KN R A A AR SR 4

I\ILI%B]

%Zﬁ

HEM &

c-® ¢ c+o

-00 L 0 1 +00

th KRB

O REZEHRA

TiANJIN ED TION PRES



cC-0 ¢ cto

% IR B

A ili 'EHHﬁ:fi



EH#ERRS B (CIP ) #ii#
PRAERIBRIRINTCSS MR Y2 FPEEXUE / EFRAE.
—RH KR H R4, 2009.12

ISBN 978-7-5309-5852-0

I Otz 1.O%-- M.OW/ —Ha—x .3 V.D0172
rp = A 4548 CIP 4% =~ ( 2009 ) 55 205088 5

ARERVERRIITESS INAIR DS
AR A MSH

fFE & BEFM

ERIRR PR

PHE®mE FPRUI

Wit E 8

BiRAZT REHEBRRA
RV RTOMEE 35 S SREMES 300051
http : // www. tjeph. com..cn
6315 :022-23332301

RERFHFBRAT
010F 1 BS 1 IR

2010 £F 1 355 1 REDRI
16 FF ( 880x1230 23K )

570
2325

1

S HNEIFS
SIHERBEFNNS

89.00 5T



BHIE

B8HIE

HIERAR, W BB RN R T L HAETEE DML DR, BRIEEERRN T NEZ
te, BRI EARE RIS 2 AT /NERK M. XA EEE, BUNRARENHRENL
iE, AFFZERTT EEBAMTT

ER, HER VTR, RESLK, S THaFLBRRE, HEWUERL LR KMEAEY
F, MIROFEHRBREFEN, BREESL LEFAEILR, WMo THERS R, Bk
Fo WEHINK, FrELHEHIARNTHL LLENARESELERE XN, EHTUHRE
L. WRAH T REANELREE. BRAF M EFEIMMBDEZARE. KWK, BHDME
LHARBKABILAAE, REEABRA 0 MRREERER. BELH MBI ERA R
Ko REERBIRHEREM. EAMNBANICEHR, RESAMRAEHAAET .

MIEHFE EREATRIE, RUENGE, RAS#E, S5RREAMEN, HERE
. BAASSEERBES 0, TIATH LR RE RN ZA 0, BERATEK . TRMAHERRAT
HEMESEN. RURCHEA, RANKLK. FTAAEEESHNER 0, MERANEHES
HIB AT UAFERZ 0. FOBER LI &GS X B E L. 27l R X a2 & B LR
TR, EERLNENE, ULMERXE DM, HEHNMXKEKZREXLHT D, BHEREES
M. MEFELEATPENRTLGERRNENRARAGFHRET . BFXETUERARTT S
B, RXERIBEKRIE. U ARSI, TEAREIERRKTEE.

FBHFEEL B ERETRIFMENSE T, T HSPIMITFZIABE L BERE, &
H—ME HHRTE B3Rk (Omega) RBMRB, 7ELHR EHMBE— LB S, H—FE RN
EHRNE AT, EIFARUE, KR T T RAREGEERMY . £IXE, LTHD, B
RFNHAEATSEEE A, U— DL E. TEARAR, FrASEEBmETAE, mfFxiss
HRZHEE, WEHRIER, R IERE.

EEX THRESGEM TR AT 7, MEMTRAMEN, SLFMEURALELE, HE
RIBFEFRM TEIE, X T &7 RER RN AR . LR MR, hB R g ™
BT

ERNELZG, ERLMFRERER L, THE TS %, EEROBEITRALS,
Xt F 8 MEASM T ELHT R XEBLGE T HENFRSERTHRNEL, FHmMRTH
R TAE T I /MRSy, BT 23] XWX e X PR E 2 & KPAIIHR
NOIZRER, W RER R AR,

HEFE
2008 4F 12 H 22 H- T 18



Standard Omega Infinitesimal Calculus

Foreword

In Ancient Greek Time, differential was thought of such an infinitesimal that was not zero but less
than any number. Instantaneous velocity was thought of as a ratio of two infinitesimals. An area
surrounded with curves was thought of as a sum of infinite infinitesimal areas. These simple views did not
get any obvious systematical reasoning, but had many intuitive convenient understandings.

Till nowadays, a line is a geometrical form, which is continuous. After given Descartes coordinate,
people might firstly set up rational number system in the line, found such a fact that although the rational
number system is dense, but it exists still holes in the line. Afterwards introduced Dedekind cut to
complement them by real numbers. People considered commonly that the set of real numbers could fill out
the line, and that all points on the line could form a bijection with the set of real numbers. The set of real
numbers could construct a line. It followed such a fact that differential and integral had a theoretical model.
However there does not be any position for infinitesimals in the model. Through efforts of a long time, in
the set of real numbers, people could not find any position of entity for infinitesimal, while had no choice
but to use such a limit process, which tends to zero, to denote. Infinitesimal Calculus had not set up yet.
People were not able to obtain a simple understanding. However people thought of that the problem had
solved. Most people do not think it again.

