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ON AN INEQUALITY AND ITS APPLICATIONS"

HuKe (1 7
ABSTRACT

In this paper a fundamental inequality is established and some of its important applications

are given,
I. An INEQUALITY

Theorem 1. Let P =>Q > 0, +‘c]7= 11 +e.—e.>0and A,, B,= 0.

o} —

zzThen

SaB.<( XBY T DT 4l

—{ 3B%.> Al — > B> Ale) ) o 1.1
The integral form is as follo-ws, ) ’ |
Theorem 1. Let F(z),G(z) = 0,and 1 + e(x) — e(y) = 0. Then
5%
\

2

Iﬁ'(z)G(x)dx<(J.G°(1)dz} (J.GQ(I)de.FP(I)dI)

1

_ (J‘GQ(I)e(:c)dzIF”(x)d:t — [GQ(z)dsz"(x)e(r)dz) 2} @ 1.2)

Proof. Here we need only to prove that (1. 1) is true. Since

I'=(>AB)*= > > AB.4.B.
= > DJABAB.(1 —e, + e, (1.3)
supposing t;lal “P # Q,by Hélder inequality, we have
1< S ABS DAL — eot e} U SIBIA — e+ )} B (1. 4
= 2 ABXIYE,
where ‘

X.,= DAL —e,+e), Y, = DB —e, + €.

« [FA#H“SCIENTIA SINICA”# 14 155 8 #] August 1981,



Q11 1 % )
Let f,=B) PY3 P, g, =AYTand h, = BPXT7, (1.4) may be written in the form
P > gk (1.5)

We apply Hélder inequality 1o (1. 5),0btaining
O P HON IO IS (1.6
_________ 11wt 11 1 _
fora—Q P,ﬁ——Pandy—Pwnha+3+7—F+~§_1,

It is noted that,

D fi= D2IBY3BA —e,+ e, = (S B, 1.7
Sgl= 2 A3 B — e, + e a.8
DhI= DIBID AL — e, + e, 1.9

From (1.7), (1. 8), (1. Dand(1. 6),we get inequality (1,1). The theorem is obvious
when P = Q.

1. APPLICATION 1

Theorem 2. If A,B and C are real positive definite matrices of order n, then

1 1 1 1
AT a =08 < A=\ [A1E] | JTasenie

1-2

—J_T.___—4|1[3+C’z} 2.1

for —;— < A< 1. The case C = 0 leads to the well known Ky Fan inequality!'?,

Proof, If D is a positive definte matrix of order n, then

oo o n,n/:,’
J'=I_w...j e"““”dr:-‘—D—!-l—,—z (2.2)

—or

where the integration is over the entire n — dimensional space. Thus we have

”./2 —-[y j-’) — Az, AV~ (] —R)(x,8x)
MAxra-=nBpa-J,").° dz. (2.3)
Let us apply the inequality (1. 2) to the integral (2. 3) with Q = %,P = - l )\,G(x)
= e M0AR F(x) = ¢~ UTV®BO gnd e(x) = "™ By using (2. 2), the inequality follows,

3. APPLICATION 2

Assuming the function f,(z) = z + 2,62""' € S,, the classical result is |/ (pe™ | <

n—7

2



e/(1 — p*). Here we give the following theorem,

Theorem 3. If the function f,(z) € §,, then we have

. N
[f e | < | f(@ |l < ]—f—p—zt 1— (1 — 0™ N — 3 |6D) % LoGD

k=]
where 5o | = o+ 3 bl
k=2

Proof, Let P=Q =2,A, = lb,]p‘“%,B, = p‘"%,e,, = p¥-Wrifor 1<k N;ande, ==
0 for £ > N in (1.1). Then we get

(i< ( e \_‘ |b‘|2p3‘*'} i p*| N Z ERE
=1

1 —p? &
P13 :
- b.12) =
l——le;"l)' 1 1 (3.2
Baernstein(* has proved that
; le%‘PZ.—' < 1 f S (3. 3):*%,,

Substitute (3. 3) into (3.1), then the result follows at once.

