


CEARRRA” BRRRMIEIE, B -, EEk, REARESET, @i
AR EATHIE B, SHEE RN EARR RIS Wt s (HVTIRE 2GR B
BEBEINE) HEIT, TS 5% A REN BRBRIIE, iLFEZH
HOW, SHRFFHON, ©FFLHAS M B TFRANLS, WG T 2M A2
RERMZEARME, Bt CRILITE BRI E ) MIEIT, [5RE7E %R
HIREWE LT B A F S B, DURORPR MR RIS AR Bt s X (LI
b R ERHE HIINE ) BT, TS TR AR R R M, LIRS A R AL
B M CRILITESEBE2E AR BUEBINE ) W&, WL 2 AR 3 h0 3% BR A T

FEMPA AR A I R TIER R R R H A, WS R BER, M
ARRIC—T, 20044E120064F, Rit kK REARBIGI2500%, FEHE R FEB;L800%
FEXHF20044F LIFT A4 S002 5, 230 1A T— MR KK, B AR St 28
BH, KR PR LB A2004F 7T 125% 8 5 5 735%; =4EMBE =Rk
RIESCH 895, FINIE30%, H20044F AT FIEARRR0BEIN T =42 —,

SHEEAR BB A RBNER T EAEARBR, Bk, FATHED T X (2004—2006
BTSRRI T 22 AR SR Y st SRl . HABLSRR, X FEICHE, FHUsR T HRAHITM
2004 4E ) 2006 4F & REOHIMET I 178 55, Hrbt R KB 02 5, AAR2ES
86 5 WRAY RN : HFHERI OB A BUBUEL B 451, HRRHFIGESTHAUR
A GBS, XA, ol LB REXT AT £ SR R Mt RN X Rk —
AR, HESRE L VIR A Q43 rh e 3 e o ISR B 5 o LR, B K
Rl e

G A
2007410 A



woox

A note on the exponential diophantine equation a” +b” = ¢?

(Proc.Japan Acad., 80,Ser. A, 2004; SCI Hi{Z) «e-verererrrveersersenssesnsnnssuasinnans R (3)
On the diophantine system x> — Dy’ =1-D and x =2z -1

(Math. SCAND.95, 2004;SCI WSE)  weevsnecentiniitctitiatontiintentanaiinsncteninnsanas Sk (6)
Some identities for Bernoulli and Euler polynomials
(Fibonacci Quart. 42, 2004, No.4; SCIME) +werereeeesssnerssrernioinsisresesucsennne R4 (16)
A Conjecture Concerning the Pure Exponential Diophantine Equation a* +b” =c¢*

(Acta Mathematica Sinica, English Series, Vol.21, No.4, 2005; SCI¥3)

...................................................................................................... R (21)

I~ X Ramanujan-Nagell 572 x* + D™ = p" (g%

(BRI 2005SETIH) voevreerrerreerarenrmumnmutuniiiiissisiossessessetssssnsssnssenns SR (27)
Pell HRRA x* —ay® =1502" —by*> =1 (WK (BEEHRE 2005 452 1 #))

...................................................................................................... %R E ii»g._ (31)

Reinhardti®, |15 Hilbert 2= 8] $.47 Bk _F "~ #Roper-Suffridge & 7

(ﬁ%’éfg:ﬁ” 26A: 5, 2005) cercereene Cssnsassesssstansnse Gessescssscrorsassastessacannssssens ;{U/J\&\ (42)
A Representation Theorem for E*-unitary Categorical Inverse Semigroups

(ﬁ%ﬁ% 2006&%2%) ............................................................... %mﬁ (52)
An open problem concerning the Diophantine equation a* +b* = ¢’

(Publ. Math. Debrecen  68/3-4, 2006; SCIY{3%) «eeeeeeescsssnnnnces teessesseeenans IR (5T)
A note on the Diophantine equation x° +5” = ¢*

(Czechoslovak Mathematical Journal,56<131>2006; SCI M) -weeeeerrereesseness RIEHE (70)



