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PREFACE

This book, entitled Three-Dimensional Consistent Higher-Order Theory of Lam-
inated Plates and Shells, is published as a collection of technical papers which
I presented at a series of international conferences followed by publication in in-
ternational journals in joint efforts of my graduate students at National Tsing
Hua University who did their thesis research under my supervision since 1976.
The publication is made possible under the financial support of Ministry of E-
ducation on my seventieth birthday and it will be disseminated to colleagues in
solid/composites mechanics all over the world as an exchange of research results
and a token of friendship.

The theory was firstly developed six years ago, in which the subject prob-
lem is treated, unlike the traditional thecries, in a manner of elasticity. Three-
dimensional boundary conditions and interlaminar continuity are prescribed and
satisfied in terms of local displacements and stresses. Three-dimensional dynam-
ic deformation and stresses can be predicted throughout the plates and shells at
all times. Successful applications have been found in stress analysis, vibration,
impact, shock, water-jet cutting, solid propellant detonaticn, static and dynamic
contact mechanics without and with friction, damage prediction, heat conduction
and thermal stresses in electronic packagings. Current topics under way are the
three-dimensional investigation of crack surface, penetration and failure mecha-
nism thereof. It is hoped that the present theory will serve as a tool in solving a
number of problems in solid mechanics, composites and metals as well.

The book is composed of twenty chapters in four parts. Part I is on stress and
vibration analyses, Part Il on impact and shock, Part III on contact mechanics,
and Part IV on the first-order theory as an introductory work. Each chapter con-
tains an article presented at an international conference and/or published in an
international journal. Once again, the author grateful acknowledge the Ministry
of Education in providing financial support for publication of this book. Acknowl-
edgements are extended to The International Union of Theoretical and Applied
Mechanics, International Journal of Impact Engineering, ASME Journal of vibra-
tion and Acoustics, ASME Journal of Energy Resources Technology, The Interna-
tional Community for Composites Engineering, Journal of Composite Materials,
Composite Structures, Elsevier Science, Computational Mechanics Publications
and all related international conference proceedings and journal publishers for use
of the author’s published articles in this book. Thanks are also due to the many
graduate students for their well done research, and especially for reproducing the
whole text and graphics for this book.

Ching C. Chao
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Dynamics.

The Three-Dimensional Consistent Higher-Order Theory of Laminated Plates
and Shells was developed in recent years with a number of successful applications
in solid mechanics published in a series of international conferences and journals. 1
was invited to serve as International Conference Ambassador of The 13th Biennial
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My parents Mr. and Mrs. Feng Yun Chao are in good health at the age
of ninety five. My wife Yu Hua Kuang and I married in 1949 and we have six
children. They all have received good education and now have good jobs in the
US and Taiwan. Deep appreciation is hereby expressed to my wife for taking good
care of our children and family during the past forty seven years so that I can
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Chapter 1

On Free Vibration and Stability of Thick Ortho-
tropic Plates Using a 3-D Higher-Order Theory !

C. C. Chao, T. P. Tung and J. S. Cherng

Department of Power Mechanical Engineering
National Tsing Hua University, Hsinchu, Taiwan, ROC

Abstract — A three-dimensional higher-order theory is developed for free vi-
bration and stability of thick orthotropic rectangular plates. Thickness stretching
and shrinking as well as transverse shear strains and rotary inertia are fully taken
into account, and are shown with significant effects. The 3-D simply supported
boundary requires both lateral surfaces transverse normal stress free in addition
to the transverse shear stresses as in the traditional shear deformation plate theo-
ries. In keeping with the three-dimensional boundary condition, the complicated
eleven term displacement field is reduced to five variables, and a simplified three-
dimensional theory is formulated for vibration analysis of the orthotropic plates
via the Ritz approach. Natural frequencies and buckling loads are obtained in
good agreement with the existing exact solution. Also, variation of 3-D relative
displacements and stresses across the thickness are found in a more reasonable
manner as compared to the various existing shear deformation theories and local-
global approach. This will provide an essential basis for further extension to a
three-dimensional laminated plate theory for self-equilibrium of local surface trac-
tion with applied loads and interface continuity of displacements and transverse
stresses.

!Presented at the 8th International Conference on Composite Materials held st Honolulu,
Hawaii, July 15-19, 1991.