N. APPLICATION 3

20

Let B be the class of functions f(2) = Za,z"each of which is regular and f(z))f(z,) #

we=]

} for any two points z,and z,in the unit circle|z| <1. Jenkinst*Jand Shan"Jhave proved that;
if f(z) € B, then\
Feo) < —2l— @D
V1 — lzolz
Now we extend (4. 1) into the following theorem.,
Theorem 4. If f(2) € B, then we have

lf(zo)l < —__l_z,.__o—'l—_::{l - [(l - 'zolz)lzolz'—z - Ia.'ZJZ)-‘i’" = 1,2, (4.2
V1 = |=|?
for each point z,(|z,| < 1). The sign of equality holds if and only if a,| = }z,|

=1

1— 'zolz9(" = 1)2’,"')-
Proof. By Lebejef’s theorem
Sa? <1, (4.3)
ne=)

Taking P=Q =2, A,=a,,B,=p'"',e, =0 for k£ n, and e, =1 in the inequality (1.

o

1), thus we get



- -_— - 1 - 2 ¢ 1 2 & 1
[ Dl <[ p D lad] = (et — e Dl
k=1 1 L 1 =1

o

1
1 — p?
This is the result desirable,

( »— (= St — e O (4. &)

N

V. APPLICATION 4

Let f(z) ==+ Za,z" € S and

w2

f0) —f&
e == —F " rorm = =¢

Then we have the following theorem;

", (5. 1)

m,n

mon=y

Theorem 5. If f(z) =z + Za,z' & S,then we have

=2
82102 J p Z
A B2< l p yl == 10y .
P42 G og(l_p)zlf(pe,,)l} 1,2 (5.2)
where
B———‘log{ lfl(pel'!?) 1 ——()r 1Y "(}_I! 7) ,
l Flpe®y 11 + ol [fpe®) (1 — p)i
_.l Al 1 2_‘_!__‘-_,».}32 - — i
Al—'ﬂ I‘.,,( f(z); l\ o = < j E y("'—pe )
2 ol 1, |1 ]
7 = - » Pm i — — + z" ) he
4, m{1 + R(md..,...)]!R'1 ‘\ fz)i ( - T ) }
and F_(t) is a Faber polynomial of t with degree m.

It should be observed that our inequalities have improved that of [7].
Proof. For the proof, we may confine ourselves to the functions {(z) of Léwner

F(z) = lime'f (z,t), (5.3

—x

where f(z,t) = e {z + Za,(!)z"}beiz;g the solution of the differential equation

1 4+ k(S (z,t)

d
—f (= =— f(z - , | & =1,
azf( st) fz, oD k()| =1
with initial condition {(z,0) = z.
k(l)f(zyl) YX\
— = b "
Let TR OF D f?‘,)"(t) ;
the following relations can be verified ;
dpn =— 2[ Tbm(z‘)bn(wdt, (5. 4)

o



I’O, m#*an,
J b (t) b ()dt = l

1 . (5.5
2 b - y
I 4 — ol fl + R(kf)
RO = F =] zf, IED ik
— o[ T 11 kS
_ZIO lfl"R»kfII( kf)lzdt (5.6)
f(z) 1 _ kf
lg| Frey' 1 (=7 = 4j (). (5.7
and
[f] — RS 20 )
AL <qg papsel (5.8)
where f = f(z,0),|z| = p.
From (5.4),(5.5) and (5. 8), we have
1 -1 3 I B R
mE=(5) = IR‘[F'(ﬂz) N
= z!f TN 2] Sz — S‘bcz) ) de
==} a=]
— 4l
=4 J'() (16.(!))1( r:—‘k7} de
J2p ([ [1 —kf] ' ‘
<47l i ml\/VT—R(U_ (]_U de. (5.9
Let F(&) = [l6.(0)],G(1) = _l.l__i_lz_LU( f)|and e(t) = f“:lz";?zj)
VIFL = R[S
a+ p? . . . .
5 < 1. Applying the inequality (1.2) with P = Q = 2 to (5.9), and by Cauchy

inequality, we have

451'“ a : P iy < U b, (c))z(uj:’ Ifll] —R"{kl;,)“ 1( — | }Zdt}z
—{[Taeawyewaf” H=pEs a2
_ %{0 (Ib_(z))zclzfu( I ]—_—,;7) ) zdt} ’ (5.10)
and

] - it
(o) < { j 6.6

JIF| = RGD | f l—u—-k—”— }
N =] T—=#f1 | Jif| = rSE

- |£] = RekF) 1 — ks %
<[ v =T af” TALEAYs (225« 6

From (5.10) and (5.11), it follows that




e S IV L VA
T S gy )¢lj (b, (’))d'j |f|—R,(kf)[I( my y 2R

+z»2—{I—J?ab,(mzdtj”[l( ks = d}, (5,12)

where

e = [Ty HZBED [ = A

|1 — kf 2 o [F] = ReCGkHV\ T —&f
< i”mf Ty T s ) e
- {j (16, ()] dzHOgm
= 2—(—1—:’7)2J ([Bu(0) |* = [REL() D)0 log l—f(z—)l(—p]——_w
=y p)zt—+Rd“ log 77z )|<P1—~> (5.18)