An iterative equation on the unit circle
( Acta Mathematica Scientia 2006,26B<3>; SCI i3 ) +eeeeseees S AR LILEEL ZERREE (78)

The generalized Roper—Suffridge extension operator for some biholomorphic mappings

(J. Math. Anal. App1.324, 2006;SCI q&i) ................................................ 3(”,]%:2\\ (88)
o BURTUBR RO 4 8. HEaE B RO 4 MR A R R BUG T
(ﬁr‘q’g:’%ﬁ#& 2006 g% 3 KE) .................................................................. 3([],]\&\ (99)

KT o IRK] B RUZ T R HE) 1Y) Roper-Suffridge 3T
(BUZEAET] 2006.27 A {B) ) veeeecesrsemiatieriiiietieiimecciaiiciieeciisninnees X ZNES (109)

Y B

Barriola_Vilenkin BRI FIZE M (WEER 2004 5 11 #H; SCIUFE) o-veeeee ZE5E (121

State equations for massless spin fields near the event horizon in Schwarzschild spacetime
(Class_ Quantum GraV. 21 R 2004; SCIL&%) --------------------------------------------- &Fg:rﬁ ( 124)

Matter entropy and entropy of de Sitter universe

(IL NUOVO CIMENTO Vol. 119 B, No. 3, 2004; SCIJE) -reeeereerssosacesnnians KWE (129)
Anti-de Sitter B+ BiRE TR R BN
(%ﬂ%dﬁ 2004 E% 7 %; SCI L&%) ................................................... ﬂemg (135)

A new concept toward industrialization of Cu-III-VI; thin film solar cells and some preliminary
experiment results

(ACTA METALLURGICA SINICA Vol.18 N0.3, 2005) -s+essesserneerersaraniennns AR E (139)
Divel;gence structure of the statistical entropy of the Dirac field in a plane symmetery black hole
geometry (Chinese Physics Vol 14 No 3, 2005; SCIUIE) swecceeerreerserneceneenn ZEER (144)
Kerr-Newman-de Sitter &d MGt vt 4 (YIEEWR 2005 458 7 #; SCIHF) -+ ZFEEE (148)
Effect of Spin on Thermodynamical Quantities around Reissner-NordstrOm Black Holes

(CHIN.PHYS.LETT Vol. 22, No. 6, 2005; SCIHIFE) cececeesrcernerensrranacnnnen. BEME (152

-2-



Experimental Study of Effect of Medium Boundary on Light Distribution in Tissue Phantoms

(P EYERIR 2005FEBTH; SCIBLTE)  +oeverercersnromrerreiectniieinannieneneaes WO (156)
Theoretical and experimental study of the intensity distribution in biological tissues

(HEYE 2005FEFORE; SCIKITE) eererersersornenmmiininiiiniiieiionanniecsnnon ¥ % (160)
Algebro-Geometric Solution to Two New (2+1)-Dimensional Modified Kadomtsev-Petviashvili
Equations (F E#JE R 2006 5 10 Hi; SCIELIF) eeeereereeseeeennsseiciinnn REAW (168D
HEAT AR A B BT L (PIBE2EH 2006 558 7 H: SCIHLR)  oeovvevenees HitR (172)
Logarithmic terms in brick wall model (Phys&cs Letters B 643, 2006; SCI#x) --- g (180)
MODIFICATIONS TO BEKENSTEIN-HAWKING ENTROPY DUE TO ARBITRARY SPIN
FIELDS (Modern Physics Letters A Vol. 21, No. 23, 2006; SCIJZE)  -weeeveeeres KEEE (187)
Thermodynamical quantities around a RNAdS black hole

(FEYHE 20065EF6H]; SCIEITE) reeererrerrrerserentoreritnnrnrrieeresenan. KTHEE (194)
Cu;ZnSnS,, thin films prepared by sulfurization of ion beam sputtered precursor and their
electrical and optical properties