People had guessed that Points express only discontinuity, they are only signs of positions, and have
no extensibility. Points are exterior each other, and don’t touch each other. A single real number is of zero
measure, since the set of all real numbers should also be of zero measure, no thickness may not gain any
integration. Points can not represent any continuity of a line at all events. Only based on points people can
not buildup a line. The set of all rational numbers is of zero measure. However according to the tradition,
the set of all real numbers was not of zero measure, because which was able to cover all intervals or a line.
Whether there were some involuntary additions in the cover method of intervals for the construction of
definition of measure? Extensibility is a property of line. Based on linear intervals, and using the
intersection of infinite intervals to define infinitesimal, the situation must be different. It must obtain the
concept of indivisible continuum or monad as intimate bond that were ever expected by a lot of ancient
wisdoms. Perhaps this just represents correctly the extensibility, and is also the right source of interval
measure. All these were hypotheses, which had been thought of by a lot of ancient mathematical
philosophers, but never really solved |

The author of the book lasts many years with hard but unremitting efforts, analyzes a lot of idea
concepts which were thought of by a lot of forth goers whether in ancient times or nowadays, in China or
abroad, then raises a felicitous model — Omega continuum model. By adding some special elements into
real number set, and using intersections of infinite intervals to be new elements, through careful proof-tests,

the author constructs certainly an extensional true model of continuum. Where gives an entity position to



Foreword

infinitesimal which is not zero, but is smaller than every positive real number. No thickness may not gain
any integration, the set of all real numbers is still of zero measure. And the monad is an empty set relative
to real numbers, whose measure is certainly positive, that is the true source of linear measure.

The author makes an aptitude extension to Cantor continuum, a reasonable definition to measure, and
gives a reasonable position of entity to infinitesimal, a revision to classical measure theory, and makes
explanations to several eventual misconstructions. Through careful rigorous proof-tests, the author sets up
a precise foundation for the new model.

After the ninth chapter, based on the new model, the author rewrites the infinitesimal calculus, in
which, part contents of the classical mathematical analysis embed, and makes suitable extensions for basic
conceptions. The model combines with the ancient hypotheses and rigorous theory of nowadays, and
constructs a new rigorous infinitesimal calculus. It is convenient to learn. It also gives an impulse to the
interesting and attention to the problem of mathematical foundation. For the dramatic research of human

for a long time, I expect to get a satisfactory solution.

Lin Jian Xiang
22 December, 2008, in Boya Xi Yuan
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Abstract of the Book

Abstract of the Book

(Sponsors: Fund for Academic Publications of Science and Technology Society of
Tianjin City and Fund for Monographs of Tianjin Normal University)

The author had a short Communication titled “Standard Infinitesimal Calculus”, in the International
Congress of Mathematicians, Beijing 2002, August 20-28. The contents of the abstract of the short
Communication is as follows:

“The paper gives a complete differential partition to a Euclidean straight line with a fixed frame, and
three axioms for the integral of infinitesimals indexed by real numbers; proves in standard mathematics
there are positive infinitesimals outside of real number set; Gives cosmic, macro and micro
counterexamples to two axioms in Jordan, Carathéodory, and Lebesgue measure theory; transforms
Weierstrass limit into Huang limit, Cantor continuum into Huang continuum, and Newton-Leibniz formula
into Huang formula.”

Obviously the book is a development of the short Communication.

- There are two discoveries and thirty achievements in the book, where twenty-five achievements are of
nowadays’ mathematics, and five achievements of difficult problems long standing for 2250-2500 years or
more.

The first discovery is to find infinitesimal linear elements, that Pythagorean called indefinitely small
monad, and to study systematically their properties. The second discovery is to find a new model —
Omega continuum model, that constructs the foundation of standard infinitesimal calculus: and a primary
regular axiomatic system — an axiomatic system of Omega calculus. These provide also a new foundation
for whole mathematics.

In order to saying clearly the twenty-five achievements of nowadays’ mathematics, let R denote real
number set and » € R be arbitrary. The twenty-five achievements of nowadays mathematics are as follows:

1. The book begins with the first chapter to gradually prove that the real number set cannot fill up a
Euclidean straight line with a fixed frame, and that the real number set is still discrete and not a continuum,
and cannot fill up any linear segment.

2. Gives a complete differential partition to a Euclidean straight line with a fixed frame L, i.e. L =
{the right monad of —o U the left monad of » U r U the right monad of » U the left monad of «} =
Omega continuum QII, that is the foundation of infinitesimal calculus, sets up three axioms for the positive
integral of infinitesimals; and proves that the Euclidean straight line with a fixed frame L consists of real
number set R, and simultaneously of infinitesimal and infinitelarge linear elements, the mathematical
model which is equal to the Euclidean straight line with a fixed frame, is named Omega continuum QII.