2 Chapter 1. 3-D Higher-Order Theory

1.1 Introduction

Vibration of plates, constructed of metal or composites, has been under intensive
research by many investigators. The classical plate theory, based on the Kirchhoff
hypothesis of a nondeformable normal, is valid only for thin plates. In view of
the smallness of shear modulii as compared to corresponding young’s modulii of
composites, the effect of transverse shear was incorporated in the first-order shear
deformation plate theory in short as FSDPT (Whitney, 1969) on bending of lami-
nated plates for moderate thickness with cross section rotations taken into account
in addition to the mid-plane displacements. As the thickness increases, effects of
thickness stretching and shrinking can not be overlooked. The very first version
of higher-order theory was proposed by Whitney and Sun (1973) for extensional
motion of laminated composites. Numerical results reported were restricted to
cylindrical bending. In a comprehensive studies of static and vibrational prob-
lems, Reddy (1984) developed a refined higher-order shear deformation theory
(HSDPT) by making the transverse shear stresses to vanish explicitly over the lat-
eral surfaces. The transverse shear stresses was found to vary internally according
to a parabolic rule without consideration of the transverse normal stresses. The
transverse deflection remains unchanged through thickness.

A higher-order deformation theory of eleven parameters was used by Doong
(1987) in the treatment of vibration and stability of initially stressed thick plates,
in which the lateral surface traction appeared in the traditional form of stress
resultants, stress couples and the higher-order moments about the mid-surface. As
a matter of fact, there is no guarantee for these boundary surfaces to be stress-free
in the free vibration analysis as one can see in the first-order shear deformation
theory. Also analyzed were bending, buckling and vibration of the symmetric
cross-ply laminated elastic plates in the work of Khdeir and Librescu (1988) using
a higher-order theory, in which in addition to transverse shear deformation, the
transverse normal stress was based on zero transverse normal strain. The global-
local approach has been employed by many authors to obtain the in-plane and
transverse shear stress components by means of the first order theory and then
to have the transverse normal stress determined in accordance with a local stress
equilibrium. Noor and Burton (1989) made a complete assessment of the various
shear deformation theories for the laminated composite plates, over two hundred
papers with extensive numerical results for comparison. However, when the plate
becomes thick to a certain extent, calculation of the transverse normal stresses
in this way might lead to loss of mid-surface symmetry and inconsistency with
surface traction free condition in the free vibration analysis.

The present 3-D higher-order theory is developed via the Ritz approach in
terms of eleven parameters for free vibration and stability of simply supported
thick orthotropic rectangular plates with effects of thickness stretching-shrinking
as well as transverse shear strains and rotary inertia fully taken into account. The
plate is simply supported in a manner of 3-D elasticity with all edges restrained
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in the lateral and tangential directions and otherwise everywhere surface traction
free. Emphasis is placed on vanishing of the transverse normal stresses over both -
lateral surfaces explicitly in addition to the transverse shear stresses as in the tra-
ditional shear deformation plate theories. Accuracy of the Ritz solution is ensured
by fulfillment of all the 3-D surface and edge conditions. In the mean time, the
complicated eleven term displacement field is reduced in five variables, and a sim-
plified 3-D theory is resulted by solution form of double Fourier series.in the x-y
plane interlaced with cubic and quadratic polynomials of z for the displacement
field in the x-, y- and z-directions respectively.

Usually, natural frequencies, critical buckling loads and the associated normal
modes are of primary concern in the study of vibration and stability. However,
accuracy of these results can be ensured only if the structural problem is properly
solved with all the 3-D relative displacements and stresses reasonably distributed
across the thickness even though they are presumably vanishingly small in mag-
nitudes in free vibration. This will serve as an essential basis for extension to
a 3-D laminated plate theory for the self-equilibrium of local surface traction
and interface continuity of displacements and stresses (Chao et al., 1991). The
transverse stresses are especially of importance in predicting local damage such as
delamination and tensile cracking for composites under impact and other loading
conditions.

Nomenclature

a, b, h = plate dimension, sides and thickness.

Aij, Dij, Fij, Hij = plate stiffness coefficients, reduced in overbar form.
C;; = 3-D orthotropic elastic constants.

Iy, I, Iy, I; = mass moments of inertia, reduced in overbar form.

k, K = layer number and number of layers.

k1, k2 = modulus ratios Ci3/Css and Cza/Cas respectively.

ka, - -, ks = functions of @ = mwh/a, § = nxhfb respectively.
m,n = mode numbers.
t = time.

T,U = kinetic and strain energies respectively.

uj, uz, us = displacements in z, y, z directions respectively.

Uz, ¥z, &z, = higher-order expansion of u;, Fourier coeflicients in captail letters.
uy, ¥y, &, ¥y = higher-order expansion of uz, Fourier coefficients in captail letters.
w, ¥,,£; = higher-order expansion of u3, Fourier coefficients in captail letters.

