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Preface

This publication consists of the Proceedings of the Symposium on Graph Theory
organized by the Indian Statistical Institute in Calcutta during 20-25 December 1976.

There were three series of expository lectures besides the contributed papers. We have
included them also, as the material includes recent results and may not be readily available
elsewhere.

It is a pleasure for me to acknowledge the cooperation I have received from various
people in connection with the Symposium.

I thank Professor G. Kallianpur, our Director, and Professor B. P. Adhikari of the
Division of Theoretical Statistics and Mathematics for their interest in and support for the
Symposium and for making facilities available to us.

I thank Dr. S. Bhaskara Rao in particular for his ungrudging and valuable help in
organizing the Symposium and the Proceedings.

I also thank my other colleagues who have helped me in various ways, the staff of
the Director’s office and the office of the Division of Theoretical Statistics and
Mathematics for their secretarial assistance, and the staff of our guest house for the
arrangements for board and lodging of the participants.

Finally I thank all the participants for their cooperation in making the Symposium a
success.

I hope that the papers included in these Proceedings form a significant contribution to
Graph Theory and that such symposia will become a regular feature in this country.

Calcutta A RAMACHANDRA RAO
August 1978



[

10.
11.

12.
13.
14.

15;
16.

1%,

Contents

Preface INVITED PAPERS

C. Berge: Multicolorings of Graphs and Hypergraphs

S. Bhaskara Rao: Explored, Semi-explored and Unexplored
Territories in the Structure Theory of Self-complementary Graphs
and Digraphs

K. R. Parthasarathy: Graphs and Groups
CONTRIBUTED PAPERS

B. D. Acharya : Separability and Acyclicity in Hypergraphs
A. Bagchi and J. K. Roy: Bounds on Cost Ratios of Optimal
Trees

C. Berge: Regularizable Graphs

S. Bhaskara Rao: The Range of the Number of Triangles in Self-
complementary Graphs of Given Order

S. Bhaskara Rao, Vasanti N. Bhat-Nayak and Ranjan N. Naik:
Characterization of Frequency Partitions of Eulerian Graphs

S. Bhaskara Rao and S P. Rao Hebbare: Characterization of
Planar Distance-convex Simple Graphs

S. A. Choudum: Existence of a Family of Planar Almost Pancyclic
Graphs

Shawpawn Kumar Das: Reconstruction of a Class of Finite
Acyclic Transitive Digraphs

M. Deza: Isometries of Hypergraphs

S. Foldes and N. M. Singhi: Finite Groups and Hypergraphs

M. Deza and P. Frankl: Maximum Number of Permutations
with Given Minimal or Maximal Distance

Medha M. Javdekar: Minimally (p-7)—Hamiltonian Graphs

V. Krishnamoorthy and K.R. Parthasarathy: The Reconstruction
Conjecture for Countable Forests

V. R. Kulli and H. P. Patil: Critical Graphs of k—minimally
Non-outerplanar Graphs

K. Nirmala: Complementary Graphs and Total Chromatic
Numbers

S. Ramachandran: On the Reconstruction Conjecture

A. Ramachandra Rao: The Clique Number of a Graph with a
Given Degree Sequence

G. Ravindra: B-graphs

E. Sampathkumar and M. V. Devadas: On Reconstruction of a
Graph from its v-partition Graphs

S. S. Shrikhande and N. M. Singhi: Some Problems in Graph
Theory

M. R. Sridharan: Asymptotic Formula for the Number of
Self-converse Digraphs

vii

10
36

65

84
90

103
124
138
151

163
174
190

195
197

207
221

227
246

251
268

281
286

299



MULTICOLORINGS OF GRAPHS AND HYPERGRAPHS

C. Berge
M.S.H., 54 Bd. Raspail, Paris=6

For any graph G, Vizing has proved that q(G) = A(G)
or q(G) =A(G) + 1 where A(G) is the maximum degree of a
vertex in G and q(G), the chromatic index of G, is the
minimum number of colors needed to color the edges of G so
that no two adjacent edges get the same color.

