematicians, for whom I use
their first names in the text, but I have tried to give some simple biographical
data for all people quoted in the text in order to situate them both in time
and in space, the famous ones as well as the almost unknown ones; I have
seen so many ideas badly attributed and I have tried to learn more about the
mathematicians who have introduced some of the ideas which I was taught
when I was a student, and to be as accurate as possible concerning the work of
all.?” Another reason is that I enjoy searching for clues, even about questions
that might be thought irrelevant for my goals; I might be stopped by a word.

% Ignace Robert DAUTRAY (KOUCHELEVITZ), French physicist, born in 1928.

26 Although I immediately admired their qualities, like pedagogical skill, I later
became aware of some of their defects, the discussion of which I shall postpone
until I decide to publish all the letters that I wrote to them.

27 Although I have never read much, it would be quite inefficient for me to change
my method of work for the moment, because too many people have recently shown
a tendency to badly quote their sources. In some cases, information that I had
proven something in the 1970s has been ignored, for the apparent reason that I
had told that to people who wanted to avoid mentioning my name, the strange
thing being that instead of trying to find someone who would have done similar
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wondering about its etymology, or by a new name, wondering about who this
person was, or even by a name which has been attached to a well-known
institution and I want to discover who was that forgotten person in honor of
whom the institution is named; the Internet has given me the possibility to
find such answers, sometimes as the result of many searches which had only
given small hints, and I hope that I shall be told about all the inaccuracies
that are found in my text.

I was glad to learn a few years ago the motto of Hugo of Saint Victor?®
“Learn everything, and you will see afterward that nothing is useless”, and
to compare it with what I had already understood in my quest about how
creation of knowledge occurs. I have often heard people say about a famous
physicist from the past, that luck played an important role in his discovery,
but the truth must be that if he had not known beforehand all the aspects of
his problem he would have missed the importance of the new hint that had
occurred, and so this instance of “luck” reminds me of the saying “aide toi,
le ciel t’aidera” (God helps those who help themselves). Those who present
chance as an important factor in discovery probably wish that every esoteric
subject that they like be considered important and funded, but that is not at
all what the quoted motto is about. My reasons for publishing lecture notes is
to tell the readers some of what I have understood; the technical mathematical
aspects of the course are one thing, the scientific questions behind the theories
are another, but there is more than that, a little difficult to express in words:
I will have succeeded if many become aware, and go forward on the path of
discovery, not mistaking research and development, knowing when and why
they do one or the other, and keeping a higher goal in mind when for practical
reasons they decide to obey the motto of the age for a while, “publish or
perish”.

When I was a graduate student in Paris, my advisor invited me a few
times to join a dinner held for a visitor, who had usually talked in the Lions-
Schwartz seminar, which met every Friday at IHP (Institut Henri Poincaré??).
It was before Université de Paris split into many smaller universities, which
happened in 1970 or 1971, and I had heard my advisor mention a special
fund from ZAMANSKI,?? the dean of “Faculté des Sciences”. The buildings
for sciences were then known as “Halle aux Vins”, because they were being
built on a place previously used for the wine market, and it was only after
all the wine merchants had moved to Bercy, on the other bank of the river

work before me they sometimes preferred to quote one of their friends who had
used the result in the 1990s, without any mention of an author for it.

2 Hugo VON BLANKENBURG, German-born theologian, 1096-1141. He worked at
the monastery of Saint Victor in Paris, France.

29 Jules Henri POINCARE, French mathematician, 1854-1912. He worked in Paris,
France. There is an Institut Henri Poincaré (IHP), dedicated to mathematics and
theoretical physics, part of Université Paris VI (Pierre et Marie Curie), Paris,
France.

30 Marc ZAMANSKI, French mathematician, 1915-1996. He worked in Paris. France.
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Seine, that the complex of buildings became known as “Jussieu”,3! and I
wonder if part of the plan was not to support the local restaurants, who were
losing a lot of their customers because of the transfer of the wine market to
Bercy. It was at one of these dinners, which all took place in the restaurant
“Chez Moissonnier”, rue des fossés Saint Bernard,3?-34 that I first met Sergei
SOBOLEV, probably in 1969, but I had not been aware that he had given a
talk; my understanding of English was too poor at the time for conversing
with visitors, but fortunately Sergei SOBOLEV spoke French, perfectly.3®

I met Sergei SOBOLEV a second time, at the International Congress of
Mathematicians in Nice in 1970, and as he was waiting in front of me in a
line at a cafeteria, I took the occasion to ask him a question, about what
he thought were interesting mathematical areas to study, and I must have
mentioned applications, because his answer was that it was difficult to know
what could become useful, as even questions in number theory had found
applications.

