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Preface

One of intensively developing research directions is exploration of complex dynam-
ics and chaos in nonlinear systems. We regard an object as a dynamical system, if
its state at any given time may be obtained from the initial state according to a cer-
tain rule defined for the given system. It is remarkable that such definition, although
representing ideal of deterministic vision, does not exclude a possibility of chaotic
behavior of the object, with dependence of the state on time looking like a random
process. Chaos occurs in systems of different nature, e.g. relating to mechanics, hy-
drodynamics, electronics, laser physics and nonlinear optics, chemical kinetics, and
biomedical disciplines. The main attribute of the dynamical chaos is sensitivity to
small perturbations of initial conditions, which makes it impossible to predict the
future states actually for times longer than some characteristic scale, which usu-
ally depends logarithmically on the inaccuracy of the initial conditions (“horizon of
predictability”).

For dissipative dynamical systems, chaos is associated with presence in the state
space of a curious object called the strange attractor. At present, the collection of
models with strange attractors is very rich, including artificial mathematical exam-
ples, models of physical, chemical, and biological systems.

A classic example of chaotic attractor is Lorenz attractor. It occurs in a set of
three first-order differential equations modeling fluid convection or dynamics of a
single-mode laser. The Lorenz model was a subject of extensive and careful stud-
ies in recent decades. Accurate mathematical foundation of chaotic nature of dy-
namics of the Lorenz model was found to be a subtle and delicate problem. It was
announced as the 14-th Smale problem (from the list of difficult mathematical prob-
lems suggested by Steven Smale in 1998, as challenging mathematicians of the 21st
century, similar to the list of Hilbert problems advanced for the 20th century). The
solution was given by W. Tucker in 2002 by combination of technique of computer-
assisted proof and careful analytic considerations.

Maybe, there was a lost opportunity for the nonlinear science to find out an al-
ternative, a less painful way to discover physically meamngful and mathematically
validated examples of chaotic behavior.
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About 40 years ago, in mathematical studies a special type of chaotic attractors
was introduced, namely, the uniformly hyperbolic attractors. They relate to systems
belonging to the so-called axiom A class and are considered in the hyperbolic the-
ory associated with the names of Anosov, Alekseev, Smale, Williams, Sinai, Plykin,
Ruelle, Pesin, Newhouse and others. Chaotic nature of dynamics on the uniformly
hyperbolic attractors is proved rigorously. They possess a property of structural sta-
bility, i.e., the phase space arrangement, character of dynamics, and its statistical
characteristics are insensitive to variation of parameters and functions in the gov-
erning equations.

Originally, it was expected that the uniformly hyperbolic attractors will be rel-
evant to many physical situations of occurrence of dynamical chaos. However, as
time passed and many examples of chaotic systems of different nature had been
suggested and studied, it became clear that these examples do not fit the narrow
frames of the early hyperbolic theory. Therefore, people started to think of the uni-
formly hyperbolic attractors rather as of refined abstract image of chaos that has
no relation to real systems. Efforts of mathematicians were redirected at developing
generalizations applicable to broader classes of systems. For example, notions of
singular-hyperbolic (or quasi-hyperbolic) attractors, non-uniformly hyperbolic at-
tractors, partially hyperbolic attractors, and quasi-attractors were introduced, and
certain progress in their exploration was achieved.

Abandoned for a long time and not clarified until recently is a question on a
possibility of occurrence of the dynamical behavior associated with uniformly hy-
perbolic attractors in real world systems or, at least, in specially designed systems
in physics and technology.

In textbooks on and reviews of nonlinear dynamics, the uniformly hyperbolic
attractors are represented usually by artificial discrete time models based on geo-
metric constructions, often explained qualitatively, in words, or by graphic images.
Of course, for a physicist this is only a starting point for a research.

First of all, in addition to the geometric constructions it is desirable to have exam-
ples in a form of explicitly written equations, which allow application of computer
methods for analyzing the dynamics and calculation of quantitative characteristics
interesting to possible applications.

