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Preface

What is advanced mathematics?

Advanced mathematics that we refer to contains mainly calculus. Calculus is the
mathematics of motion and change. It was first invented to meet the mathematical needs of
the scientists of the 16th and 17th centuries, needs that were mainly mechanical in nature.
Differential calculus deals with the problem of calculating rates of change. It enables people
to define slopes of curves, to calculate velocities and accelerations of moving bodies, etc..
Integral calculus deals with the problem of determining a function from information about
its rate of change. It enables people to calculate the future location of a body from its
present position and a knowledge of the forces acting on it, to find the areas of irregular
regions in the plane, to measure the lengths of curves, and so on. Now, advanced
mathematics becomes one of the most important courses for the college students in natural

science and engineering.
About this book

Although several excellent textbooks in English language concerned with advanced
mathematics that came from abroad have been published in China, their contents do not
amply meet the requirements presented by the Ministry of Education for advanced
mathematics. So they do not amply accord with the teaching requirements of domestic
universities. Furthermore, few textbooks in English language concerned with advanced
mathematics, which were written by domestic authors, can be found in locality. All these
factors inspire us to write out this book, in order to satisfy the increasing bilingualteaching
demand of universities in China. All the authors have been teaching this course by bilingual
languages for many years. They have much experience in both course-teaching and
bilingual-teaching. They know the obstacles encountered by Chinese students in learning
this course in English. Moreover, all the authors had experience visiting abroad. The
contents of functions, space analytic geometry and differential calculus were jointly written
by Associate Professors Wenbo Zhang, Xueli Wang and Ping Zhu, while the contents of
series, differential equations and integration calculus jointly by Professor Wenbao Al and
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Associate Professor Jianhua Yuan. The whole book was proofread by Professor Hongxiang
Sun. Because of the careful checking and proofing by us, the authors believe this book to
be almost error-free. For any errors remaining, the authors would be grateful if they were
sent to: jhyuan bupt@yahoo. com. cn.

Acknowledgments

The authors wish to thank all the persons who have been involved in producing the
book. Our special thanks go to the Science School and the International School of BUPT

for their financial support on producing the book by teaching-reform grants.

To the student

Learning advanced mathematics requires a lot of hard work and effort on your part.
No one else can do this for you, and there are no shortcuts. However, if you work

consistently and diligently through this book you will succeed. Enjoy this book, and good
luck for you!

School of Science, BUPT
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Chapter 7

Differential Equations

Usually,a function reflects the quantitative aspects of some phenomenon. In many
practical problems, however, it is impossible to establish the concerned function directly.
But we may be able to establish a relation between the unknown function and its derivatives
(or differentials) according to some special properties of the problem and some related
knowledge. This kind of relation is called the differential equation [ {4r 7 2] . After we
set up a required differential equation, we need to solve this equation to obtain the

concerned functun,or as we say,to integrate the differential equation.

7.1 Basic Concepts of Differential Equations

7.1.1 Examples of Differential Equations

Example 7.1.1 Let a plane curve passes through a point (1,2) in the xOy plane, and
let its tangent slope at any point (x,y) on the curve be 2z. Find the equation of the curve.

Solution By the geometric meaning of derivatives,the desired curved y= f(x) should satisfy

Q: =
dr 2xr or dy=2xdx (7.1. 1D

This equation involves the derivative (or differential) of the unknown function y= f(x). In
order to find the unknown f(z),integrating on both sides of (7. 1. 1) with respect to x

obtains
y=J21dx=xz—|—C, (7.1.2)
where C is an arbitrary constant.

Equation (7. 1. 2) represents a family of curves. Since the desired curve passes through
L] 1 -
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the point (1,2),that is

y=2 at zx=1. (7.1.3
Substituting the condition into the expression (7. 1. 2) yields
2=1+0C,
so that
C=1.
Therefore,the equation of the desired curve is
y=z+1. (7.1. 9

Example 7.1.2 Suppose that a particle of mass m falls freely from a height of H (Figure. 7.1.1),
with initial velocity V,. If we neglect the resistance of air,find the particle’s height h(z) at

any time ¢ while it is falling.

h
=
=
7 7
Figure 7. 1.1

Solution Let the initial time when the partial starts to fall be t=0,and let the height of the
partial at any time ¢ in the process of falling be A=h(z). By Newton’s law,h should satisfy

the following equation

&£h
m g =T
or
2
fi—tﬁ‘=—g. (7.1.5)

In order to find A (z),integrating both sides of (7. 1.5) we have

%=—'-—gt=+cl. (7.1.6)

Integrating again we obtain

~1

h= 2

gt +Ct+C,, (7.1.7)
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where C, and C; are both arbitrary constants.
By the given problem the function h(¢) should satisfy the following two supplementary
conditions, which are called initial conditions:

_dh
dt | .o

Substituting the conditions into the expression (7. 1.7) we have
Cl :Vo ’ CZ - H.