Since ¢(z) = 2, — (x — B)*B > 0) is an increasing function of x, we may substitute
(5.13) into (5.12). The case { = 2 of the theorem follows at once, The proof Theorem 5 for

the case I = 1 is similar to that of I = 2,

Vi. APPLICATION 5

Let H4(8 > 0) be the class of functions f(z) = Za,,z",each of which is regular in the
unit circle |z| <1 and satisfies

i 1 o) 140 < H () < oo,
=) 271' 0

Fradmant*has proved that

|2, < (n + DI THFS ) m = 0,152,505 6. 1>
1 2x i 1 ‘| alc—-l 1 3
2—,;[0 [f e < ) HID, (6.2)

foro <o <1.
Here we improve (6.1) and (6. 2) to the folloving theorem,
Theorem 6. If f(z) € H,, then we have

2 Ll

.| < (n+ DITHFHO |1 — | la FHF — 2] YL 6
;-,J | f(pe®y |dO < (——T)? HFO — [ao| FDHFAL
— (= (6. 4)

DN



where

1 1
K(8)=2——,—<8<%;%—1fur < & <. (6.5)

o’ 2

1
3
For the proof of Theorem 6, we require the f-!

fo10 iy theorems.,
Hausdorff — Young Theorem. Let ¢(z) = Eb,,z" be regular in |z} <1 and ¢’(2) €
L0,2m),1 <P <2, Then

> P 1 (2 )
> [eal 75 < (o e oy (6.6)

=0

Lemma, If ¢=) = 2 ba" € Hyypo <8< 1uthen

w==0)

. . )
= 2 1 — poeT T 8 -1
I(p = ;}M.IZP <{—i—_—p—%——} H3ze{ —[|b0|ESTlH§§Tx(;a)
1 — 04 -2 1k
- ]_‘_——p_("p(n——v»])d } ’ (6.7

where C, = 28/1 — &, and K (8) is defined in (6. 5).

1 2 1_ 1 1 _,_ 14 _ PR, —

Proof. If2<<§‘<3,wetakeQ—a l.p =2 aA.— b, B.= p*,e, =1,
and ¢, = 1(n = Din (1.1) This gives
2 .

1 — pCa(n-f-l) }_3’ l_ pLa(rt 1 I "28 2

R R R -;_Ib«iﬂ)
1,

28 1__ Ca(u—o»l) ld 28 2 7}“")

_( |bo|7871—1—_—‘:?— — Zlb,lﬂfo } (6. 8)
=0
By substituting (6. 6) into (6. 8), the lemma for —,])— <0< —;”;— follows immediately,
f2<s 1 _,_ 11_1 B, = [b|?,Ak = p%,e, =1 and e, =
"3—< <l,wePUt§—2—§,‘[—>—§_‘ls i“lb'y -—P ye(»—lan €y =

0(k > 1). The proof is similar to that of % < d < —:23—

Proof of Theorem 6. It is well known that f(z) = B(z)F(z), where B(z) is the Blacki
function and F(z) # 0 in the unit circle {z| < 1. Then ¢ (z) = B(z)Fi(z) and ¢,(z) =

F3(z) are regular in |z] <1and f(z) = ¢,(),(2). We suppose ¢(z) = Zbi“z‘(l =1,2).
r)

It is trivial that ¢, € H,. And we have
Hy(p) = Hy(f), (6.9

a,= 2 BB (6.10)
=0
a, = b((,”b{(,”,
(6.11)
bél) — B(O)b(‘)“_

7.



Thus, we obtain
lao} = 1652 ]#BCOY | << {622 |7, (6.12)
53217 = 16671 1BCO> | b12] < 16757 = |ao]. 6.1
Hence we get that, (i) if |a|§£——1 > A,then
(BT — A > |a,|P5 — 4 >0
G if !agf——n| < A, then

A— P> A4 — o |75 20

which gives

(11— (1 — 31 — (2] — D1 < {1 — (Jao|#5 — %, (6.14)
when
(eP| 7R — A< 1,0 =1,2).
By (6.10), we obtain

lap®|? = | ;)b}’)p"bfz_’,p"‘lz < Z Ibznlzpzt‘E |62 |20%
= =0 =0
= I.(pp1.(@) (6.15)
Combining (6. 7), (6.14) (6.15), and putting p — 1, we have (6. 13).