3. Let o denote the common measure of the left monad and right monad (which are infinitesimal
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linear elements) of », proves in standard mathematics that o is a positive infinitesimal outside of R. This
proves the existence of infinitesimal linear elements. This study began with Pythagorean, through Galileo,
Newton, Leibniz, till USA celebrated logician Robinson. They declared in public that the problem was
unsolved for two thousand and five hundred years or more.

4. Gives cosmic, macro and micro counterexamples for two axioms which are axioms claiming real
number empty set being of zero measure in Jordan, Carathéodory, and Lebesgue measure theory, and
Cantor’s real number line axiom, and sets up a new concept of Omega limit consistence measure.

5. Proves that the natural number set N is of zero measure from a single natural number with zero
measure; And that the real number set R is of zero measure from a single real number with zero measure.
These were also difficult problems; however they are solved in the book.

6. Defines order and arithmetic operators in QII. This is an important development for mathematical
operators. In the past for arithmetic operators people insisted on definitude. However in QII, arithmetic
operators have obviously indefinitude.

7. Transforms Weierstrass limit into Omega limit. We know that by refraction though a triangular
prism a bar of white light diverges to be seven color lights. Similarly by the refraction of Omega
continuum QIT Weierstrass limit diverges to be seven different limits.

8. Transforms Dedekind cut into Omega cut. Dedekind cut is a partition of rational number set, to
partition it into two subsets, upper and lower sets. It has no middle set. Therefore there is no place for the
live of infinitesimal linear elements. However Omega cut, it consists of upper, middle and lower sets. Its
middle set is the center of the cut, may be an interval nest. It is a reasonable place to live infinitesimal
linear elements. This is-why under Dedekind cut people could not introduce infinitesimal linear element,
and by using Omega cut we find infinitesimal linear elements.

9. Transforms Cantor continuum into Omega continuum. Cantor continuum is namely real number set.
It is the foundation of current popular mathematics. However it is discrete, can’t describe completely a
Euclidean straight line with a fixed frame and misses the infinitesimal linear elements on the left and right
sides of every real number point. The book transforms Cantor continuum into Omega continuum, and
completely describes a Euclidean straight line with a fixed frame.

10. Gives the definition of Omega inverse integral in QIIl. Because in the book we prove that the
measure of the real number set R is equal to zero, the concept of integral needs a new statement. As an
original start, we must generally give definition of Omega inverse integral for a function defined in Omega
continuum.

11. Then concretely, gives several definitions for Omega inverse integral for a real number function
and several integrable function classes.

12. Gives definition of differential of a real number function, and the definition of valuation formula
of positive integral.

13. Brings forward auxiliary axioms for integral equality. They are necessary for the deduction of
integral equality. Especially in the accurate statement and rigorous proof of Newton-Leibniz formula, and
in its transformation to Omega formula, they are necessary. The axioms are deductive foundations of
forming the theoretical frame of the book.

14. Puts forward auxiliary estimate axioms for inverse integrals. They are necessary for the estimates
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of infinitesimal error for inverse integral. These have advantage over the constitution of the new theory.

15. Accurately states and thoroughly proves the so-called Newton-Leibniz formula, and transforms it
into Omega formula. It is well known that Newton-Leibniz formula is the watershed between the modern
mathematics and ancient mathematics, and has the epoch-making sense. However from the results of the
book, we see that their discovery is only a good dayspring. And the level that they arrived is only an
experiential formula. They had not given rigorous statement and justification. In the popular mathematical
analysis, it is only equivocally to make mention the link theorem between definite and indefinite integrals
and gives not any justification proof. In the just statement of Newton-Leibniz formula, it need use the
concept of the first Omega enlargement of a real function in the book. In the rigorous proof of
Newton-Leibniz formula, it need-use the auxiliary axioms of integral equality and the auxiliary axioms for
the estimate of inverse integral in the book. In the transformation of Newton-Leibniz formula to Omega
formula, except for the just announcement two axioms, it need use the concept of the second Omega
enlargement of two real functions in the book. For Newton-Leibniz formula, Omega formula is an essential
development. In Newton-Leibniz formula, the integrand is only one function. However in Omega formula,
the integrand has two functions, in which one stands for the left derivative, and the other stands for the
right derivative. In Newton-Leibniz formula, people talk about integral only when there is a united
derivative. However in Omega formula, only if there are left derivative and right derivative, one can make
out the integral of the two functions. Correspondingly for problems in physics, one can solve the distance
if knowing the left and right instantaneous velocities. Omega formula images deeply problems in physics.
In a word, Newton-Leibniz formula only walks the first step, Omega formula is its direct development, and

walks the second step.

