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Several Multi-criteria Programming
Methods for Classification®

Juliang Zhang®, Yong Shi®, Peng Zhang®

1. Introduction

Data mining refers to a set of methods and techniques that can be used to extract some
useful information and hidden patterns in the huge amount of data [1]. Here data have an
extensive meaning, which can be stored in various forms, such as numerical data, text
data, spatial data. multimedia data and web data. Since 1980s, as the huge volumes of
business and scientific data are accumulated due to the development of science and society
and the need to obtain some useful knowledge from these data, the demand for
development of advanced data mining techniques [ 2] increases significantly. This makes
data mining develop quickly.

Data mining is a multi-disciplinary field and encompasses techniques from a number of
fields, including information technique, statistic analysis, machine learning (ML), pattern
recognition, artificial intelligence ( Al) and database management. Recently, lots of
authors have tried to apply optimization models to data mining and numerous models have
been proposed for classification, elustering and other data mining funectionalities which
have enhanced both theoretical foundation and practical applications of data mining [3].

There are two objectives of this paper. The first is to propose a general mathematical
programming-based model for classification, which includes some well-known methods
(e. g. » Multiple-Criteria Linear Programming ( MCLP) developed by Shi et al. [10] and
LP method developed by Freed and Glover [4, 5]) as special cases. And three new
models, MCQF (multi-constrained indefinite quadratic programming), MCCQP (multi-
constrained concave quadratic programming) and MCVQP {multi-constrained convex
programming), are developed based on the general model. The second is to use three real-
life datasets; credit card accounts, VIP mail-box and social endowment insurance

classification, 10 test the cfficiency of these models. Extensive experiments are done to

@ &%k #HT Computers & Operations Research,2009 £, Vol. 36, %) 823 - 836 71,
&  Institute of Logistics, Schoo! of Economics and Management, Beijing Jiaotong University, Beijing 100044, China,
@ CAS Research Center on Fictitious Econoray and Data Science, Beijing 100080, China,
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compare the efficiency of these methods,

This paper 1s organized as follows. Section 2 briefly reviews the history of applying
mathematical programming to classification problems, Section 3 states the generalized
multi-criteria ¢lassification model, and then formulates four specific cases. The algorithms
for concave quadratic programming and the MCQP model are presented in this section.
Section 4 presents the experimental results of these models over the datasets of credit card
accounts, VIP mail-hox and social endowment insurance classification. Finally. Section 5

summarizes the conclusions.

2. Literature review

In 1966, Kendall [ 6] first proposed an LP-related convex-hull procedure for
classification. Since then, many authors studied linear programming method for
classification problem. In 1981, Freed and Glover developed a linear programming
approach to the discriminant problem {4, 5]. They discussed theoretical difficulties [ 7,
8], and made improvements to their original method [9] afterward. Comparing with the
traditional statistical approaches, linear programming procedure shows a number of
advantages, such as simplicity and directness, and free of the statistical assumptions. Shi
et al. [10] proposed an MCLP to the real-life credit card accounts classification, which is
the first attempt to introduce MCLP to discriminant analysis and apply it to the credit card
portfolio management. Peng et al. [11] improved Shi's results and proposed a linear
programming method for multiple-group classification.

Another class of optimization modcls for classification is known as support vector
machine (83VM) [12-14]. This approach is a nonlinear programming-based approach and
adopts convex quadratic programming to model the classification problem, By using kernel
function, this method can handle linear non-separable problem. Bugera et al. [15]
proposed a quadratic utility function of SVM and applied their revision to credit card
accounts classification. Using a dataset of a Greek bank, they showed the efficiency of
their method.