Iucas, in 1902, showed the following : if h is cdd,
h+l school girls can go walking in pairs for h days so
that every girl walks with every other girl exactly once.
This means, of course, that q(Kh+l) = h if h is odd,

A nmulticoloring of the edges of a graph G is an
assignment of one or several colors to each edge of G such
that at any vertex each color occurs exactly once, For
the Petersen graph PlO’ there is a multicoloring of the
edges with 5 colors as shown in figure 1,1, If the vertices
of PlO represent school girls and edges represent friendship
relation then this means that they can go walking for 5
days in pairs of friends such that each girl walks with
each of her friends exactly once,

It can be shown that every regular graph has a
multicoloring of edges. We conjecture that if the graph
is cubic, connected and has no isthmus then there is such
a multicoloring with at most 5 colors,

This article is based on the notes taken wnen Pror, Ferge
gave an expository talk.



Figure 1,1

Let us define

k*¥(G) = |(the least number of colors in a
multicoloring of the edges of G if
one exists, 2 otherwise.

It is difficult to determine k*(G) in general.
It is not very easy, but it can be checked that
k*(PlO) = 5.

The following theorem gives a necessary and sufficient
condition for k*(G) to be finite.

Theorem 1. 4 simple graph G = (X, B) has a multicoloring
of its edges iff G is regularizable and if some regular
multigraph H obtained from G by edge-multiplication
satisfies

mH(S, X -3) . /(H) for every S < X with

Is| oad.



A greph G is celled regularizable if it is possible
to get a regular graph from G by multiplying each edge of
@ a suitable number (> 1) of times,

The necessity part of Theorem 1 is easy to prove,
Given a multicoloring of G with k colors, if each edge is
multiplied as many times as the number of colors given to
it, we get o regular graph H of degree k which shows that
G is regularizable, If S C X and |S| is odd, then there
is at least one arc of H with color i which joins S to X=S
(for 1 = 1,2,..., k). Thus, the number of edge of H
between S and X-S is

my (S, X=5) 2 AH).

We give two applications.
Consider the following arrays A, and Ag.

Al Az

7

N\
\
\
\
N

NK

\\

QV

N
N\

N\
N\

Figure 1.2



Suppose the rows of the array represent workers and
columns represent machines and a shaded cell means the
corresponding worker cannot operate the corresponding
machine, Find the least number of days on which the
machines have to be operated so that the five machines
are operated simultaneously every day and each machine is
operated at least once by every eligible worker, 1t is
easy to see that the answer is k*(G) where G is the
bipartite graph whose vertices correspond to the rows and
columns of the array and edges correspond to the unshaded
cells in the array.

For the array Ay, the above number is 5 and for the
array A2, the number is » as will be shown later,

As a second application, consider matrices A = ((aij))
where a;; are subsets of a set U, Multiplication of
matrices is defined by

A.B = ((cij)) where c. . = %(aitrﬂ btj)

ij
Note that the matrix IU = ((513)) where

g 1if 143,

°13 U if i=3,

acts as an identity matrix. Then it can be proved that a
natrix A has an inverse iff the non-empty sets in each row
and in each column form a partition of U.

Now we extend the above concepts to hypergraphs.

4 hypergraph on a set X is a collection H of non-
empty subsets of X whose union is X. The elements of X
are the vertices of H and the sets in H are the edges of
H,



The incidence matrix of a hypergraph H = (El,EE,...,n

on the set X = |{Xy,...,X,} is the matrix ((aij)) where
i i % € Ej
8. =
i] 0 otherwise.

The dual H* cf a hypergraph H is the hypergraph whose
incidence matrix is the transpose of the incidence matrix
of H,

A hypergraph is called unimodulgr if the determinant
of every square submatrix of its incidence matrix is
0, + 1 or =1,

A multicoloring of a hypergraph H is an assignment of
one or more colors to each vertex of H such that in each
edge every color occurs exactly once,

We define

(the least number of colors in
| a multicoloring of H if one

J

/ exists,

k(H) = |

_>* otherwise.