For some physical systems description in discrete time is very natural, and it
would be worth examining possibilities of occurrence of the hyperbolic attractors in
maps relating to such systems.

Next, it is important to turn to continuous time systems, which are of the first
place importance, ¢.g., in physics and technology.

It is desirable to have a clear vision of how to implement the dynamics on uni-
formly hyperbolic attractors using combinations of structural elements known in
the context of the theory of oscillations and in applications (oscillators, coupled
systems, and feedback loops).

Finally, the proposed models should be implemented as real operating devices,
for example, in electronics, mechanics, nonlinear optics, and technical applications
of such devices should be indicated with explanation of advantages over alternative
possible solutions.
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In the theory of oscillations, since classic works of Andronov and his school,
rough or structurally stable systems are regarded as those subjected to priority
research, and as the most important for practice. It seems natural that the same
should relate to systems with structurally stable uniformly hyperbolic attractors.
The lack of physical examples in this regard looks as an evident dissonance. From
a methodological point of view, the situation is similar to that in the early 20th
century concerning the limit cycles, before their role as mathematical images for
self-oscillations was established. In a similar way, the uniformly hyperbolic chaotic
attractors should find their place as images for phenomena in real systems. It will
help to link the abstract hyperbolic theory developed by mathematicians with de-
scription of real systems and attribute this theory to physical content.

This book is devoted to review the modern state of the outlined research program.
The material is presented in four parts.

The introductory Part I consists of two chapters. Chapter 1 is devoted to the nec-
essary basic concepts, including the notion of dynamical system, attractor, Poincaré
map, and hyperbolicity. We introduce and discuss classic examples of uniformly
hyperbolic attractors: Smale-Williams solenoid, DA-attractor of Smale, and attrac-
tors of Plykin type. An overview is given to the content of the hyperbolic theory
(the cone criterion, structural stability, Markov partitions and symbolic dynamics,
measures of Sinai-Ruelle-Bowen, etc.). Chapter 2 is a review of the literature indi-
cating various possible situations of occurrence of uniformly hyperbolic attractors
in dynamical systems,

Part 11 is the basic one. Here, we introduce a number of examples of systems,
which allow physical implementation, and possess uniformly hyperbolic attrac-
tors with one-dimensional unstable manifolds (one positive Lyapunov exponent).
In Chap. 3 we consider models, which admit a natural stroboscopic discrete time
description. These are systems operating under periodic pulse kicks and systems
whose dynamics is composed of a periodic sequence of stages, each of which is gov-
erned by a particular form of the differential equations. Chapter 4 discusses models
designed on a base of two self-oscillators which are excited alternately because of
forced external parameter modulation and transmit the excitation to each other in
such way that its phase transforms in accordance with expanding circle map. Chap-
ter 5 is devoted to autonomous systems operating according to the same principle. In
Chap. 6 we consider schemes of parametric generators of chaos with hyperbolic at-
tractors. Chapter 7 is devoted to methods of computer verification of the hyperbolic
nature of attractors illustrated with the examples suggested in the previous chapters.
Particularly, we consider technique of visualization of mutual location of stable and
unstable manifolds, statistics of angles of intersections between them, visualization
of the natural invariant measure distributions on the attractors, and verification of
the cone criterion.