(RARE METALS Vol. 25, Spec. Issue , 2006; SCIIFE) rerrresevrecreraenamennennnnn fRRE (200)
XA RRE BFAMIE A2 R (WER 200655 115]; SCIKE) - XUBEEE (205)
Effects of Al doping concentration on optical parameters of ZnO:Al thin films by sol-gel
technique (Physica B 381, 2006; SCIMFE) coeereereressrassnsstummmnranineecierenen RS (210)
Effects of annealing and dopant concentration on the optical characteristics of ZnO:Al thin films
by sol-gel technique (Physica B 382, 2006; SCIIIZRE) «ererrrereessasescacsssansnnnns B (215)
Effects of low doping concentration on interconnected microstructural ZnO:Al thin films
prepared by the sol-gel technique (Eur. Phys. J. Appl. Phys.35, 2006; SCIK®) - #Ed53r (219)
Anti-de Sitter!t = Py AERRIRETE T4 (WELFR 20064F 5281 SCIBGR) oo 5 (225)
Black plane’s tunneling radiation (Europhys. Lett., 75 (2), 2006; SCIEF) ------ 2[R (229)
Entropy of Spin Fields in Anti-de Sitter Space-time
(CHINESE JOURNAL OF PHYSICS VOL. 44, No. 4, 20065 SCIJ(3%) +-ereeeeee Z=[E 9 (233)
Quantum entropy of Dirac field in toroidal black hole

(PhysicsA368, 2006; scu&%) ......................................................... $|ﬁ|§§ (239)



Black string’s tunnelling radiation (J. Phys. A: Math. Gen. 39,2006;SCIH{3% ) +++++ ZE9E (244)
Hawking radiation via tunneling from Kerr-Newman-de Sitter black hole

(Europhys. Lett., 76 (2), 2006; SCIBZE) »++ererererersssrrrsassrierinsasnniesssiniesinnns Z[E R (249)
QUANTUM ENTROPY OF DIRAC FIELDS IN BLACK HOLES

(Theoretical and Mathematical Physics, 149(1) 2006; SCIITE) «reeeereerrersersnssanes ZEEE (254)
Quantum Entropy of Spin Fields in the Schwarzschild-Anti-de Sitter Black Hole with a Global

Monopole (Journal of Statistical Physics Vol.125,No3, 2006; SCIULTE) seeeeececees ZFE5 (259)

L T &

AT BLAE 1 AR TE AR AT T R S R ML RE BT AT

(EF@*}LWI& 2004 _’q_:_% 15 %; El qﬁi) ............................................. $ B (269)
IR R R A LR E B AR
(FEVBIIE 2005 FE% 6 H; EIUTTE) rerecemrcrerniiiiinciienininen, &= B (272)

ETEAM Agent I FRTF RS (PEVIAE TR 2006 58 7 81; EIWFE) - HHE (278)
¥ B i B g E R (PEVBE IR 200658 784; EIEGR) - BE (284)

HE IR

IPve R HAHTHEPHINA (PEELHTF 20059 5 224 H7) ceveeereene B & QD



(7

T AP X ERIRR KB OKFZEHR 2004 G 4 H) -ooeeeeeeeee XUBRH (297D
ARG R AL 5 KRR SR R TE R R 5 KRR X R

CHEMIZEHR 2005 £EH5 1 JH])  «veverereremsmserssesessascsinsuesssesssnssessssssesssenssnses MEE (302)
Synthesis and Antifungal Activities of Alkyl N~(1,2,3-Thiadiazole-4-Carbonyl) Carbamates and

S-Alkyl N-(1,2,3-Thiadiazole-4-Carbonyl) Carbamothioates

(J. Agric. Food Chem. 2005, 53; SCI L&;‘R‘-) ............................................. $ﬁﬂlﬁ% (308)
KRREEERE RN EFRN SRS (FEWER  2005FHTHH)  -eveeenneeeens AEMN (313)