€ij, 7i; = normal strain and shear strain componenta.

p = mass density.

o;j = stress components.
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1.2 Theory
1.2.1 A Three-Dimensional Model

Considering an orthotropic rectangular plate of considerable thickness h, and sides
a, b, the present higher-order theory is proposed to inclnde the effects of thickness
stretching-shrinking as well as the conventional transverse shear deformation and
rotary inertia. The displacement field is assumed as

w (0 2,8) = vz (2,0, 8) + 292 (2, 1) + 2282(z, 1. 1) + 226 (70, 8)
uz(z,y,2,8) = uylz, p, 1) + 29y (2, 0, 8) + 2264 (z, 9, 8) + 2P y(z 9, 1) (1.1)
ua(z, v, 2, 1) = wlz, 1) + 2= (2,0, 1) + 27 Ee(z, 0, 1)

Observing the small strain and Generalized Hooke’s law, the stress field is
expressed in the form

711 = Ciaug z + Crauay + Ciava,s 722 = Cag(uz,e +vay)
o322 = C1au1,2 + Caauz,y + Caaua s 3 = Css(m 2 + u3,0) (1.2)
o3 = Ciau1,z + Caauz,y + Caava s 713 = Crelra,y + tz,2)

where Ci; are the stiffness coefficients of the orthotropic material, and a comma
followed by x, y, 2 denotes the corresponding partial derivatives of the preceding

variable respectively.
Combination of eqns (1.1) and (1.2) gives the stress field components as follows:

11 = Cr1{uz,s + 2s,s + 22622 + 33‘:,:)
+ Crafuy,y + 29y, + €y + 22y ) + Crafs + 22£2)

o2z = Cra(us,e + 2%z + z’{:.! + ’s¢=.8)
+ Caz(uy,y + 29y y + 264y + 2 dyy) + Caslys + 2285)

o33 = C13(us,x + 2¥s,2 + lzf:.f + 8“6:,;] (1.3)
+ Cas(ugy + 2¥yy + PEuy + 2° dyy) + Coa (e + 23¢s)

723 = Cua(vy + 228y + 357 dy + wy + 2sy + 2°6ay)

a13 = Csa{vs + 22z + 32802 + Wz + 295 + 2260 2)

12 = Coplus,y + 2,y + 2362y + 2202y + Uy z + 29y + Plyz+ P dyz)

1.2.2 Simply Supported Edge Conditions

In the traditional plate theories, the simple support boundary conditions are con-
sidered such that no normal force and no normal moment exist at the edge as a
whole, without reference to the local stress condition. In the present study, the
bouncfary conditions are specified in a more realistic and rigorous manner of 3-D
elasticity. The plate is roller-supported at the edges as restrained from motion
in the lateral and tangential directions and otherwise everywhere surface traction
free, namely for all z within the range —A4/2 <z < A/2

u1(x,0,2,¢) = wy(z, b,2,t) = ug(0,y,2,1) = ualo, ¥, 2,t) =0

wa(0,y,2,1) = wa(a,y,z,t) = wa(z,0,z,t) = wa(z,b,2,¢) =0

11 (0w, 2,8) = 11 {a, ¥, 2,8} = 022(7,0,2,t) = o22(z, b,2,8) = 0 (1.4)
o12(0, v, 2,1) = oz(a, 1,2, t) = 021 (7,0, 2,t) = o (2, 0,2, 1) =0
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To satisfy the above edge conditions, the following displacement functions are
assumed according to eqn (1.3).
(e, Y2, 62,92 = D 3 (W, Wxrmms Semn/ by ern /%) con 72 sim ¥ gincot

(g Yy £ By) = 2 Z(ﬁvmm Wymn: Zymn /b, @xmn /A7) sin % cos %! sinwt(1.5)

(w s, 8:) = 2 E(ﬁwmm W erams Zarmn/R) sin TTE gin 2TY

linTumwl

1.2.3 Lateral Boundary Conditions

To satisfy the truly stress-free boundary conditions over both of the upper and
lower lateral surfaces, i.e., 613 = 023 = 723 = 0 at z = + A2, we require

h W A? h A? h?
Cra(uz,= + ;\"s.r + T{x,r + _s“és.r) + C?S(“I., + E\f-'g.y + Tfs‘.s + "s-"‘lr.r)

+Caalde +hs) =0

h h? A3 h K2 K
Cra(uz,z = E\f-':.: + TE:.: - ?dz.s) + Caa(uyy — ;%,, + Tfy.: - ?éu.r)
+ Caz(ys = hE) =0 {1.8)
3h? 3 h?
Caalvy + héy + Téy +wy+ Ei’:,s + fo,x) =0
3h? h A2
Cua(hy — héy + Té: +wy — E\ﬁs,z + Tf:.:} =0

