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Range and depth—averaged fields in ocean

sound channels
Renhe Zhang and Wang Qin
(Siate Key Laboratory of Acoustics, Academia Sinica)
EWQIE T, Acoust. Soc. Am., BT(1990), No.2, 63 AL %

Abstract By usc of the gencralized phase—integral gpproximation of the mode
depth function and representing the squarc of the depth function as a sum of
slow—varying and fast—varying components, a concisc expression of the average in-
tensity in an ocean channel is obtained by smooth averaging the intensities over
range and depth. This expression is not divergent and will degenerate into the
Brekhovskikh, Smith, and Weston one when the frequency approaches infinity. The
caustic corrections in the vicinity of the source and its conjugate depths and the con-
tributions of inhomogeneous waves are discussed and the numerical results for the
linear, bilinear, and canonical channels are given.

INTRODUCTION

The field in an ocean sound channel usually involves a great number of rays or normal
modes and has very complicated interference structure in space. Modern computers, in prin-
ciple, may calculate the acoustic field in the ocean involving the interference structure, how-
ever, it is necessary to accurately know the acoustic parameters of the medium everywhere
or a high price will be paid.For the long—range field, a small variation of the medium may
causc a great change of relative phases among rays or modes. As a result, the fine structure
of the field calculated is often inconsistent with observations, So, in many cases directly cal-
culating the average field is of practical significance. Brekhovskikh, Smith, and Weston
have deduced similar formulas of the average field (called the BSW formula)by using the
ray method ¢ ' the normal-mode method ¢ and the acoustic flux method ¢ %9
repectively. Although the BSW formula has an advantage in concise form and clear physi-
cal meaning, it has some defects in that the BSW formual diverges at source and its conju-
gate depths and does not reveal the frequency dependence of field.

In this paper, proceeding from the normal-mode theory and taking the generalized
phase—integral (GPI) approximation of the depth function, the range—and depth—averaged
field is discussed. Section I recapitulates the GPI approximation of the depth function and
its characteristics. SectionlI discusses the intensity smooth averaged over range and depth
for the receiver away from the source and its conjugaie depths. and Sec. ITI deals with the
caustic corrections in the vicinity of the source and its conjugate depths. Section IV
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examines the contributions of inhomogeneous waves to the whole field. Section V gives
some numerical resules and compares them with thosc from other methods.

I. GENERALIZED PHASE-INTEGRAL APPROXIMATION
OF MODE DEPTH FUNCTION

When the frequency is higher than the critical frequency of the underwater sound chan-

nel, the field of harmonic point source is mainly'detcrmined by the waveguide modes; that
is.

P= T, 0, N, e+, @

where z , and z are the source and recciver depths, v,and ¢ (z)are the eigenvalue and depth
function of the waveguide mode, respectively,

The exact solution for the function IIIJ(Z} is hard to get. The depth function near and
far away from the turning depths may be approximately expressed by using the Airy func-
ton and the WKB approximation, ¢7 resperctively. The GPI approximation with two
parameters for the depth function of the waveguide mode in underwater sound channel was
presented in Ref. [8]. Similarly, in this paper, the depth function ¥ f(z)is represented by us-
ing the following GPI approximation ‘> with one parameter E:

expl— [ v} — k*(») dy]

V20ER ) + 4T — skt

Z(qit
sin[ j: ,/kz(y)w—vfdy+rr/4]
v@= [ B O R@ T @
i
n<z<{,

(= 1) exp[ - I:, Vv =k () dy)

V2IED (2) + 4v] — 4k’ @)t

{(, <z,

where k(z)=w / c(z), E=0.875, b(z)=| dkz(z)/ dz | » and §is the cycle distance of

the mode, namely,
s ZJ‘“ v,dz @)
1= .
AR v

Here 5 ,and {, respectively, are the turning depths above and below the channel axis
and estimated from k(q:) = k((,) = v, .As shown in Ref. [8], the GPI approximation (2)

2

'?il..‘ ar f =l — Df -3
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degenerates into the WKB appoximation when z is far away from n,and { , and ap-
proaches the Airy function in the vicinity of the turning depths nn,and {,.In Fig.1, an exam-
ple of the depth function is shown, where the solid line, circular points, and dashed line de-
note the exact solution, GIP, and WKB approximations, respectively.

The GIP approximation (2) not only has a simple from and sufficient accuracy for cal-
culating the average field but it also has an important advantage that the square of v,(2)

can be easily represented as a sum of the slow—varying component w:(z) and the fast—va-
P
rying component ¥,{(z) ,namely,

2 PR Pt
¥,@=v,@)+v,(), @
where
I
[ exp[— 2[:‘ Jv; =k (»)dy]
SIE @)+ 4v] —ak’ @)’
z<n,
— [SE @+ k@ —v))7 '
v, (2) =1 )
n,<z<{,
exp[— ZI:J N v: - ki(y) dy}
SIED () + av) —ak’ @)t
{,<z,
and
¥ilz)

Fig.1 An example of the depth function
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[ sl JE o) -v] an)
VO=SEB mRm g mEEshe 6)

0, otherwise.