KRR BHEEFRER RN (HE2R 2004 5 5 H])  cereeee TR (321)
B FREAER RSN (BEEM  2006EBOM)  orerrerrerserees . IR (324)

£ Y F

PB4 ITS X P HIEAE B A 23X #F MeconopsisxcookeiG.Taylor

(J‘ﬁ’f?%?ﬁ 2004 E%QEH) ............................................................... ﬁﬁ% (333)
RRR RN P () PSR E R AR (BRZEHR 2005 FEF 1HD)  ooeeeees MEIEHE (340)

e F

B R B T A0 MU B4 B RIKAT AR ST (T E2E 2004 EHE O M) coeeeeees fE= (351

Preparation of Hyperbranched Polyester Photoresists for Miniaturized Optics (Journal of Applied

-5_



Polymer Science, Vol. 92, 2004;SCI\ Ellﬁi) .......... [EEELTICET TP IRUER PP PITPIPPPRRYR yg%ﬂ;]— (355)

MABHHNIRE B TR I AS AR (NS 2005 1H) cweeeveres FEREE (360D
1K H3CoPMoygV,0s40 I = I8 A& U R o4k B8
(%%ﬁjﬁ 2005 g% 5 %ﬁ) .................................................................. Eﬂﬁﬁ (365)

Study on Preparation and Properties of La,0:/MC Nylon Nanocomposite
(JOURNAL OF RARE EARTHS Vo0l.23,N0.6,Dec.2005; SCI. EI 3% eeveevereee A E (370)
Simultaneous Determination of Cinnamaldehyde, Eugenol and Paeonol inTraditional

Chinese Medicinal Preparations by Capillary GC-FID

(Chem. Pharm. Bull. Vol.54, N0.1,2006;SCI H{3R) +seeesserernssnrmnscrnisaiiiiucinnnes RIFE (376)
MR BB UHA (M 2006 5 7 HI)  owveerrinmnnnnenne 22 (379)
B BRARE G BRARIRAE (FLALEE 2006 4255 6 HI) coovveremeemmmennsninnennee, BRI (383)
BaLiFs ! Ce” KM F Il R I bt de

(B2 BEAL 25230 2006 4525 2 HIiSCI IR ) orevererererreceeemsmsesmresssnssesesnns SEB (387)
W+ BRFABEIK G A B R s

(B RAL R 2006 2555 3 #; SCIULTE)  evrererersermrecmrsnsssnnnnnaneneeens REB (390)

Effect of oxalic acid on control of postharvest browning of litchi fruit

(Food Chemistry 96,2006 : SCIW%) ...................................................... %{3/]\*7’( (395)

® B

IKEPER RY AR > BB EWE Sn* IR

CEARE 2005, V01.26, NO.9)  teeeresectesmtenenminitiaiiiatiiteientieierentsisaseraones g (403)



® B F

i = BT R ARSI Y. 4 RRBSHT M

(EBRIZE 2004 4EH 1 H) corversreerenesssntoinisiniiintesetie st et st e e 7= 4T (409)
EH R 2= B RIZEN BE 1 R B4 S AR AR RIS

(FEEHEDEILE 2004 EE | ) --oeveerversmmmmiienn, 2 4T (413)
ST S0 2 A R R O 1 T T

R B B T B 1D e VEEERR (417)
H ] 2o HEAESE 28 Ja IS4 H SR RE BUE RS RIFFIE B9 A

(AL AR AL 2004 255 12 H]) weoveereeesmmssssiimiinnin et o2 (420)
YRHEEE R T A FXE S/ U4, VU B ULA MBS & HSPy RIERIE M

(PEIZFESEIVE 2005 FEH S H) ooereversreemrrmmiiminin i e ieeie s hHEE (422)
HENE R S 07 R ALAL Ty s HE RIS B R T K RN R R RIA T T R

(KRS 2005 42 12 ) wrveeeerersseessrsessns st sttt st S M3 (427)