3h? h A2
Css{z + hés + T¢‘ +ws+ E\‘h.: + T{:,z] =0

3h3? h 2
Crs (Y. — hés + Téx +wz — EV"’;,; + %El.!) =0
Combining eqns (1.6) in pairs corresponds to
h? h?
Cra{us,s + Tc:,:) + Casfuyy + Tfu.:} +Cas=0
h? R
Cra(¥zs + TP+ Ol + Té,,,] +2C336: =0
ap? 2
Yyt —(—dytwy+ L{.,, =0
4 4
1
&+ F¥ew =0 (L]
ap? h?
¥s + Té: + iz + T{-.s =0
1
£x+ E“"l.t =0

Differentiating and equating of the above, we obtain the following relations in
the form of differential operators.

h? 8% a2
{2 - T(h ey + k2 g}} Bz = kyus 2z + katyps
k2 a2 82
{3— T“‘E*’b"a?}} §y = k1uzay + Kavg,uy (1.8)

K # _ 4 1. &# 1 8 4 1
{s(h&:+k‘2£§')‘3}¢s—h—zw.s—{i(klgi-iklﬁ}—h—z}\h—gk‘z\bm:y
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[P 82 4 1 1,1, & a2 4
{?(h§+ hﬂ—y,——)-il} by = e~ Fhivesy - {E(Ehﬁ +ka F} - I,—}\ﬁv
Yaz = =2¢;

4 4
fax = -—Fdf: = 3¢z — et

where k1 = C1a/Csa, ka2 = C2/Cas. The last two expressions may take alternate
form through the identities:

4
Eyxr =&z byx — by = m(\l’:.r = ¥y.s)

Therefore, the eleven-term 3-D modeling is reduced to one in terms of five
variables, i.e., 4, %y, w, ¥z, and +, in observing the 3-D anisotropic Hooke's law
and complete satisfaction of the over-all stress free boundary conditions over both
lateral surfaces.

1.3 Ritz Procedure

In order to solve the vibration problem via the energy variational approach, we
first formulate the strain eneraﬂ_and the kinetic energy for the 3-D model thick
orthotropic plate throvghout all its K layers. The strain energy is written as

K
1 .
U= 3 E {Cutfl + 2C1ze11e31 + Cazedy + 2C13ea1233 + 2Cnaenzeay + Caaely
k=1 VR

+Casnda + Cosvia + Cesz } v
Integration across the thickness in terms of the displacement components gives

a b
= %f [ {Anad s + Du(¥l o + 2uscbae) + Fy (€ 4 + 20z,0de,2) + Hu ol ,
1] o

+ 2Agzux s uyy + 2010 {uy, ys x + Ve yy + iz zty,y)

+ 2Fiz(Wy ytes + Ey bz + Yz atyy) + 2H12 bz,28y.y

+ A::u;’, + Dz:wi,, + 2uy,péy) + Faz [f:., + Ay pdyy) + Hﬂﬁi_,

+ 2413%x,2¥s + 2D1a(Vebs,z + Wathe,z) + 4F136¢2,2 (1.9)

+ 24z3uy ¥ + 2D2a(Wubyy + Wavyy) + 4Faslsdyy + Asav? + 4Das

+ Ay + wy) +2Da(dy + w.y) 3y + Exy) + Fan(38y + €24)°

+ Ass (Vs + ws)? + 2055 (s + w,2) (362 + €x,2) + Fos(3¢z + a2

+ Ass(uz,y + uy,z)” + Des [(%,, Uyl ey +uy )Gy + fy.:)]

+Fos [(€ey + Eu.) + 2(¥rw + Yu.2)bey + by,2)] + Hoa(bay +63,2)7 ) dody
In the mean time, the kinetic energy can be obtained as

K
1
T= z Z[ Pk {"?,: + “g,e +“§,:}‘“’
k=1 ""a
Integration across the thickness yields

s b
T= ‘:f[ f {11{“:,r+":_n +W?|)
o Jo

+ I (¥ + 2urebae + W5+ 2upabye + Y3, + 2wba) _ (10)
I ¢ + 2z oo + €3 + Ty by +63,) 4 I (62 (43 )} dedy
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where