/1

. . 2 .
The function lﬁf(z) corresponds to the “direct—current” component of gb!(z) while
T
w:(z) corresponds to the “alternating—current” component. Figure 2 illustrates the dia-

_ T—
grams of ¥ (z), lﬁf(:)s'ﬂ' :(2)-‘”“1 4 :{Z}'

Clm )
w5 (1) ¥H 1) VI (e
nl‘:"‘,_“::- 1 —_—
1 -:::__:— EE‘
J——— —_—
T2 e % B
= ] "‘:'::-'___::}
=2 f—_‘_-:D E- 1 1
< 3 -
=S

Fig.2

Since the great majority cf energy of a waveguide mode is concentrated on the range
between its upper and lower turning depths, in most cases, it is permissible to take

{SEb’ @)+ K @) =1}, <2<,

0, otherwise.

/3

mz{ M

II. INTENSITY SMOOTHLY AVERAGED OVER RANGE AND DEPTH

This section mainly discusses the average filed for the receiver away from the source
and its conjugate depths. From Eq.(1), the sound intensity is obtained as

He 2,0 =22 Tule Wi,
+ 2 T, W WL G W exlit, — v ), @®

where the first part varies with r slowly and smoothly and the second part, including all
cross terms, oscillates with r rapidly.

Fo-sebcert—Pra
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Hr
Smooth—~averaging over range and depth means that the operators (Ix’.ﬂ.:r)jo eeedx

and (1/ Az)j':x---dy are applied to I{z, + y,z, + y.,r + x).

Notethat (v, —v, )=22/5,, if Ar> S, the cross terms in Eq.(8) can be omitted
by smooth—averaging over range. Then, from Eq.(8), onec obtains

a’
A—};L I(z,,zz,r+x}dx=§r£§:wf(z‘)\bf(zz)vr ©)

By smooth—averaging over depth then, the intensity averaged over range and depth
can be written as

1,620 =2 S0l Wiy, 10
where
31, . 1 [, 2
VG WG =R Wi, WG, + . an

It can be seen from Eq.(6) that the maximum oscillating period Z , of fast~varying com-
e

ponent is w:{z} is located near the turning depth n,and { is given by

5 %{3::/2)’” o GBz/2)"" 12)
' bl”(qf) b”"({;)

When the sliding window A z is greater than Z ,and the receiver is away from the

source depth z and its conjugate depth z 1- (where the sound velocity is the same as that at

N
the source ), the fast—varying componcnt ¥,(z) can be omitted by smooth—averaging over

depth, and then the following approximation may be taken:

VG Wz, i) Vi), (13)

where w:(z)is given by Eq.(5) or (7). Use I”(zl,zz,r)to denote the average intensity
when the receiver is away from the source and its conjugate depths. Substituing Egs. (13)
and (7) into Eq. (10), one gets

8n
Iop(z,2,0)= % ;v,/sf[gb’”(zln Kz )—v1" x

x B *(2,) + k(z,) - vI1'"2, (14)

Since the terms of series (14) vary slowly with /, the summation can be approximate by
the corresponding integration with respect to /. According to the relationship between the
eigenvalue of a mode and the grazing angle of the corrcsponding eigenray, one has

v, = k(h cosa, = k(z )eosa = k(z,)cosa,, (15)
5
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dl =S k(h )sina da /21 , (16)

where & , o and ,are the grazing angles at the channel axis hn , source depth z,, and
receiver depth z , ,respectively, for the eigenray corrsponding to the / —th mode. By using
Eqs. (15) and (16), the smooth—averaged intensity I, can be expressed as
sin(2a )dar |

S, )D(z ) +sin’w 1'7*(D(z,) + sin’a ]

I”(zi,zz,r)={2C1C3/rC;)I =T an

where ¢, = c(h ), ¢, = ¢z )c, = c(z,),and

D(zJ=E' 1 dC(z)

!_t?dz

2/1

(18)

Here, the integral variable & is positive and the limits of integration in Eq. (17) are deter-
mined by the corresponding cigenrays. The formula (17) can also be generalized to the
directional source asin Ref, [10]).

Note that D(z:) = D(zz) = Qwhen the frequency is infinity. So,,when [=oo, the
smooth—averaged intensity [ srdegenrates into the Brekhovskikh, Smith, and Weston for-

mula of average field' ~*:

_2C1C2J' sin(2¢tn}dcr:cII 19)

W rC: .5'{{:!“).&1:'1::lsim:t2 ’

It is easy to show that the intensity J becomes infinity when z , =z or z =2

BSW 2 1

and is independent of the frequency.

. CAUSTIC CORRECTIONS AT THE SOURCE AND ITS
CONJUGATE DEPTHS

It is well understood that average field has large peaks at the source and at its conju-
gate depths due to caustics. "> ' '¥ Obviously, the peaks should not be infinity and their
height and width should be dependent of the frequency and the velocity profile. This sec-
tion discusses the average intensities in the vicinity of those depths.