It ie easy to see that for a graph G, k*(G) defined
earlier is same as k(G*).

M interesting example of a unimodular hypergraph is
an interval hypergraph defined thus: its vertices are
points on a straight line and edges are strings of points
or intervals,

Theorem 2. An interval hypergraph has a multicoloring iff
no edge contains another properly.



We give below an example of an interval hypergraph
H and a multicoloring with k(H) = 5 colors.

4 5 ,2,3 Aﬁf | 2 3
N\ _J - J
v N
E) \___V,__) €3
Ea
Figure 1.3

Even though the duvual of an interval hypergraph is

<

not an interval hypergraph, Theorem < remains valid for
the dual of an interval hypergraph (which is also a
unimodular hypergraph).

Let H = (El’EZ’ . 5§ Em) be a hypergraph on X and
dH(x) denote the number of edges which contain x. Define

Q={(',H'"):H'CH H'<H HNE' =g,
dH:v(x) < ap(x) < dyre(x) + 1
Y x¢ X}.

ote that Q is non-empty since (Ei’ #) ¢ 4. Define



+ » if there exists (H',H'') ¢ Q such
that m(H2') < m(d'")

n(H)

| {x: d . (x) =a (z) +1 |
max { 1 i } otherwise

n(H') = m(E"'")

Then we have

Theorem 3. For any hypergraph H, k(H) > u(H). If H is
unimodular then k(H) = [u(H)]’ , the smallest integer not
less than y(H).

If Gy is the bipartite graph associated with the array
Ay of Figure 1.2, then taking H' - the set of vertices of
G, corresponding to the last 4 columns of 4 and H'' = the
set of vertices of Gy corresponding to the first < rgws
of 4, we see that (2',85"")eQ(6]) so k(67)2mu(6)) 2 £ -
It is possible to give a multicoloring of GI with 5 colors

as given below. Hence it follows that k(GI) = 5,

i,5 3 2,4
2,3 1, 4,5
4 2 5 3
3,5 4 2 l
2 3 1,4 5
Figure 1.4



For the greph G2 corresponding to the array A2 of Figurel.Z,
we can show that k(Gg) = * gince by taking

H' = rows 3 and 41, H'' = {columns 4 and 5] , we get
u(Gg) = + %,

Corollary Let H be a unimodular hypergraph. Then there
exists no multicoloring of H iff there exist #', H''C H
such that

m(E') = m(2''),

dHu(x) 2 dHru(x) for all x ¢ X,

dH'(x) > dH.-(x) for at least one x ¢ X.

Proof. If there exist H', H'' < H with the stated
properties and if there exists a multicoloring of H with k
colors we get a contradiction by noting that £ n(x) over
all pairs (x, B) with x ¢ X, E ¢ H', x ¢ E is k.m(H') on

the one hand, and I n(x).dH.(x) on the other, where n(x)

xeX
is the number of colors assigned to x in the multicoloring.

Conversely if H has no multicoloring then by Theorem 3,
u(H) = + =,

Case 1. There exist H', H'' < H such that
n(H') <m(H'"), BN H'' = g and
dgre(x) € dge(x) < dgee(x) + 1 for all x.
Then by augmenting H' with some of the edges of H'',

we get two ncw hypergraphs H' and H'' satisfying the
conditions of the corollary.

Case _£. There exists (H', H'') ¢ Q such that m(E') = m(H'")
and ix/dH|(x) = dyre(x) + l'}ﬁ @#. In this case, the

8



conditions of the Corollary are satisfied.
Q.E.D.

We do not know if a statement similar to Theorem 3
is valid for the balanced hypergraphs. However, we can
state:

Theorem 4, Let H be a balanced hypergraph., Then H has
no multicoloring iff there exist P1sPosr.-.»Pp € 2 satisfying

m
o P =0
i=1
m
Z py ¢i(x) 2 0 for all x e X
i=1
m
‘Zl Py ¢i(x) > 0 for at least one x ¢ X,
% i

where ¢i(x) is the characteristic function of the edge E;.