Note that the philosophy of the above two classes of models is the same: maximize the
interval between the different classes and minimize the misclassification of the observed
data, The only difference between these two classes of models is that different
measurements of the interval and misclassification are used in these models,

Motivated by these previous studies, this paper proposes a general mathematical
programming model for classification problem and develops some new methods for
classification based on the general model. Then, we apply these methods to some real
problems. The main purpose of this paper is to see the impact of different measurements on

the efficiency of classification.
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3. Problem formulations

‘This section introduces a general multi-criteria programming method for classification.
Simply speaking. this method is to classify ohservations into distinet groups based on two
criteria for data separation. The following models represent this concept mathematically.

Given an r-dimensional attribute vectora = (a,+ »+, a,) . let A, = (A, *+, A,) ER"
be one of the sample records of these attributes, wherei =1, +++, n; n represents the total
number of records in the dataset. Suppose iwo groups, G, and G,, are predefined. A
boundary scalar b can be set to separate these two groups. A vector X = (a1, *-, z.)T €

R can be identified to establish the following linear inequality [10, 16].

AiX <b, VA‘ 6 G[ 14
AX=b, VYA €G,

To formulate the criteria and complete constraints for data separation, some variables
need to be introduced, In the classification prablem, A,X is the score for the ith data
record. Let @, be the overlapping of twogroup boundary for record A, (external
measurement) and 5 be the distance of record A; [rom its adjusted boundary (internal
measurement), The overlapping ; means the distance of record A, to the boundary & if A,
is misclassified into another group. For instance, in Fig. 1 the black dot located to the right
of the boundary 6 belongs to G, , but it was misclassified by the boundary & to G,. Thus,

the distance between & and the dot equals to a,.

AfX=b

=]

/ \ =
B
" €2
i —_—

%
7

AX=b—a" AX=bta*
Fig.1 Two-group classification model
Adjusted boundary is defined asb—a” or 6+a” , while a* represents the maximum of
overlapping. Then, a mathematical function f(2) can be used to describe the relation of all

overlapping a;; while another mathematical function g(3) represents the aggregation of all
distances 8. The final classification accuracies depend simultaneously on minimizing f(e)
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and maximizing g{(f3). Thus, a general bi-criteria programming method for classification

can be formulated as

General model Minimize  f(a)
Maximize g{®

AX —o,+8—b=0, VA € G, (D

Subject to:
A,—X—{“ai—ﬂ;—b = 03 VA, 6 Gz!

where A; is giver, X and & are unrestricted, anda = (a;, -, &,)" and 8= (&, -, B)T
satisfy e, B 220, i =1, v, n.

All variables and their relationships are represented in Fig. 1. There are two groups in
Fig. 1; black dot indicates G, data objects and star indicates G, data objects, There is one
misclassified data object from each group if the boundary scalar & is used to classify these
two groups, whereas adjusted boundaries & — a” and & + & separate two groups without
misclassification,

We note that different forms of (&) and g(®) will affect the classification criteria.
f{a) and g(B) can be component-wise and non-decreasing functions, For example, in order
to utilize the computational power of some existing nonlinear optimization software
packages, a sub-model can be set up by using the I, norm to represent f(a) and {, norm to
represent g(f), respectively. This means f(e) = e 2andg(® = || B I, Furthermore,
to transform the bi-criteria problem of the general model into a single-criterion problem,
we use weightsw, >0 andwy>>0for || e ]| and || 8] I, respectively, The values of w, and
wg can be predefined in the process of identifying the optimal solution. Thus, the general

model can be converted into a single-criterion mathematical programming model as

Model 1 Minimize %= Fe | p—ws |l All :
Subject toy AX —e,+8—-b=0, VA € G, (25
AX+o,—B—-b=0, YA €G,
Based on Model 1, mathematical programming models with any norm can be
theoretically defined. This study is interested in formulating a lincar or a quadratic

programming model,
Case 1; p = g = 1 (MCLP)