Therefore the desired function A¢z) is

hli=e=H; V], =V,. (7.1.8)

h(t)=—%gtz+Vot+H, (7.1.9)

which is familiar with physics.
7.1.2 Basic Concepts

Definition 7. 1. 3 (Differential equation). A differential equation [ 4> % # Jis one which
connects the independent variable x,unknown function and its derivatives.

Symbolically,a differential equation may be written as follows:

Flxsysy sy e y™)=0.

If the unknown function y is of one variable, the differential equation is called ordinary
equation HH A H ] .
Definition 7. 1. 4(The order of an equation). The order of the differential equation [$& 4 F
A B lis the order of the highest derivative that appears.

For instance, the following equations

d d
£=Zx ,ydx+xdy=0,d—z-—|—2y2 +xy=0

are ones of the first order. And the orders of the equations
d?h_ " ’ e W INe
g +3y +3y=e,y'+(3y)¥=x
are two,
Definition 7. 1, 5 (Solution, general solution and initial conditions, particular solution). A
solution [## Jof an equation is any function y= f(x), which, when put into the equation,
converts the equation into an identity.
The general solution [ f# Jof an equation of the nth order is a family of solutions,
which family dependson n arbitrary and mutually independent constants.

If all the arbitrary constants have been determined, then the solution is called a

.3-
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particular solution [$### Jof the equation.

The supplementary conditions to determine a particular solution are called the initial
conditions[ %] #§ % 4. Usually, they reflet the initial situation of the desired motion or
some properties at a given point of the desired curve and can be used to determine the
values of the arbitrary constants in the general solution to give a particular solution, For
example, solutions (7.1.2) and (7.1.7) are the general solutions of the equations (7.1, 1)
and (7.1.5) respectively; the conditions (7.1.3) and (7.1.8) are the initial conditions of
the equations (7. 1.1) and (7.1.5) respectively; the solutions (7. 1. 4) and (7.1.9) are the
particular solutions of the equations (7.1.1) and (7.1.5) respectively.
h=— %gtZ +Ct and h=— %gtz 4+ C, +2C, are both solutions of the equation %zt_? =—g,
but they are not general solutions because the former contains only one arbitrary constant,

and the later seems to contain two arbitrary constants but they may be combined into a

constant C=C,+2GC,.

Example 7.1.6 Is the function y:x-}—c the general solution of the differential equation
y' + =07
Solution Substituting y':-a_%c—)g and yzx—_}_—c into the given differential equation we get

B (xjcf +<x41—C>2=0'
x—]f‘— )

Hence,the function y= is the general solution of the differential equation v +y2=0.

a

Ll
7.1.3 Geometric Interpretation of the First-Order Differential Equation

Let us explain the geometric meaning of the two definitions for first order equation by
means of the example (7.1.1).

The differential equation (7.1.1) means that for any point P(x,y) in the xOy plane
there is one and only one value 2x=2y"| (s, »which is the slope of a linear element (or line
segment) at P, Geometrically,a given differential equation like (7. 1. 2) describes a field of

linear elements shown in Figure 7. 1. 2(a).
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Figure 7. 1. 2

To find solutions of the equation (7. 1. 1) is to find those parabolas y=z*+C such
that at any point P,the tangent of the corresponding parabola just coincides with the linear
element at the point P. From the Figure 7. 1. 2(b) we can see that there is an infinite
number of these parabolas which depend on the constant C. The family of parabolas
represents the general solution. Any given point Py{(x,sy,) represents an initial condition,
and the particular solution, which satisfies the initial condition y |.-. = yo,is such a
parabola that passes through the point P, (xo, y,). For instance, the particular solution
satisfying the initial condition y|,-, is the parabola y=z".

In the following sections we will introduce some types of differential equations of first-
order and show how to solve them, Because differential types of differential equations are
solved by differential solution methods,it is important for the reader to recognize the types

of the given equations and remember their solution methods.

Exercises 7. 1

1. Find the orders of the following differential equations:

(1) ¥y —2y=z+2; (2) z2y"—3zy +y=z'e";
(3) (1422 (y)* —22y=0; (4) zy"+cos’ %+y=tan1;
d

(5) zln zdy+(y—Iln x)dz=0; (6) L

'Q, Q. Q_
i +R dt+C 0.



