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Preface

This volume is the record of an instructional conference on number theory
and arithmetic geometry held from August 9 through 18, 1995 at Boston
University. It contains expanded versions of all of the major lectures given
during the conference. We want to thank all of the speakers, all of the
writers whose contributions make up this volume, and all of the “behind-
the-scenes” folks whose assistance was indispensable in running the con-
ference. We would especially like to express our appreciation to Patricia
Pacelli, who coordinated most of the details of the conference while in
the midst of writing her PhD thesis, to Jaap Top and Jerry Tunnell, who
stepped into the breach on short notice when two of the invited speakers
were unavoidably unable to attend, and to Stephen Gelbart, whose courage
and enthusiasm in the face of adversity has been an inspiration to us.

Finally, the conference was only made possible through the generous
support of Boston University, the Vaughn Foundation, the National Secu-
rity Agency and the National Science Foundation. In particular, their gen-
erosity allowed us to invite a multitude of young mathematicians, making
the BU conference one of the largest and liveliest number theory confer-
ences ever held.

January 13, 1997 G. Cornell
J.H. Silverman
G. Stevens



S TR T TRC R TR eyt TR I TR LI TR
I B = u|':l_r.-:|..*.-'_Fl. T T A T e
FTOpPrIR WA Y P L 1 T BITEEELI (S [
R Y o P R LT il h WA hES
ey - - e o TP P BT L RENERLE. L
s = g =—rh KimDetT ot DR et p o Pl et ot

L R . [ = =T e, ""-"-Ir *I-.I“;‘
CH w4t - R s e BE o oarhe
TN PR TR R ad ' Tk "%
I T W T L T - i r'ﬂl."“'" -Il-;.-."
wa.ear RS an e medbepieene re
wrem b gl = PAWI L ] i Bt T R

-

. ™ IR R . P Y . =g 1 .1 -
P L T _.b.-l.l. LT A T TR A -
2 .af RN ca-d1- - e g 2T VLN
e Seirpelhyes rs L o dy ME e et L N s HAYRE

B,.og%eed"=amgp "1 « g Pt 'ICIETT A T R .
" e g
- . Ye= 1 Ao
L IL | R
wbp
1



Contributors and Speakers

BriaN CONRAD
Department of Mathematics, Harvard University, One Oxford Street,
Cambridge, MA 02138 USA.
(bconrad@math.harvard.edu)

GARY CORNELL
Department of Mathematics, University of Connecticut at Storrs,
Storrs, CT 06269 USA.
(gcornell@nsf.gov)

HENRI DARMON
Department of Mathematics, McGill University, Montréal, Québec,
H3A-2K6 Canada.
(darmon@math.mcgill.ca, www.math.mcgill.ca/ "darmon)

EHUD DE SHALIT
Institute of Mathematics, Hebrew University, Giv'at-Ram, 91904 Jeru-
salem Israel.
(deshalit@math.huji.ac.il)

BART DE SMIT
Vakgroep Wiskunde, Universiteit van Amsterdam, Plantage Muider-
gracht 24, 1018 TV Amsterdam, The Netherlands.
(bds@wins.uva.nl)

FRED D1AMOND
Department of Mathematics, Massachusetts Institute of Technology,
77 Massachusetts Avenue, Cambridge, MA 02139 USA.
(fdiamond@math.mit.edu)

xiii



xiv CONTRIBUTORS /SPEAKERS

BAs EDIXHOVEN
Institut Mathématique, Université de Rennes 1, Campus de Beaulieu,
35042 Rennes cedex France.
(edix@univ-rennesl.fr)

GERHARD FREY
Institute for Experimental Mathematics, University of Essen, 29, El-
lernstrasse, 45326 Essen Germany.
(frey@exp-math.uni-essen.de)

STEPHEN GELBART
Department of Mathematics, Weizmann Institute of Science, Rehovot
76100 Israel.
(gelbar@wisdom.weizmann.ac.il)

BeNEDICT H. GROSS
Department of Mathematics, Harvard University, One Oxford Street,
Cambridge, MA 02138 USA.
(gross@math.harvard.edu)

KENNETH KRAMER
Department of Mathematics, Queens College, City University of New
York, 65-30 Kissena Boulevard, Flushing, NY 11367 USA.
(kramer@qcvaxa.acc.qc.edu)