I met Sergei SOBOLEV a third time in 1976, when I traveled to Novosibirsk
with a group from INRIA (Institut National de Recherche en Informa-
tique®®-37 et Automatique3®), and he was working then on cubature formu-
las [17], i.e., quadrature formulas in three dimensions, a subject which I did
not find interesting enough to enquire about it. Apart from the fact that he
seemed eager not to be too involved with the political establishment, which
may explain why he worked alone, the subject may have actually been more
important in the Soviet Union than in the West, as I learnt during the same

31 Antoine Laurent DE JUSSIEU, French botanist, 1748-1836. He worked in Paris,
France.

32 Bernard DE FONTAINES, French monk, 1090-1153. He founded the monastery of
Clairvaux, France, and is known as Saint Bernard de Clairvaux. He was canonized
in 1174 by ALEXANDER III, and PIUS VIII bestowed on him the title of Doctor
of the Church in 1830.

33 Orlando BANDINELLI, Italian Pope, 1105-1181. Elected Pope in 1159, he took
the name ALEXANDER III.

34 Francesco Xaverio CASTIGLIONE, Italian Pope, 1761-1830. Elected Pope in 1829,
he took the name PIUS VIII.

35 Until the beginning of the 20th century, every educated person in Europe learnt
French. I was told that Sergei SOBOLEV was born into an aristocratic family,
and that without the 1917 revolution in Russia he would have become a duke.

36 Informatique is the French word for computer science, and ordinateur is the
French word for computer, but these words were in use much before DE GAULLE
created a special committee for coining French words that had to be used in
replacement of the American words invented in technology.

37 Charles DE GAULLE, French general and statesman, 1890-1970. Elected Presi-
dent of the Republic in 1959 (by the two legislative chambers), he had then a new
constitution for France accepted (5th republic), and he was reelected by direct
election in 1965; he resigned in 1969.

38 Automatique is the French word for control theory.
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trip, when my good friend Roland GLOWINSKI®® told me about some dis-
cussions with Nicolai YANENKO,% who had said that a numerical scheme
mentioned by the French team did not work; together with Jean CEA,*! he
was trying to understand why the scheme did not work on Russian computers,
while it worked well in France (although it was not a very efficient scheme),
and after a few days, the explanation was found, which was that the Russian
computers did not have double precision, a feature which had existed for some
time on the American computers used in France, but such computers could
not be imported into the Soviet Union, because of the embargo decided by
United States, a consequence of the Cold War; it could have been precisely the
limitations of the computers which made the study of good cubature formulas
useful.

In his description of lives of great men, PLUTARCH?? told a story about
ARCHIMEDES*344 and Cicero.%®> At the time when Cicero became governor of
Sicily, he wanted to visit the tomb of ARCHIMEDES, and the people of Syracuse
had no idea where it was, but Cicero knew something about the tomb, which
permitted him to discover it: ARCHIMEDES had wanted to have on his tomb a
reminder of what he thought was his best result, that the surface of a sphere
of radius R is equal to the lateral surface of a tangent cylinder of same height
(i.e., with a circular base of radius R and height 2R), which is then 47 R2, so
Cicero’s aides just had to go around the cemeteries of Syracuse and look for
a tomb with a sphere and a cylinder on it.

Apparently, there was no mathematical result that Jacques-Louis LIONS
was really proud of having proven, because after his death people who had
been in contact with him insisted that what he had been most proud of was
one of his successes in manipulating people. In 1984, in a discussion with
Laurent SCHWARTZ, I had said that I was not good at following complicated
proofs and he had said that one cannot follow another person’s mind and
that only Jacques-Louis LIONS was capable of following every proof. Roger

39 Roland GLOWINSKI, French-born mathematician, born in 1937. He worked at
Université Paris VI (Pierre et Marie Curie), Paris, France, and he works now in
Houston, T'X.

40 Nikolai Nikolaevich YANENKO, Russian mathematician, 1921-1984. He worked
in Novosibirsk, Russia.

41 Jean CEA, French mathematician, born in 1932. He worked in Rennes, and in
Nice, France.

42 Mestrius PLUTARCHUS, Greek biographer, 46-120.

43 ARCHIMEDES, Greek mathematician, 287 BCE-212 BCE. He worked in Siracusa
(Syracuse), then a Greek colony, now in Italy.

44 BCE = before common era; those who insist in linking questions of date with
questions of religion may consider that it means “before Christian era”.