Part 111 is devoted to model systems, for which mathematical justification of the
hyperbolic nature of the attractors is more problematic. Hypothetically, however, the
hyperbolicity apparently takes place. This assertion is based on the fact that from a
physical point of view, those models are built following the same principles as the
systems considered in Chaps. 4 and 5, for which the hyperbolicity is justified at
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the level of computations. In Chap. 8 we consider non-autonomous systems of four
alternately excited oscillators. Among them, there is a model, in which the trans-
formation of phases during a period of parameter modulation follows the Anosov
map on the torus, and a model associated with a map on the torus with hyperchaotic
dynamics (more than one positive Lyapunov exponent). Also a system is considered
constructed of two coupled elements, with each possessing a hyperbolic attractor.
For this case, some details are studied for the transition corresponding to complete
synchronization of chaos. In Chap. 9, an autonomous system is considered func-
tioning due to dynamics nearby a heteroclinic cycle in the amplitude equations. On
this basis, we implement an attractor of Smale-Williams type in the Poincaré map,
an attractor with dynamics of cyclic (phase) variables governed by the Anosov map,
and a hyperchaotic attractor. Chapter 10 is devoted to systems with delayed feed-
back, in which a chaotic map for the phases of successively generated oscillation
trains is arranged due to the transfer of excitation from the previous stages of activ-
ity of a single oscillatory element (self-oscillator) to the next stages. In Chap. 11 we
consider a high-dimensional system built on two ensembles of self-oscillators with
global coupling within each of them. Due to the turning the coupling on and off
alternately in two ensembles, they undergo periodic Kuramoto transitions from syn-
chronization to desynchronization and back; the interaction between the ensembles
is organized in such way that the phase of the oscillatory excitation for the mean
field transferred to each other, follows the chaotic map.

Part IV is devoted to examples of hyperbolic (or hypothetically hyperbolic) at-
tractors in electronic experiments available to date. In Chap. 12 we consider ex-
periments with a non-autonomous system of two alternately excited self-oscillators
manifesting dynamics on the attractor of Smale-Williams type. In Chap. 13 two vari-
ants of non-autonomous time-delay systems with periodic parameter modulation are
discussed. One possesses presumably an attractor of Smale-Williams type, embed-
ded in an infinite-dimensional state space of the respective stroboscopic Poincaré
map, and the other corresponds to a partially hyperbolic attractor.

The Appendix address some matters, which are essential to the whole presenta-
tion and illustrations, but dropping out of the basic structure of the book. We con-
sider algorithm for computing Lyapunov exponents based on the Gram-Schmidt
orthogonalization, and derivation of the Hénon and Ikeda maps from physical con-
siderations for systems with impulse kicks. Further, the construction of the Smale
horseshoe is presented, which gives a nontrivial example of a non-attractive compli-
cated invariant set. The Kaplan-Yorke formula is derived and explained connecting
approximately the Lyapunov exponents and dimensions of chaotic attractors. For-
mal definition of the model of Hunt is reproduced, which implements suspension
of attractor of Plykin type. A simple model of hyperbolic dynamics on a compact
surface of negative curvature is considered. The final Appendix is devoted to the
shadowing property of hyperbolic chaotic attractors, which is illustrated in compu-
tations for a model from Chap. 4 with added noise.

The book may be useful to physicists and engineers interested in the practical ap-
plication of the theory of deterministic chaos, particularly in obtaining robust chaos
insensitive to parameters and characteristics of components, fluctuations, interfer-
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ences, etc. This may relate to various disciplines mechanics, hydrodynamics,
electronics, laser physics, and nonlinear optics.

Contents of the book can probably help to think about possibilities of occurrence
of structurally stable chaos in systems of different physical nature. Intriguing area
for contemplations may be the significance of such chaos in neurodynamics.

On the other hand, the book can be useful for mathematicians interested in con-
crete applications of the hyperbolic theory. For them, it may be of interest to see
how the mathematical theories are refracted from the perspective of the applied dis-
ciplines.

The author tried to present the material in a style available to graduate and post
graduate students of non-mathematical specialties and to make it, as far as possible,
self-consistent to allow a study without recourse to other sources. I tried to avoid for-
mal definitions and formulations with abusing mathematical symbolism, replacing
them with rather intuitive qualitative arguments. Perhaps, a part of mathematically
oriented readers will find it insufficient; they are referred to rich literature on math-
ematical theory of dynamical systems. Also, I must warn that the consideration of
general content of nonlinear dynamics is restricted here by the minimum needed for
understanding the substantive material of the book. So, it can not be regarded as a
substitute for a systematic study of integral general courses of nonlinear dynamics,
to which the interested reader is referred for this purpose.