We see that
(L[ 17@en1ao] = { L "ocmnncen o)

< l. z-“a (pei') |2d0 ]_J2'|¢ (pem) |2d0)
= 2 0 ! 2n) o 2

= limI (gD .(g) (6.16)
Then (6. 4) is deduced at once from (6.7), (6.14) and (6.16). Thus the proof of

Theorem 6 is completed.
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ON HILBERT’S INEQUALITY"

Hu Ke G 7%

Abstract

This paper gives some improvements of Hilbert’s inequality, The main results are.

e )

2 2 ¢ o A > 2
f fz(r)k(x)dz) }{lf gz(r)de — {J gz(z)k(z)dz) }
where k(zx) = ——Jml T 2r(t-a:)dt — (), —c(x) +c(y)>=0. and [, g =0, The case

k(z) = 0 is Hibert’s integral form,

G 2ol | A e S e
r )—] rys=] } =1 «—1
s

Take zero in place of the second term of the left part, then it reduces to Hilbert’s discrete

form. And

(iii) An improvment of Hardy — Hilbert Inequality,

Hilber’s inequality is an important theorem for analytic function which may be put into
q y

two forms ¢integral and discrete

ey (% e o [
4> I{:In r+y dzdy < Vj )f Lr)dzjwé (r)dz,f,g =0

(B) Z-}r“f‘sér\/Zlal o1

ra=|

The following inequality is in the name of Hilbert .

©> 2,"——_{; AVZMVIH,

where A = 37, If a's and b's are real numbers, then A = 2mr; if 6 = a, then A = mw(see

[1,3D.

re=y

» JFE#"“Chin. Ann. of Math” 13B:1(1992)



Theorem 1. Let positiev functions f(z), g(z) € L*0,00). Then

;52

—([Trr@r@an|([Ter@adz) ([ Terorcaz) Y,

¢

< n‘{ ( [ :ofz(z)dzJ ’

. 20 2
where &(x) = %jo ;(_:: t)zd‘ —c(x)and 1 —c(x) + c(¥) =0

Proof First, suppose that g = f and let ¢c(x) be a real function such that 1 — c(z) + c(y)
= 0. By Cauchy — Schwarz inequality, we have

j' J' f(z)f(y)d dy fo f(x)f(y)[] c(x) + c(y)Jdzdy < \/}—r]—z
0

z+y
(2.2)
where
= f(y) Y|t
fux)| x 3
d —.[ !o z +y( —;) (1 — c(z) + e(¥))dady.
Since

= R_[:fz(y)dy - :ok(y)fz(y)dy,.]z = rrj T’f"(z)dx +J:k(1‘)f2(x)d:r, (2.3)

the theorem follows from (2. 3) and (2. 2)
If ¢ # f, note that

J’I f(z)g(y)dzdy—I j "‘"f(z)dxj g o) e
< \/J:(I:e“”f(zl Iz) zdwj:’(re—wg(y)dy)  w

\/JI f(I)f(y)d df[ g(r)g(v)d dy.

U-ing Theorem 1 for g = f, the theorem follows al once,

Example 1. If c(z) =cos vV z , then k(z2) = -;—(e‘¢ T —cos V)
. 2. If c(x) = 1, then k(z" = 0.

Theorem 2, Let a, = 0 and

A(z) = Za.r', A(z) = 2 L

=0 =0 "! '
Then

{I:Az(z)dz} ‘< x| [Ij(e“A ‘ez — H:(e—*A SNz |,

where k(z) is defined by (2.1)
« 10



The case £(x) = 0 is Widder’s Theorem. (2}

Proof Since

a@ = [Temar@ode = L e-ta 0 w)du
zJ,

0

and

I S T 2
IOAZ(I)dxzfuﬁdxljoe A (u))du}

-—J. dy I TWA (u))du$ .=I:‘dw‘{JlU e (u)du}

where a(u) = e ™A *(u), by Theorem 1 we have

J.:AZ(I)dx = J-Jo a(:z;z(v)d dv \/( Jjaz(u)du 2

— (Jjaz(u)k(u)du ’

Thus the theorem is proved.