I REERRAEH T RIREH R BN E (HEATRE 2005 ER 4 8D - RIEH 43D
FHEEATES TR BT R SRR

(AEEAR T K224 2005 RS 1 ) covererrereeressnrsrsinmnncintett ettt A R (434)
R AT, RGO M BERE S 51 e B A RIS B R AL i S S B T RE RS2

(HEBEFHELZLIGE 2005 ZE8 L HI) oreememrersssnsmrmmnie et B (436)
F SR RE 3 /) B A0 40 e e AR % i B AL O AR B

(REAE RS 2005 555 2 1) creeeerrrsrersenrrriiinmne e et Wik (440)
SHIE 7] 7 B 70028 He U5 K 8 2 R T SR KB AT

CIEETAE K2E24R 2005 ZEEE 11 ) orereererrerrssmnuminessennnteine et kT3 (443)
R FISE B IZ Sh R B R B A 1R X 22 B BLK A #2424 P RE T

(HEZEFEZZIE 2006 2 2 HI) ooerrereenrsnmniiiinnitic e TESE (445)
A (RIS BEE B R 3 e A 2 SR K B B R B B ST R

(ﬁgﬁ‘ﬂ_% 2006 ﬂg% 8 ﬁg) ............................................................... %Eﬁ% (450)



Xﬁﬁ%%ﬁkﬁﬁ%%%%?%%%&ﬁﬁ%ﬁﬁﬁﬁm

(LA T K22 2006 2525 T H) coeereerersrssrrsrvrrmrenmniinieeaeeaessesennnnens % HidE (455)
NR1. NR2A Al NR2B 7EIE B 5 A Big 4L 4R o 288 KBS 7 (R 15 4R

EBRMEZ D006 4ESE 6 H) «erverereereereesessesssscnsensesessessessessessssessassasenens HHIA (458)
A FESEREXT 1382 3/ B AL 0 B Se R B SR LT B

CHLETHR R KSZ22H 2006 EE 11 H]) coeereererrssersssnrassnsaeseessnsssnsssssnsess BEE (462)
B, BESRIAMET EERE 2006 FH 4D  oreevereerecnnenins R (464)
ANFERE MR KRR 1 IR LB E 5 B B R A B 18 F B T S 2 9T

(CHEIBRHERLIE 2006 LEH LH])  weerererrmsrsmsemmsssessesnsse e sessnvessons Attt (469)









No. 4]

Proc. Japan Acad., 80, Ser. A (2004)

A note on the exponential diophantine equation e* 4 b¥ = ¢*

By Maohua LE

Department of Mathematics, Zhanjing Normal College
29 Cunjin Road, Chikan Zhanjing, Guangdong, P. R. China
(Communicated by Shokichi IYANAGA, M. J. A., April 12, 2004)

Abstract: Let a, b, ¢ be fixed coprime positive integers. In this paper we prove that if
b=3 (mod 4), a = —~1 (mod %), a® + b¥-! = ¢ and ¢ is odd, where ! is & positive integer, then

the equation a® + b¥ = c* has only the positive integer solution (z,y, 2) = (2,2{ - 1,1).

Key words:

1. Introduction. Let Z, N be the sets of all
integers and positive integers respectively. Let a, b,
¢ be fixed coprime positive integers. Recently, using
the theory of linear forms in logarithms, Terai (7]
proved that if b is & prime with 4 =3 (mod 4),a =
—1 (mod v*), a® + %! = ¢ and ¢ is odd, where
{ € {1,2}, then the equation

(1) a+b=c, z,9.2€N

has only the solution (z,y,2) = (2,2! - 1,1). In this
paper, by means of different approach, we shall show
that the conditions b is a prime and ! € {1,2} can
be eliminated from the above-mentioned result. We
prove a general result as follows:

Theorem. Let | be a positive integer. If b=3
(mod 4), @ = 1 (mod b¥), a? + b*'~! = c and c is
odd, then (1) has only the solution (z,y,z) = (2,2{—
1,1).