1 am grateful, for useful discussions, assistance, and constructive criticism, to
V.S. Anishchenko, V.S. Afraimovich, B.P. Bezruchko, V.N. Belykh, A.Yu. Jalnine,
A.Yu. Zhirov, O.B. Isaeva, A.P. Kuznetsov, P.V. Kuptsov, J. Kurths, A.Yu. Losku-
tov, R. MacKay, L.A. Mel’nikov, A. Pikovsky, V.I. Ponomarenko, A.G. Rozhnev,
N.M. Ryskin, L.R. Sataev, E.P. Seleznev, W. Tucker, D.V. Treshchev, D.I. Trubet-
skov, L.V. Turukina.

Also, 1 thank all colleagues and administrative staff of Saratov Branch of Ko-
tel’nikov’s Institute of Russian Academy of Sciences for many years of friendly
collaboration, support, and creative atmosphere stimulating the scientific work.

The researches laying the foundation of this book were supported, in part, by
RFBR grants 06-02-16619, 09-02-00426, 09-02-00707, and DFG-RFBR grants
04-02-04011, 08-02-91963. Additionally, the author acknowledges a support from
program of Development of Scientific Potential of Higher Education of Ministry
of Education of Ministry of Education and Science of Russian Federation (grant
2.1.1/1738).

Sergey P. Kuznetsov
Saratov, February 2011



Contents

Part I Basic Notions and Review

1 Dynamical Systems and Hyperbolicity ............................ 3
1.1 Dynamical systems: basicnotions............................. 3
1.1.1 Systems with continuous and discrete time, and their
mutualrelation ........ ... ... . i 3
1.1.2 Dynamics in terms of phase fluid: Conservative and
dissipative systems and attractors . ...................... 6
1.1.3 Rough systems and structural stability .. ................. 8
1.1.4 Lyapunov exponents and their computation .............. 10
1.2 Model examples of chaotic attractors .......................... 12
1.2.1 Chaos in terms of phase fluid and baker’smap ............ 12
1.2.2 Smale-Williams solenoid...................ccovuuio.. .. 15
123 DA-atraCtor .. ..oviiinee it iiii e, 16
124 PlykintypeattraCtors . ............covririirinnnnn.. 17
1.3 Notion of hyperbolicity.........ooiieninvi i n.. 19
1.4 Content and conclusions of the hyperbolic theory ................ 22
141 Conecriterion .. ....oouiin ittt iaiiinnnne.. 24
142 Instability ... e 25
1.4.3 Transversal Cantor structure and Kaplan-Yorke
dimension ..... ... i i e e e 25
1.4.4 Markov partition and symbolic dynamics ................ 26
1.4.5 Enumerating of orbits and topological entropy ............ 27
14.6 Structural stability ............... ... ... it 28
1.4.7 Invariant measure of Sinai-Ruelle-Bowen ................ 29
14.8 Shadowing and effectofnoise .............covvvnnunn.. 30
149 Ergodicityandmixing ................ ... i, 30
1.4.10 Kolmogorov-Sinai entropy . ...........ovuuununnnnnn.. 31
References . ... ...t e e 31



xii

Contents

Possible Occurrence of Hyperbolic Attractors ..................... 35
2.1 The Newhouse-Ruelle-Takens theorem and its relation to the

uniformly hyperbolic attractors ............coiiiviiineenen.n. 35
2.2 Lorenz model and its modifications............................ 37
2.3 Some maps with uniformly hyperbolic attractors ................ 40
24 From DA to the Plykin type attractor .......................... 43
2.5 Hunt’s example: Suspending the Plykin type attractor ............ 46
2.6 The triple linkage: A mechanical system with hyperbolic

dYnamics ... ... e e e 49
2.7 A possible occurrence of a Plykin type attractor in