H

In this case, jja|l, = Z;=1a‘ ard | B, = E;lﬁ-. Objective function in Model 1

can now be a linear objective function,

" T
(linear) Minimize 1w, »,a, —wy >, 8.
i=1 i=1

Model 1 turns to be a linear programming

8 B TEERMRS LR



L ”
Minimize @ 24% ~ W EI‘G
=

i=]
Subject to; A‘-X_“ﬂ',-—i—ﬁf_bz 09 VA. GG}! (3)
AX+e —08—6=0, VA €,
a‘., ,BI;?.-O, E: lg T 7
This model has been obtained by [4, 5, 10]. There are many softwares which can

solve linear programming problem very cfficiently at present, We can use some of these

softwares 1o solve the linear programming €3),

Case 2: p= 2, g=1 (MCVQP)
In this case, | al|i= D>, oand ||8],= E:=lﬁ,- Objective function in Model 1 can

=1

now be a convex guadratic objective;
" "
(convex quadratic) Minimize ww, Zcxf —w, Zﬁ,
i=1 =

Model 1 turns to be a convex quadratic programming

n 2 T
Minimize % 24% — @ 28
Subject to: AX —o B —b=0, YA, € G,, (4>
A!X+a!_ﬁ;_b —_ 07 VA' e G2 [}
s fizz0i=1, =, m
It is well known that convex quadratic programming can be solved easily. In this
paper, we use the method developed by Powell [17] to solve problem (4).
Case 3: p =1, ¢ =2 (MCCQP)
In this case, ||a|, = E:;la,- and || Bl . = Z:;lﬁf Objective function in Model 1 can
now be a concave quadratic function:
(concave quadratic) Minimize 1w, Ea,— — g Z,@f
=1 0

Model 1 turns to be a concave quadratic programming

Minimize ; % —wp 2P
Subject to: AX—a+8—-b=0, YA € G,
A,-X—'—Gi—@'—"b:{)g VA, GGZQ
&@; 5520’ i = 11 Tty M.

(5)

Concave quadratic programming is an NP-hard problem. It is very difficult to find the

global minimizer, especially for large problem, In order to solve (5) efficiently, we
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propose an algorithm, which converges to a local minimizer of (5),

In order to describe the algorithm in derail, we introduce some notation,
Letw= (X, a, 3, #), flw) = fwﬂzj_la‘- —quZ:;lﬁ? and

(Xg 2y ,Gg 1{7): A!-X—QJ-—'—ﬁi_b =0, VA, & GLgl
0—< AX+ea—~B—6=0, YA & G,, [

{' a\i;O!ﬁ;;O,i:l, ey oy

be the feasible region of Model 1,

Let y,(w) be the index function of set 2, i e. » ¥,{(@) is defined as follows:

0, w & 2,
Xn(w) =
+oo, oD
Then (5) is equivalent to the following problem
min f{w) + y,(w), (6)
Rewrite f{w) + y,(w) as the [ollowing form

Sflen 4y (o) = glw) —h(w),

1 " l R
where g{w) = Ep || ? +waz,-=1“i + xpfw), hlw) = i | e ]| —|~u592;=lﬁf and p >0
is a small positive number, Then g(w) and A{w) are convex functions. By applying the
simplified DC algorithm in [18] to problem (6), we get the following algorithm,
Algorithm 1. Given an initial point w" € R*"" and a parameter e > 0, at each iteration
k =1, compute &' by solving the convex quadratic programming

(Q) min —;p”cui[z—l—waEai—(h’(w”'),w),wgﬂ,

i=1

The stopping criterion is || &t — o || <Je,

By siandard arguments, we can prove the following theorem,

Theorem 3. 1. A fier finite iterations , Algorithm 1 terminates at a local minimizer of
(5).

Case 4 p = q = 2 (MCQP)

In this case, || 2l , = Z ;Iaf and || 8|, = z;lﬁf The objective function in Mode!

1 can now be an indefinite quadratic function.,
- . n . . - - 2 2
(indefinite quadratic) Minimize w, Z; a; — wy 255.
i s

Model 1 turns to be an indefinite quadratic programming
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