Theorem 3. Let a’s and b’s be arbitrary complex numbers. Then
‘2,+s Z,—_—, WZZI“IZV’I’ 3.1

ryi==]
Proof It is easy to deduce tnat

r#s

|7 3= Drtascostry — bsinr ae = ox(s ~ T, (3. 2)
Lo
& ab, o < ab,
where b‘,21r+S’T—,fj,"5'
:,éi
Therefore

2e|S —T| <o

2 (— 1) (acos(rt) — bsin(rt)) , tde
r=1

=2 (|a |2+ |b.]9. (3.3)
=1
.. . " ba, -~ ap, N ap,
It is important to notice that, (i) Z ; + .= ,"" — ”,‘::, TR T ; T
raks B
(it) Interchange a’s and 6°s in (3. 3), we obtain
2r|S + T | < (Y‘|a|+}:|b|) (3. 4)

re=)

Squaring (3. 3) and (3. 1) and then adding them, we have
Z n
ISz + 1712 < Tt a2+ 1e)7) ? (3.5
=1
" Take a,/ 2 la|? b/ 2 L in place of a, and b, respectively in (3. 5),then the
1] *r & .

=1 b=

e« 11



result follows.

Corollary, If a’s and b's are real numbers, then

S|+ IT| < \/Zafzbf_
r—=1

k=1

(3. 3) and (3. 4) in combination yield the assertionof (3, 6)

Theorem 4. Let k(x,y) be a homogenous form of degree — 1 andk(x,y) = 0.

Let f(2), g(z)=20,p=9>1 and —:7 + % =1, If1 —b(x)c(y) +c(x)b(y) =0 and
J”k(l,y)y"%dy =J:ﬁ(z,l)x‘%dz =k,
0

then

Iwrn k(z,y)f(2)eg(y)dady
4] 4]

< k%{j:g'(x)dx} %_%{( kj :f’(:r)dzj. yg”(z)dx) ‘

]

oy j :"f'mcmdzj g @b

= = 2\ 7
—j- fH(x)B(z)dz g"(z)c(r)dz) }
[\ o
(4. 1)
where

B(x) =jmk(1,w)w‘%b(xw)dw, C(zx) = j’bk(l,w)w‘%drw)dw,
v “

8(zx) = c(x) is Hardy — Hilbert Theorem.

The proof of this theorem is based on the following inequality )
1_1

J.mF(I)G(I)dI < (I:G'(z)d.r) q_;{ (IjF’(z)dzJ T‘G”(x)d.'z:) ’

_ (I”F.(z)c(wz)dzj:’co(z)b(wz)dz - J:F'(I)b(w:r)dzjjG'(x)c(w:r)dz) 2} &
' (4.2)
where F,G >0, 1 — 8(x)e(y) = b(3)c(x) =20

Now we come to prove the theorem, By (4. 2) we have

I = j-j: k(z,y)f(z)g(y)dzdy = j.:k(l ,w)dwj. :cf(x)g(w:r)dz
<[ ra,wrdu [ ez %—%“[jf’(r)dzjjg"(wx)d;r) ’
— (!.wf'(z‘)c(wx)dzj’:g'(wz)b(wz)dz — J-'mf'(z)b(w:r)dzj‘ :g'(wx)c(wx)d:rj z} 2
0 9

s 120



= jjk(],w)w"‘%dwu':/gv(x)df) 7}”%{ { j :ﬁf"(l‘)dx[ %g’(:r)d:r) ’

&

B (J.:;f’(z)c(w:[)d:zj:)g"(_z')b(z)dz __f:fr(x)b(wx)dzj‘ aﬂé’"’(.’r)c(.’t)dl) 2}'21;'

O

= U:g”(r)dx;- %%j: Ka ,w)w‘%[.l,(w)Jz(w)]'zidw. (4.3)
where
J(w) =f:°f'(z)darj:g7(x)dz — jTf"(z)r(wz)dzf:gv(z)b(z)dz
+ f:'f’(z)bmz)dxj “pr@de iz,
J(w) = f:f’(z)dzf:g“(z)dx + J:f’(r)c(wr)dxfjg'(x)b(x)dx
— J‘:)f’(l')b(w.l :Lil‘jjg’(r)c(;t)dz.

Applying Holder inequality to‘ (4.3), we have

J.:k(l ,W)w“‘%J?\'(w)J?‘r(w)dw

< ( :ﬂk(l,w)w‘%dw) %U:ﬁk Qa .w)w‘%.l,(w)dwf T‘k(l ,w)w‘%Jg(w)dw} 2

= &3 kf ”f »(r)dzj “¢n(2)dz) 1 j/ “(C mdxj g ()b (z)dx

o 0

3‘%

—-j:of'(z)B(I)dxf:g°(x)6(1)dxl'e ! (4. 4)

In virture of (4. 3) and (4. 4), the proof is complete,
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