K pxy
(Ai;, D5, Fij Hij) = Zf ch(17, 24, 5 )z, i,7=1,2,3,4,5,6
k=1

Fpe1

K pa
Zj pi(1,2%, 2%, 2%)d2
=12

According to the Ritz procedure, we take

(I, Is,1s, I)

ta
Jf (T-U)dt=0 {1.11}
iy

in which, the conﬁ%uration of the vibrating system is known at the instants ¢; and
ta. During a complete cycle of the harmonic motion, the maximum strain enerﬁy
Umaz and the maximum kinetic energy Trmas can be obtained by substituting the
double Fourier series expansion of eqn (1.5) into the energy formulation of eqns
(1.9) and (1.10), and integrating over the whole plate. The energy variation in
eqn (1.11) leads to

a8 8 a 3 3

(aum,. T/ T — ) (Trnas = Umas) = 0 (.12)

Since the problem is uncoupled for each individual mode m, n, eqn (1.12), in
turn, yields a system of typical eigen equations
[Klmn{X}mn = ﬂ?..,.[“]m{x}m (1.13)
m=12---;n=12,.---

where [K], [M] are the stiffness and masa matrices for the specific mode as shown
in the Appendix; and 2%, {X} the corresponding squared normalized natural fre-
quency and the normal modes respectively with flmn = wmn/p/C11.

1.4 Results and Discussion

All numerical computations in this work are based on material properties corre-
sponding to aragonite crystals as iollows:

Table 1.  Orthotropic properties

Ca3 /C11 = 0.543103 Ca3/C11 = 0.530172
C12/C11 = 0.233180 C13/C11 = 0.010776
C2a/C11 = 0.098276 Cu4/Cr11 = 0.266810
Css/C11 = 0.159914 Cee/C11 = 0.262931
€1 = 159.964 GPa ¥ =294

First, we calculate the natural frequencies of an orthotropic square plate with
thickness ratio hfa = 0.1. The normalized frequencies of the various modes are
listed in Table 2 in good agreement with the exact solution of Scrinivas and Rao
(1970) as opposed to the various approximation theories. Results of the first few
modes are plotted in Fig. 1 versus the thickness ratio for comparison. Also,
the normalized frequencies and buckling loads of the 3-D orthotropic rectangular
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plates are calculated and compared with varying aspect ratio a/b in Figs. 2 and
3 respectively. Overall, it is shown that our results are always the lowest and the
closest to the exact solution.

When a structure is in free vibration, we are usually concerned only with its
natural frequencies and normal modes. The actual displacement and stress fields
have drawn little attention from research. However, for the prevention of me-
chanical resonance in structural design and for the precise prediction of dynamic
response in modal analysis, importance of accurate and adequate natural frequen-
cies and normal modes cannot be overemphasized. To understand the internal
mechanism of the plate vibration, the relative magnitudes of displacements and
stresses are computed across the thickness to see if the distribution is reasonable
and if 3-D boundary conditions are completely satisfied.

By taking the fundamental mode as an important example, variation of the
3-D displacements, normal and shear stresses are calculated across the thickness
for thick plates of thickness ratios A/a = 0.1 and 0.3 respectively. The Numerical
results are shown in Figs. 4 to 12 in comparison with other thecries, on the basis
relative to the maximum central deflectior w§ .., and maximum longitudinal in-
plane stress of, ,.,, of the 0.3 thicker plate, in which the superscript p stands
for reference data of the present study. Significant increases are noted as the
plate thickness is increased. The in-plane stresses reach their maximum, while
the transverse normal and shear stresses all vanish at the lateral surfaces exactly.
Results of the present study are much lower than any other theories. This is a
reasonable indication because free vibration is the kind of motion, in which external
excitation is supposed to be vanishingly small. Especially noted in Fig. 9 is the
excellent antisymmetry of the normalized transverse normal stress with respect to
the mid-plane as compared to the unsymmetric distribution and nonvanishingness
at the lower surface for results obtained from HSDPT via the global-local approach.

1.5 Conclusion

A refined three-dimensional higher-order theory is developed for vibration and
stability of thick orthotropic plates. Consideration of all the stress-free boundary
conditions at both lateral surfuces and all four edges has reduced the eleven pa-
rameter theory in five variables. Numerical results obtained for natural frequencies
and critical buckling loads are in good agreement with Scrinivas and Rao’s exact
solution. Relative 3-D displacements and stresses are found reascnable across the

« thickness with significant plate thickness effects, as compared to the various ex-
isting shear deformation theories and local-global approach, and thus an essential
basis will be provided for further extension to a 3-D laminated plate theory for the
self-equilibrium of local surface traction and interface continuity of displacements
and stresses, even though their magnitudes are presumably vanishing under the
circumstances of free vibration.