Hindmarsh-Rose neuronmodel . .............................. 51
2.8 Blue sky catastrophe and birth of the Smale-Williams attractor. . . . . 52
2.9 Taffy-pullingmachine............ .. ... i iiiireninns. 53
References . ..., e e e 54

Part II Low-Dimensional Models

3

Kicked Mechanical Models and Differential Equations with

PeriodicSwitch ......... .. ... ... ... ... 59
3.1 Smale-Williams solenoid in mechanical model: Motion of a

particle on a plane under periodickicks ........................ 60
3.2 A set of switching differential equations with attractor of

Smale-Williams type . ... ..ot 65
3.3 Explicit dynamical system with attractor of Plykin type........... 68

3.3.1 Plykintype attractoronasphere.............ccovvnnnn... 68

3.3.2 Plykin type attractor ontheplane . ...................... 73
3.4 Plykin-like attractor in smooth non-autonomous system .......... 76
References . ....... ... i e 79
Non-Autonomous Systems of Coupled Self-Oscillators.............. 81
4.1 VanderPoloscillator ....................ciuiiuiinnnnnn... 8]
4.2 Smale-Williams attractor in a non-autonomous system of

alternately excited van der Pol oscillators....................... 84
4.3 System of alternately excited van der Pol oscillators in terms of

slow complex amplitudes . ............... .. 93
4.4 Non-resonance excitation transfer ............................. 9
4.5 Plykin-like attractor in non-autonomous coupled oscillators . . .. . .. 95

4.5.1 Representation of states on a sphere and equations of the

model ... .. .. ... 95

4.5.2 Numerical results for the coupled oscillators ............. 98

References ... ... v i e 101

Autonomous Low-dimensional Systems with Uniformly Hyperbolic
Attractors in the Poincaré Maps . ........ ... .................... 103
5.1 Autonomous system of two coupled oscillators with

self-regulating alternating excitation ........................... 103



Contents

5.2 System constructed on a base of the predator-prey model .........

5.3 Example of blue sky catastrophe accompanied by a birth of
Smale-Williams attractor .............ccoviiiiiiiiin. ns

References .. ......voim i e

6 Parametric Generators of HyperbolicChaos ......................
6.1 Parametric excitation of coupled oscillators. Three-frequency
parametric generator and its operation . .......... .o 0.
6.2 Hyperbolic chaos in parametric oscillator with Q-switch and
pumpmodulation ........... .. e
6.2.1 Dynamical equations ...............coiiverrnininaann.
6.2.2 Qualitative explanation of the operation .................

623 Numericalresults .. ......c.cvueiiiiiiiiinir e inannn
6.2.4 Numerical results in the frame of method of stow complex
amplitudes ... ... ... e

6.3 Parametric generator of hyperbolic chaos based on four coupled
oscillators with pump modulation . . ... ... .. ... ... ... .. ..
6.3.1 Model, operation principle and basic equations ...........
6.3.2 Chaotic dynamics: results of computer simulation.........

References ... ..o i e e

7  Recognizing the Hyperbolicity: Cone Criterion and Other
Approaches. . ... ... . ... e
7.1 Verification of transversality for manifolds ... .. e
7.1.1 Visualization of the manifolds ........ e
7.1.2 Distributions of angles of the manifold intersections .......
7.2  Visualization of invariant measures .. ................cc.nun....
7.3 Cone criterion and examples of its application ..................
7.3.1 Procedure of verification of the cone criterion ............
7.3.2 Examples of application of the cone criterion .. ...........
References . .......cooiuii i e e