Whenz, ~z orz, =z ; » Eq.(13) needs to be corrected. Near the sounce depth, let

Vi Wi, +O=FEWlE,) vi, +0, 0)

where F({)is the correction factor. Taking account of Egs. (4)-(6)and(11), for n,<z <z,
+{<(,,onegets

Fa¥ 4 . LN +r+d
FOx1+={ o Jr,0)- 7 dyz. @n
ZJy 3y +r

ar gog--mi— Pt -1 gy
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When the receiver is located near the source depth, the modes for which theturning depths
are close to the source depth [i.e, n, xz@ndv, =~ k(z])] make the main contributions to

the ficld. For those modes ncar the source depth. the linear approximation k ! (y)—v :

=~ bz l}(y -z ]) may be taken. Then, from Eq(21). one yields
/1

& e+ oY -
F(&)~1+ ﬁ n cos( s 3 )dz. (22)
From Eq.(22),it is easy 1o get
F(0)=3/2, (23a)
F(0)=0, (23b)
F'(0)= —bAz. (23¢c)

Obviously, the function F({) dependent of the width Az the sliding window. It may be
/13 1/3

reasonabletotake Az =2 ~(3n/2)" /b "(z ,)- Thus Eq.(23c) becomes

/3

F(0)= —[3rb(z )/ 2. (24)

According to Eqs.(23a),(23b),and (24), the correction factor F(¢{) may be
approximately expressed as

F@ ~ 1+ Sexp(— £/ 8D, @5)
where
5=12/3nb(z, "> =[ | 3naz Je(z,) |1 26)

Here, the quantity § denotes the lobe width of F(£), and a(z \) is the relative velocity gra-

dient.Equation(26) shows that the higher frequency and the greater the velocity gradient,

L]

the narrower the lobe width. For example, if a(z ) =10 " m “'and k(z )= 4m ~(near at

the frequency of 1 kHz), one has 4 =8.7m. By using Eq.(25),the average intensity in the vi-
cinity of the source depth can be rewritten as

I (z,z, +&n)=[1+ %cxp(h g /"(52)]15‘,(2!,:t + &), @27

where I, is evaluated from Eq.(17). Equation (27) shows that
I,(Gzz, +&n)=1,(z,,z, +§r)

except in a narrow range of the receiver depth near the source where

3
1,G2,)=31,G .z 0)

"Calculation the average intensity in the vicinity of the source conjuate depth is rather

7
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complicated. Here, only the average intensity exactly at the conjugate depth is given, that is,

I,(z,,2, V=GB ,(z,,2 1), (28)
where
ix
1 (B —1)0
and
B =max{{b(z,)/ b(z )" [b(z. /b N7} (30)

In Fig.3, the diagram of G(B) is shown where G(1})=3 / 2 and G(eo) =1,

ciBy
1y

0 M/\F-—x,_
1 3 . 5
Fig. 3 Diagram of finction G(B)

IV. CONTRIBUTIONS OF INHOMOGENEOUS WAVES

Most theories of the average fieid did not take account of the contributions of
inhomogeneous waves. In Egs. (7),(14), and (17) mentioned above the inhomogencous
waves out of the upper and lower turning depths are neglected as well. In this section , the
contributions of inhomogencous waves to the whole field will be examined. For
definiteness, assume that the source and receiver are above the channel axis, namély.zl<
. Taking account of the inhomogeneous waves, the expression (17) of the smoothaveragx;:l

intensity becomes

sin(2a Jexp{ — %[ - Esinza: / D(Z,)]w}

;g 2C'C:J
= + da
S ey JS@)D(z,) +sin’e ] (DG, — dsin’a ) °
2. C
L2 j(sm(zan)exp{-f{—zsin’a /D W
rc 3 ! '

— 30 Esin’a, / DG )P} /{ S(a,)D(z,)

=,

- ?_) Y] __'l)_‘ e
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—4sin’a ] [D(zz)—-4sin3a1]”z})dau G1)

where
sinza' =1- [(c1 / cn)cosuolz, sin:n:z =1-— [c2 / co)cown]z. (32)

The two integrals in the right side of Eq.(31) are the contributions of the inhomogeneous
waves. The numerical result later shows that the contributions of inhomogeneous waves are
very small.

V. NUMERICAL EXAMPLES

For the linear, bilinear, and canonical channels, the smooth—averaged intensities have
been calculated by means of Eqs. (17), (27), and (28),and then the comparison of the results
to those in Refs. [11] and {12] cab be made.

A. Lincar channel

In Ref. [1], the average intensity is expressed as

I(zl,zz,r)=[l/ro(zt,zz)](l/r), ._(33)

where r is called the transition distance. Refcrence [11] has directly calculated the
incoherent summation of normal modes[ correspond to the first part of the right side in
Eq.(8)] and regarded it as the average intensity. Thus the transition distance 7 o8t various
source and receiver depths can be determined. For the linear profile of Fig.4 and the fre-
quency of 100 Hz , 88 normal modes have been calculated. '

Hoy n rfur

Libm)

Fig. 4 Average intensities in a linear channel

Figure 4 shows the reciprocal 1/ roli.e.f(z;.z,r)r] versus the receiver depth for the
source depths of 400 and 1750 m, respectively, where the solid lines denote the results from
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