2. Preliminaries.

Lemma 1 ([2,3]). The equation X*+32m+1
Y*, X, ¥YmneZ X>0,Y >0, ged(X,Y) =1,
m > 0, n > 1 has only the solution (X,Y,m,n)
(10,7, 2,3) with n an odd prime.

Let D be a positive integer, and let h(—4D) de-
note the class number of positive binary quadratic
forms of discriminant —4.D.

Lemma 2. Let k be an odd integer with

=0

ged(DLk) = 1. If D > 3, then every solution
(X,Y, Z) of the equation
X4+ DY?*=k%, XY ZclZ,
ged(X,Y)=1, Z>0

can be ezpressed as

2000 Mathematics Subject Classification. 11D61.
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Z=2zZit, teN,
X +YV=D = \(X) + V1 V-D)',
A A € {1,-—1},

where X, Y1, Z; are positive integers satisfying

X?+DY? =k?, god(Xi, Vi) =1,
h{(-4D) =0 (mod Z;).
Proof. This lemma is the special case of [6,
Theorems 1 and 2| for D; = 1 and D, < 3. (|
Lemma 3 ([5, Theorems 12.10.1 and 12.14.3)).
For any positive integer D, we have

4vD

w

h(-4D) < log(2ev'D).

Let o, 8 be algebraic integers. If o + 8 and a8
are nonzero coprime integers and /8 is not a root
of unity, then (a, 8) is called a Lucas pair. Further,
let A=a+ 8 and C = af8. Then we have

a=2(A+AVE), f=3(4-WE), Ae{l,-1},

where B = A? — 4C. We call (4, B) the parameters
of the Lucas pair (a, 8). Two Lucas pairs (a1, 3)
and (a2, B2) are equivalent if a1 /az = 81/6; = +1.
Given a Lucas pair (a,3), one defines the corre-
sponding sequence of Lucas numbers by

Lo f)= 228,

For equivalent Lucas pairs (a), 3,) and (az, 5;), we
have Ly(o),51) = £L,{c3,3;) for any s > 0. A
prime p is called a primitive divisor of L,(«a, 8) (s >
1) if

PlLs(a,8) and pt BLy(a,8) - Ly—1 (e, B).

8=0,1,2,---.



M. LE

A Lucas pair (a, 8) such that L,(a, 5) has no prim-
itive divisors will be called a s-defective Lucas pair.
Further, a positive integer s is called totally non-
defective if no Lucay pair is s-defective.

Lemma 4 ([8]). Let s satisfy 4 < s < 30 and
s # 6. Then, up to equivalence, all parameters of
s-defective Lucas pairs are given as follows:

(i)s =5 (4,B) = (1,5, (1,-7), (2,-40),
(1,-11), (1,~-15), (12,~76), (12, —1364).

(it) s=7, (A, B)=(1,-7), (1,-19).

(iii) s =8, (A,B) = (2,-24), (1,-7).

(iv) s =10, (A, B) = (2, -8), (5, -3), (5,—-47).

(v) s = 12, (AB) = (1,5), (1,-7), {1,-11),
(2,-56), (1,-15), (1, -19).

(vi) s € {13,18,30}, (4,B)=(1,-7).
Lemma 5 ([1]). If s > 30, then s is totally

non-defective.

3. Proof of theorem. Let (z,y,z) be a so-
lution of (1) with (z,¥.2) # (2,2 - 1,1). Sincea =
—1 (mod b) and ¢ = a? = 1 (mod b), we see from
(1) that z must be even. Since b = 3 (mod 4) and
c is odd, we see from a2 + b¥~! = ¢ that a is even
and ¢ = 3 (mod 4). Hence, by (1), we get y = 2
(mod 2). Further, since ¢ = 3 (mod 4), we conclude
that y = z =1 (mod 2) by (1). It implies that y and
z are both odd. Hence, by Lemma 1, we may assume
that b is not a power of 3.