Part III Higher-Dimensional Systems and Phenomena

8  Systems of Four Alternately Excited Non-autonomous Oscillators . . .
8.1 Arnold’s cat map dynamics in a system of coupled
non-autonomous van der Pol oscillators .. ......................
8.2 Dynamics corresponding to hyperchaoticmaps..................
8.2.1 System implementing toral hyperchaoticmap ............
8.2.2 Model with cascade transfer of excitation upward the
frequency spectrum .. ... ... . oo e
8.3 Hyperchaos and synchronous chaos in a system of coupled
non-autonomousoscillators . ......... .. ... ... . o L,
8.3.1 Equations and basic modes of operation .................
8.3.2 Equations for slow complex amplitudes .................
References ... ...... ..ot



xiv Contents

9 Autonomous Systems Based on Dynamics Close to Heteroclinic
CyClE .. e e
9.1 Heteroclinic connection: an example of Guckenheimer and

Holmes . ... e

9.2 Attractor of Smale-Williams type in a system of three coupled
self-oscillators ... ... ... .. e
9.3 Attractor with dynamics governed by the Amold catmap .........
9.4 Model withhyperchaos............. ... ....ccoiiiiiiia.,
9.5 An autonomous system with attractor of Smale-Williams type
with resonance transfer of excitation in a ring array of van der Pol
osclllators . .. ... e
References ... ... . i i e

10 Systems with Time-delay Feedback...............................
10.1 Some notions concerning differential equations with deviating
ATEUIMEIE . - o o vt ot e et et e e et e et e et e tanean s aaneeeeanas
10.2 Van der Pol oscillator with delayed feedback, parameter
modulation and auxiliary signal . . ........... ... ... L
10.2.1 Attractor of Smale-Williams type in the time-delayed
system ...... ceieen B
10.2.2 Hyperchaotic attractors ..............c...cviuieiuenn...
10.3 Van der Pol oscillator with two delayed feedback loops and
parametermodulation . ......... .. .. i
10.4 Autonomous time-delay SYStem. ... vvvvvitrei i,
References .. ..... .ot i i e e

11 Chaos in Co-operative Dynamics of Alternately Synchronized

Ensembles of Globally Coupled Self-oscillators . ...................
11.1 Kuramoto transition in ensemble of globally coupled oscillators . . .
11.2 Model of two alternately synchronized ensembles of oscillators . . . .
11.2.1 Collective chaos in ensemble of van der Pol oscillators. . . . .
11,2.2 Slow-amplitude approach ..........ccvivriiinninneeennn.

11.2.3 Description of the dynamics in terms of ensembles of
phaseoscillators ........... ... .. .. ... i,
References . ... ... o i e

Part IV Experimental Studies

12 Electronic Device with Attractor of Smale-Williams Type ...........
12.1 Scheme of the device and the principle of operation .. ............
12.2 Experimental observation of the Smale-Williams attractor. . . . ... ..
References ... ...

224
227



Contents

13

14

Delay-time Electronic Devices Generating Trains of Oscillations
with Phases Governed by ChaoticMaps ..........................
13.1 Van der Pol oscillator with delayed feedback, parameter
modulation and auxiliary signal .. ................. ... ... .. ...
13.2 Van der Pol oscillator with two delayed feedback loops and
parametermodulation .. ... ... ... i
23S {53 (=) 1 (oL

Conclusion ........... i e
| 3053 {3 () (o1 OO

Appendix A Computation of Lyapunov Exponents:

The Benettin Algorithm ................................
223 (3 (=70 Lot =

AppendixB HénonandIkedaMaps.................................

|3 (=) (55 112 =

Appendix C Smale’s Horseshoe and Homoclinic Tangle. .. .............

) (=) (= 4 1o =T N

Appendix D Fractal Dimensions and Kaplan-Yorke Formula. ..........

RefOIenCES . . ...t

Appendix E Hunt’s Model: Formal Definition . .......................

23 (7 () 4 1o =

Appendix F Geodesics on a Compact Surface of Negative Curvature . . ..

ReferenCes . . oot

Appendix G  Effect of Noise in a System with a Hyperbolic Attractor . . ..

References . ......coovi it e e e

XV

265

265

269
272

273
275

277
279

281
287

289
292

293
297

299
303

305
309



Part 1
Basic Notions and Review



HoNEEE, R SEBPDRIE S A) ;. www. ertongbook. com