16. Writes the section 9.3: (Is the empty set & a subset of every set?) . In the section states that in
elementary mathematics, the logical axiom “For every set 4, Jc 4. ” is not consistent. Russell, an English
celebrated mathematical philosopher, pointed early out: If accepting a set & that contains every set, then
we might see Russell paradox in the mathematical deduction. Afterwards it debars such a set & containing
every set in mathematical logic. Furthermore Russell put forward his type theory. However in set theory
people still accept such an empty set, denoted by &, which is a subset of every set, i.e. accept that Jc 4 is
an axiom in set theory. Accepting the existence of the set &, and accepting the existence of the set &, are
theoretically similar. Why people were not conscious of the fault of the former. From this we see that we
should newly consider over the axiom Jc 4. At least it is not suit elementary mathematics and the
Euclidean straight line with a fixed frame. In fact the hardcore of the study of mathematics is to study the
Euclidean straight line with a fixed frame and its mathematical equivalent: Omega continuum which is the
true union of mathematics and geometry. If an axiom is not suit for the Euclidean straight line with a fixed
frame, why should we hold it?

17. In the section 19.4: Skolem step function defined on a finite set and its supplementary set —
Examples of discontinuous function in QII, by using the discussion for Skolem step function defined on a
finite set and its supplementary set, we explain the localization of the limit method. Besides we point out
that the future development is to study the differential and integral calculus for discontinuous function in

QII, various Dirac Delta functions and various problems of singular function and its integral; In the section
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19.5 states the general positive integral axiom, and by using the axiom to look back the works of the past
and present, and to view the future development.

18. In the Article 6.1.1.1-2 defines Omega area differential operators, in which contain Omega
differential addition and Omega differential multiplication in QII. And in which introduces twelve micro
Omega area differential operational axioms. These reflect the radical properties of Omega area differential
operators on one hand, and play an important role for the justification of existence of infinitesimal linear
elements on the other hand.

19. For the study of the measure of a ray in a Euclidean straight line with a fixed frame, introduces a
cosmic symmetric axiom with a central point and a cosmic symmetric axiom without a central point. These
reflect the radical properties of a ray in a Euclidean straight line with a fixed frame on one hand, and play
an important role for the justification of existence of infinitelarge linear elements on the other hand.

20. Puts forward a primary regular axiomatic system for Omega calculus. Now we introduce simply
the system as follows: That consists of four parts. The first part consists of twelve axioms of differential
operators; please refer to Article 6.1.1. The second part consists of two cosmic axioms: one is the cosmic
symmetric axiom with a central point and another is the cosmic symmetric axiom without a central point,
please refer to Section 1.6. The third part is about the link between micro and macro, which consists of
three groups. The first group consists of three axioms of positive integral. That transfer macro measure into
an integral of micro measures; please refer to Chapters 5, 6, 15, and 19. The second group consists of
auxiliary axioms of integral equality; please refer to Section 16.1. The third group consists of auxiliary
axioms for inverse integral estimate; please refer to Section 16.2. The fourth part consists of three cases:
(DBasic measure axiom in straight line L (refer to Article 1.3.1) ; @Basic principle of the order (refer to
Article 1.3.2); and ® “original geometrical form” to quickly determine order between measures
geometrically (refer to Articles 3.2.5-7) .

21. From the section 18.4 to section 19.3, sets up an introductory theory which is parallel to the theory
of mathematical analysis and enlarges it into Omega Infinitesimal Calculus so that will come into being an
extended Omega Infinitesimal Calculus theory which is parallel to and wider than the classical
mathematical analytical theory. For example, from 18.6.4 it follows a fact that Riemann integrable class
may be embedded into Omega bounded ihtegrable function class to be a sub-theory.

22. From the section 18.4 to section 18.15, parallel and enlargement to analysis, in Omega
Infinitesimal Calculus sets up the classes of integrable functions, integral equalities and inequalities,
integral middle value formulas, integration formula by substitution, and integration formula by parts.

23. In the section 18.i6, parallel and enlargement to the notion of continuity in analysis, in Omega
Infinitesimal Calculus sets up the notion of Omega continuous function and corresponding theorems, for
example, Intermediate value theorem of a continuous function and etc, so that will be an expansive
foreground.

24. In the sections 19.1-3, parallel and enlargement to analysis, in Omega Infinitesimal Calculus sets
up systematically an expansive introductory theory of differential calculus, defines Omega derivative from
one order to n order, sets up arithmetic operations for them, and sets up corresponding integral formulae,
sets up the basic theorems in Omega differential calculué, until Omega Taylor expansion, which is a

development of Taylor formula.