Since @ = —1 (mod b*!) and a? + 0?1 = ¢, we
have ¢ = 1 + b*~! (mod b*). Hence, by (1), we get
14+ =1 (mod b* ) andy>2-1. Ky=2(—1,
then from (1) we get

2) 1+ '=1+6Y (mod 6%),
whence we obtain
(3) 2—1=0 (mod b).

Further, since y = 2l - 1 and (z,y, z) # (2,2l - 1,1),
we have z > 1. Therefore, by (3), we get

(4) z—12>b.
Ify>2l-
(5) 1=(140%1)* (mod b%).
It implies that z =0 (mod b) and

{6) z>b.

Therefore, by (4), (6) holds for any case.

Since b > 3 and y is odd, we find from (1) that
(X,Y, Z) = (e%/2,bv=1)/22) ig a solution of the equa-
tion

1, then from (1) we get

[Vol. 80(A),
(7) X2+Yv?=c%, XY, Ze1z,
ged(X,Y)=1, Z>0.
Since ¢ is odd, by Lemma 2, we obtain
(8) z= th; te N,

(9) &®/2 4 bW-D/2/p = A (X, + A Y1 VD),
Az € {1,—1},

where X1, Y}, Z, are positive integers satisfying

(10) X7 +bY¥ =c%, ged(Xy,Y1)=1,
h(-4b) =0 (mod 2,).

Moreover, since z is odd, we see from (8) that ¢ must
be odd.
Let

(11) a =X +YivV~-b,
By (10) and (11), we have
(12) a+3=2X,

8 =X, ~Y,V-b.

aﬂ = czx ’
a 1
A ((XT - b¥2) + 2X, Y1 V=D).

Since ged(X), Y1) = ged(d,c) = 1, we observe from
(12) that a + 8 and af are nonzero coprime integers
and o/ is not a root of unity. Hence, (a, 3) is a Lu-
cas pair with parameters (2X,, —4bY}?). Further, let
L,(a,8) (s =0,1,2,---) denote the corresponding
Lucas numbers. By (9) and (11), we get

(13) b¥=1/2 = ¥, |Ly(a, B)|.

We find from (13) that the Lucas number L.(c, 3)
has no primitive divisors. Therefore, by Lemma 5,
we get ¢ < 30. Further, it is easy to remove all cases
in Lemma 4 and conclude that ¢ < 4. So we have
te{1,3}.
When t = 1, we get from (8) and (10) that
= Z; and h(—4b) = 0 {mod z). It implies that
h(~4b) > z. Further, by (6),

(14) h(—4b) > b.
By Lemma 3, we see from (14) that
(15) b< M log(2evb),

whence we conclude that b < 19. Recall that 6 = 3
(mod 4) and b is not a power of 3. We have b €
{7.11,15}. But, (14) is impossible, since h(—-4-7) =
1,h(—4-11) =3 and h(—4 - 15) = 2.
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When t = 3, we get from (9) that
(16) bW=1/2 = A AV, (3X? - bYR).

Let d = ged(Y:,3X? — bY2). Since ged(X1,Y}) = 1,
we have d = 1 or 3. Notice that ged(d,¢) = 1 and
ged(b, X3) = 1 by (10). Ifd = 1 and b is & power
of prime, then b # a power of 3 and ged(b,3X? —
bY2) = 1. Hence, from (16) we get Y; = bv-1)/2
and

(17) 3X}P-b¥ =1,

since ¥ = 3 (mod 4). Recall that ¢ = 1 (mod b).
We get from (10) and (17) that X? =1 (mod b) and
3X? = 1 (mod b), respectively. It implies that 3 =
1 (mod b), a contradiction. If d = 3, then 3| b, by
(16). Since b is not a power of 3, b has at least two
distinct prime divisors. Therefore when d = 1 and
b # a power of prime or d = 3, by the genus theory of
binary quadratic forms (sce (4, Section 48]), we have
h(—4b) = 0 (mod 2). Further, by (8) and (10), we
get z = 32, and h(—4b) = 0 (mod 22/3). It follows
that

(18) h(—4b) > gb,

Ly (6). Further, by Lemma 3, we obtain from (18)
that

2. 4vh

(19) §b <— log(2ev'd),

whence we conclude that b < 51, since 3| bford = 3,
we have b € {15, 35, 39,51}. But, (18) is impoesible,
since h(—4-15) = 2, h(-4-35) = 2, h(—4:38) =4 and
h(—4:51) = 6. To sum up, the theorem is proved.