HENDRIK W. LENSTRA, JR.
Department of Mathematics 3840, University of California, Berkeley,
CA 94720 3840 USA.
(hwl@math.berkeley.edu)

BARRY MAZUR
Department of Mathematics, 1 Oxford Street, 325 Science Center, Har-
vard University, Cambridge, MA 02138 USA.
(mazur@math.harvard.edu)

KENNETH A. RIBET
Department of Mathematics 3840, University of California, Berkeley,
CA 94720 USA.
(ribet@math.berkeley.edu)

Davip E. ROHRLICH
Department of Mathematics, Boston University, 111 Cummington
Street, Boston, MA 02215 USA.
(rohrlich@math.bu.edu)
MicCHAEL ROSEN
Departinent of Mathemnatics, Box 1917, Brown University, Providence,

RI 02912 USA.
(michael __rosen@brown.edu)



CONTRIBUTORS/SPEAKERS XV

KARL RUBIN
Department of Mathematics, Ohio State University, 231 W. 18th Av-
enue, Columbus, OH 43210 USA.
(rubin@math.ohio-state.edu, www.math.ohio-state.edu/ rubin)

RENE SCHOOF
28 Universita di Roma “Tor Vergata’, Dipartimento di Matematica,
1-00133 Roma Italy.
(schoof@fwi.uva.nl)

ALICE SILVERBERG
Department of Mathematics, Ohio State University, 231 W. 18 Avenue,
Columbus, OH 43210 USA.
(silver@math.ohio-state.edu)

JOSEPH H. SILVERMAN
Department of Mathematics, Box 1917, Brown University, Providence,
RI 02912 USA.
(jhs@gauss.math.brown.edu, www.math.brown.edu/jhs)

PETER STEVENHAGEN
Faculteit WINS, Universiteit van Amsterdam, Plantage Muidergracht
24, 1018 TV Amsterdam, The Netherlands.
(psh@wins.uva.nl)

GLENN STEVENS
Department of Mathematics, Boston University, 111 Cummington
Street, Boston, MA 02215 USA.
(ghs@math.bu.edu)

JOHN TATE
Department of Mathematics, University of Texas at Austin, Austin,
TX 78712 USA.
(tate@math.utexas.edu)

JACQUES TILOUINE
Départment de Mathématiques, UA742, Université de Paris-Nord,
93430 Villetaneuse France.
(tilouine@math.univ-paris13.fr)

Jaap Topr
Vakgroep Wiskunde RuG, P.O. Box 800, 9700 AV Groningen, The
Netherlands.
(top@math.rug.nl)

JERRY TUNNELL
Department of Mathematics, Rutgers University, New Brunswick, NJ
08903 USA.
(tunnell@math.rutgers.edu)



xvi CONTRIBUTORS/SPEAKERS

LAWRENCE C. WASHINGTON
Department of Mathematics, University of Maryland, College Park,
MD 20742 USA.
(lew@math.umd.edu)

ANDREW WILES
Department of Mathematics, Princeton University, Princeton, NJ 08544
USA.
(wiles@math. princeton.edu)



Schedule of Lectures

Wednesday, August 9, 1995

9:00-10:00 Glenn Stevens, Overview of the proof of Fermat’s Last
Theorem

10:30-11:30 Joseph Silverman, Geometry of elliptic curves

1:30-2:30 Jaap Top, Modular curves

3:00-4:00 Larry Washington, Galois cohomology and Tate duality

Thursday, August 10, 1995

9:00-10:00  Joseph Silverman, Arithmetic of elliptic curves
10:30-11:30 Jaap Top, The Eichler-Shimura relations
1:30-2:30 John Tate, Finite group schemes

3:00-4:00 Jerry Tunnell, Modularity of pg 5

Friday, August 11, 1995

9:00-10:00 Dick Gross, Serre’s Conjectures

10:30-11:30 Barry Mazur, Deformations of Galois representations:
Introduction

1:30-2:30 Hendrik Lenstra, Jr., Explicit construction of deforma-
tion rings

3:00-4:00 Jerry Tunnell, On the Langlands Program

Saturday, August 12, 1995

9:00 10:00 Jerry Tunnell, Proof of certain cases of Artin’s Conjec-

ture
10:30-11:30 Barry Mazur, Deformations of Galois representations:

Examples
1:30-2:30 Dick Gross, Ribet’s Theorem
3:00-4:00 Gerhard Frey, Fermat’s Last Theorem and elliptic curves

xvii



xviii

SCHEDULE OF LECTURES

Monday, August 14, 1995

9:00-10:00

10:30-11:30

1:30-2:30

3:00-4:00

Jacques Tilouine, Hecke algebras and the Gorenstein
property

René Schoof, The Wiles-Lenstra criterion for complete
intersections

Barry Mazur, The tangent space and the module of
Kahler differentials of the universal deformation ring
Ken Ribet, p-adic modular deformations of mod p mod-
ular representations

Tuesday, August 15, 1995

9:00-10:00

10:30-11:30
1:30-2:30
3:00-4:00

René Schoof, The Wiles-Faltings criterion for complete
intersections

Brian Conrad, The flat deformation functor

Larry Washington, Computations of Galois cohomology
Gary Cornell, Sociology, history and the first case of
Fermat

Wednesday, August 16, 1995

9:00-10:00
10:30-11:30

Ken Ribet, Wiles’ “Main Conjecture”
Ehud de Shalit, Modularity of the universal deformation
ring (the minimal case)

Thursday, August 17, 1995

9:00-10:00

10:30-11:30
1:30-2:30

3:00-4:00

Alice Silverberg, Explicit families of elliptic curves with
prescribed mod n representations

Ehud de Shalit, Estimating Selmer groups

Ken Ribet, Non-minimal deformations (the “induction
step”)

Michael Rosen, Remarks on the history of Fermat’s Last
Theorem: 1844 to 1984

Friday, August 18, 1995

9:00-10:00
10:30-11:30
1:30-2:30

3:00-4:00

Fred Diamond, An extension of Wiles’ results

Karl Rubin, Modularity of mod 5 representations
Henri Darmon, Consequences and applications of Wiles’
theorem on modular elliptic curves

Andrew Wiles, Modularity of semistable elliptic curves:
Overview of the proof



Introduction

The chapters of this book are expanded versions of the lectures given at
the BU conference. They are intended to introduce the many ideas and
techniques used by Wiles in his proof that every (semi-stable) elliptic curve
over Q is modular, and to explain how Wiles’ result combined with Ribet’s
theorem implies the validity of Fermat’s Last Theorem.

The first chapter contains an overview of the complete proof, and it
is followed by introductory chapters surveying the basic theory of elliptic
curves (Chapter II), modular functions and curves (Chapter III), Galois
cohomology (Chapter IV), and finite group schemes (Chapter V). Next we
turn to the representation theory which lies at the core of Wiles’ proof.
Chapter VI gives an introduction to automorphic representations and the
Langlands-Tunnell theorem, which provides the crucial first step that a cer-
tain mod 3 representation is modular. Chapter VII describes Serre’s conjec-
tures and the known cases which give the link between modularity of elliptic
curves and Fermat'’s Last Theorem. After this come chapters on deforma-
tions of Galois representations (Chapter VIII) and universal deformation
rings (Chapter IX), followed by chapters on Hecke algebras (Chapter X)
and complete intersections (Chapter XI). Chapters XII and XIV contain
the heart of Wiles’ proof, with a brief interlude (Chapter XIII) devoted to
representability of the flat deformation functor. The final step in Wiles’
proof, the so-called “3-5 shift,” is discussed in Chapters XV and XVI, and
Diamond’s relaxation of the semi-stability condition is described in Chap-
ter XVII. The volume concludes by looking both backward and forward in
time, with two chapters (Chapters XVIII and XIX) describing some of the
“pre-modular” history of Fermat's Last Theorem, and two chapters (Chap-
ters XX and XXI) placing Wiles’ theorem into a more general Diophantine
context and giving some ideas of possible future applications.

As the preceding brief summary will have made clear, the proof of
Wiles’ theorem is extremely intricate and draws on tools from many areas of
mathematics. The editors hope that this volume will help everyone, student
and professional mathematician alike, who wants to study the details of
what is surely one of the most memorable mathematical achievements of
this century.
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