45 Marcus T'ULLIUS Cicero, Roman orator and politician, 106 BCE-43 BCE.
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PENROSE*6-4® expresses the same fact that in listening to someone he actually
tries to guess what the other person says, because he cannot in general follow
the details of the other person’s reasoning, which is the way I feel; however,
he wrote that in a book whose whole argument looked quite silly to me (and
Jacques-Louis LIONS also made the same comment about the book), but I
read it entirely because my good friend Constantine DAFERMOS*®~®! had
offered it to me, which I interpreted as meaning that I should have a critical
opinion about “artificial intelligence”. What had prompted that information
from Laurent SCHWARTZ about Jacques-Louis LIONS was that I always insist
that my proofs are not difficult (and that the importance is more in the
analysis about what kind of result to look for), because I always try to simplify
what I have done, so that it can be easily understood; Jacques-Louis LIONS
had this quality of looking for simplifying proofs, and he sometimes asked me
to find a general proof after he had obtained a particular result whose proof
looked much too complicated to him to be the “right one”.

I recall a remark of Jacques-Louis LIONS that a framework which is too
general cannot be very deep, and he had made this comment about semi-
group theory; he did not deny that the theory is useful, and the proof of the
Hille%2-53-Yosida%* theorem is certainly more easy to perform in the abstract
setting of a Banach space than in each particular situation, but the result
applies to equations with very different properties that the theory cannot

6 Sir Roger PENROSE, English mathematician, born in 1931. He received the Wolf
Prize (in Physics!) in 1988. He has worked in London and in Oxford, England,
where he held the Rouse Ball professorship.

47 Ricardo WOLF, German-born diplomat and philanthropist, 1887-1981. He emi-
grated to Cuba before World War I; from 1961 to 1973 he was Cuban Ambassador
to Israel, where he stayed afterwards. The Wolf foundation was established in 1976
with his wife, Francisca SUBIRANA-WOLF, 1900-1981, “to promote science and
art for the benefit of mankind”.

48 Walter William Rouse BALL, English mathematician, 1850-1925. He worked in
Cambridge, England.

49 Constantine M. DAFERMOS, Greek-born mathematician, born in 1941. He
worked at Cornell University, Ithaca, NY, and he works now at Brown University,
Providence, RI.

50 Ezra CORNELL, American philanthropist, 1807-1974.

51 Nicholas BROWN Jr., American merchant, 1769-1841.

52 Einar Carl HILLE (HEUMAN), Swedish-born mathematician, 1894-1980. He

worked in Princeton, NJ, and at Yale University, New Haven, CT.

Elihu YALE, American-born English philanthropist, Governor of Fort St George,

Madras, India, 1649-1721.

54 Kosaku YOSIDA, Japanese mathematician, 1909-1990. He worked in Tokyo,
Japan, where I met him during my first trip to Japan, in the fall of 1976.

—

53
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distinguish. After having written an article with Jean LERAY,%%'%® who had
wanted to use the generalization of the Brouwer®” topological degree that he
had obtained with SCHAUDER,®® Jacques-Louis LIONS had observed that the
regularity hypotheses for applying the Leray-Schauder theory are too strong
and that a better approach is to use the Brouwer topological degree for finite-
dimensional approximations, and then pass to the limit, taking advantage of
the particular properties of the problem for performing that limiting process.
Maybe Jacques-Louis LIONS also thought that the theory of interpolation
spaces lacks depth because it is a general framework based on two arbitrary
Banach spaces, but certainly the theory is worth studying, and I decided to
teach it after the first part on Sobolev spaces for that reason.

In an issue of the Notices of the American Mathematical Society, Enrico
MAGENES had recalled the extreme efficiency of Jacques-Louis LIONS when
they worked together, in particular for the study of their famous interpolation

space Hol?(12), but Peter LAX59:6% had recalled an interesting encounter,
showing that early in his career Jacques-Louis LIONS was already playing
the functional analysis card against continuum mechanics. I had opposed my
former advisor on this question, because I wanted to understand more about
continuum mechanics and physics, and to develop new tools for going further
in the study of the partial differential equations of continuum mechanics or
physics, and in particular to show the limitations of the classical tools from
functional analysis, but despite our opposition on these important questions,
I have chosen to dedicate these lecture notes to Jacques-Louis LIONS, because
he played an important role in the development of the theory of interpolation
spaces, although the theory would have been quite difficult to use without the
simplifying work of Jaak PEETRE.

Jaak PEETRE wrote to me a few years ago that he had obtained the same
results on interpolation as Jacques-Louis LIONS, who had kindly proposed
that they publish an article together. It seems to me that Jaak PEETRE was
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