A note on the exponential diophantine equation a® + ¥ = ¢*
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ON THE DIOPHANTINE SYSTEM
2_Dy’?=1-—D AND x =2z -1

MAOHUA LE*

Abstract

Let D be a positive integer such that D — 1 is an odd prime power. In this paper we give an
elementary method to find all positive integer solutions (x, y, z) of the system of equations x2 —

Dy? = 1 — D and x = 222 — 1. As a consequence, we determine all solutions of the equations
for D = 6 and 8.

1. Introduction

Let Z, N be the sets of all integers and positive integers respectively. Let D be
a positive integer with D > 1. The determination of all solutions (x, y, z) of
the system of equations

1) x2—Dy’=1-D, x=2-1, x,y,z€N, ged(x,y) =1

is an interesting problem concerning the arithmetic properties of recurrence se-
quences and the solution of exponential-polynomial equations over real quad-
ratic fields. In 1995 Mignotte and Pethd [9] determined all solution (x, y, z) for
D = 6. Their proof relied upon deep tools related to linear form in logarithms
and reduction technigues. In 1998, Cohn [4] gave an elementary proof of the
above mentioned result.

In this paper we give an elementary method to find all solutions of (1) for
the general case that D — 1 is an odd prime power. We now introduce some
needful notations and known results given by Petr [10].

LEMMA 1. Let D be a nonsquare positive integer, and let u; + vi~/ D be the
Jfundamental solution of Pell equation

2) u: —Dv: =1, u,velZ.
Then we have

* Supported by the National Natural Science Foundation of China (No. 10271104), the Guang-
dong Provincial Natural Science Foundation (No. 011781) and the Natural Science Foundation
of the Education Department of Guangdong Province (No. 0161).
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(i) All solutions (u, v) of (2) can be expressed as
3) u+v~/'5=(u1+v|\/'5)‘, tel
(ii) For any positive integer n, let |
@) Uy + vo/D = (1 + 1,V D)".

Then (u, v) = (ua, v,) (n € N) are all positive integer solutions of (2). -

LEMMA 2. Let D be an even nonsquare positive integer, and let

D, 1, ifv iseven,
D £ =
, 2, ifv,isodd.

4

For a fixed D, there exists a unique positive integers pair (D, D;) such that
D, > 1, D\ Dy = D' and the equation

(5) D =

(6) D\U? — D,v?2 =1, U,VeN

has solution (U, V).

LEMMA 3. Let Dy, D, be positive integers with Dy > 1. If (6) has solutions
(U, V), then it has a unique solution (U, V}) satisfying V| < V, where V
runs through all solutions (U, V) of (6). The solution (U,, V}) is called the
least solution of (6). Then we have:

@ (UiVDi + VivDz)" = us + v, V/D.

(i1) For any odd positive integer m, let

™ Unv/Di + VD2 = (U1/ Dy + Vi/D2)".
Then (U, V) = (Um, Vm) form = 1, 3, ... are all solutions of (6).

Under the mentioned notations, using a result of [5], we prove a general
result as follows.

THEOREM. Let D be a positive integer such that D—\ is an odd prime power.
If D is a square, then D = 4 and (1) has only the solution (x, y, z) = (1, 1, 1).
If D is not a square, then all solutions of (1) can be classified into the following

five shapes.
(@ &, y,2)=(,1,1).
(ii) (x,y,2) = (U2n + DV2n, U24 + V2, VUn(n + DVy) ).
(iii) (x.y,2) = (—w2s + Dvan, U2n — V2n, v/ Da(tty — va)).
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