CRC
Standard
Mathematical
Tables

26th Edition

Editor of Mathematics and Statistics

William H. Beyer, Ph.D.

Professcr of Mathematics and Statistics
and Head cf the Department of Mathematics
and Statistics, University of Akron, Akron, Ghio



This book 1 presents mformation obtamed from authentic and highly regarded scuee Re
Brinted matcrial s quoted with permissior, and sources are ndicated A wade varte'y »f referonces
#re histed Lve v reasonable effort has beeu mid» to 2ive ~ehinbie data and snformation ha the
puthor ind the » ¢ anto. A.Su T ruspen Vs tor the vahidity of all mate jals 1 > the
gonsequen s¢ the  use

Al nghts e ed This bnok or v paris (ner may not be reproduced i any ‘orn withua
¥ritten v o the publisher

Direc ¢ 3 aaurres 10 CRC Press 1me 200x Cerporate Bhd N W Bo Ruon bFor ds
13431

1981 by Cha M1es | I
coond Friging 1982
) LY

© 1974,1978, 1976, 1978 1981 by CR( Press Inc
1963 1965, 1967, 1968, 1969 1970, 1971, 1972, 197 by Tne £ hemice Rubror Co

LAl f}lghla Reserved !
Litra-y of €ongress Card NG 30 4052
f~ternational Standard Book Naqs0-8493-06.26-4



TABLE OF CONTENTS

Greek Alphabet . .. ... .. e e i
The Numberof EachDay of the Year. . ... .o iieeiiriin et in i, 1
1. CONSTANTS AND CONVERSION FACTORS. . ..., . . .ottt 2
SISystem Of MEaSUTEMent. . .. ... ... o i e, 2
ConVersioN Factors. ... ... ..ottt e e 3
Metricto English/EnglishtoMetric........ .. ....... ... 3
General..............o0vvvvnn e e et e e 3
Temperature FACtOrS. . ... .. ...ttt iiiseneinne et annea. 4
Decimal Equivalents to FractionsofanInch.. .. ........... ... .. ..ot 4
Physical CONSLANES . .. oot vttt iaeirunn s rsmneasanaaarasaananaarannsns 5
Miscelianeous Math Constants/Number Containing ®,€ ... ........coovievann... 5
1. ALGEBRA . .. it e e e e e 5
Factors and Expansions, Powers and Roots, Proportions
Progressions, Solutions of Equations, Partial Fractions .......................... 7
Algebraof Sets. . ... ... veii e e e 16
Matrices and Determinants. . .. .. ... oo i i 26
III. COMBINATORIAL ANALYSIS . ... i i e i i iea ey 49
Positive Powers 0f TWo. .. oottt ittt ittt i ia s 49
Negative POWers Of TwO . ... ottt it ittt it it s e 50
Sums of Powers Of INtegers ... ........ccuuunnr it iiaaee it annans s 51
Sums of Reciprocal Powersof Integers. . . ... it aen, 52
Factorials, Factorials and their Logarithms, Reciprocals
of Factorialsand Their Logarithms. ... ............... ... ... .o ooilt, 56
Permutations P(n,m). ... .. e e e e e e e 59
Combinations (%) = Clnm).............. e e 60
Properties of Binomial Coefficients ............. ... ...ttt iiiiiienioean 64
Positional Notation/changeof Base .. .....ccovii it 65
Binaryand Octal Scales. . ..., ittt e 67
Octal — Decimal ConversION . . ...t ie et ettt e it cia et en 68
Hexidecimal and Decimal Conversion. ......... A 75
Primes — 110 000,000, . . ... .ttt et e s 84
Factorsand Primes .........................cou0 e 92
Totient Function . . . ... . e 102
Indices and Power Residues . . ...t ciniiie it ieininie e rrnenons 108
Primitive Roots for Primes3t0 5003 ........... ... ... iiiiiiiana, e i3
V. GEOMET RY ..ottt ittt e ettt it s aisaas s ienaanns 119
Mensuration Formulas: Plane Figures and Solids. .. ............. A 119
V. TRIGONOMETRY . ..vviiiiiiiineriinnrseecntinaeres e e 132
Formulas for Use in Trigonometry . .. ........oiiiiimiiniiniieiaineenennn. 133
Formulas for Use in Spherical Trigonometry. ... ... ......... ... ... ... ... 145
Degrees — Radians, Radian — Degrees Conversion Tables ...................... 149
Natural Trigonometric Functionsto FivePlaces. ................. oo 151
Natural Trigonometric Functions — Sine,
Tangent, Cotangent, Cosine for AnglesinnxRadians......................000. 174
VI. LOGARITHMIC, EXPONENTIAL, and HYPERBOLIC FUNCTIONS ............ 175
Laws of Exponentsand Logarithms . . ..........oiiiiiiiiiniiiiiinniininans 175
Five-Place Mantissas for Common Logarithms ... ... . ... ... ............... 181
Naturalor NaperianLogarithms. .. ........ ... i iiiiiiiii i 199
Exponential FUNCHONS .« . ov ottt e iee ettt e ioaae e rineaeeasnnessens 207
Hyperbolic Functions: Formulas. . . . ........ ... ittt 214

Inverse Hyperbolic Funetions: Formulas. ............... .ol 221



Gudermannian Function: Formulas . . . .. ... . e e 24
Hyperbolic Functions and Their Common Logarithms ..................... ..., 227
Exponential and Hyperbolic Functions fornx.................. ... e . 238
Inverse Hyperbolic FUNCLON L .. L i e e, 237
Gudermannian FUunction . ... . it iiia i tita i, 242
Inverse Gudermannian Function. . ... . ... .. .. it iiiriinr i, 244
VII. ANALYTICGEOMETRY ... o i e e 245
Formulas for Use in Analytic Geometry. . ... .t iinieerianan. 245
Rectangular CoordinatesinaPlane ... ... ... ... .. ... i i 245
Oblique Coordinatesina Plane.. ... . ... .. ... . oo i 251
Polar Coordinates ina Plane. . ... ... . . it it 254
Rectangular Coordinates inSpace. .. ... .. it 255
Cylindrical and Spherical Coordinates . . .. .. .. ... ... .. . ., 262
Curves and SUITaCES ...ttt it ittt i ee i ia e e e e 263
Plane CUIVES .« oottt it e et e e e e e ey 263
Quadric SUMTACES . .. ..o e 276
VHIL. CALCULUS . o e e e e e 279
D r VALV S v v v vt et et et e e e e e e PPN 279
5T 1< 4 1 4o ¢ O 283 .
Elementary FOrms. .. ..o e e e e e 288
Forms Containing (@ + bX) oottt e 289
Forms Containing ¢ £ X%, X2 = €0 L . i e 291
Forms Containinga + bxandc + dx ... ... i 292
Forms Containing (a + bX™) ... o e e 292
Forms Containing €' £ X7 L i i i i it e et e e 295
Forms Containing c* £ X ... i e e 296
Forms Containing (@ + bX + CX). ettt ettt it in s 296
Forms Containing v/ @ + bX. .. e intinnr it it i i 298
Forms Containing v a + bx a.nd f e 300
Forms Contaiming v X £ a2 . o 301
Forms Comtaining v/ ak = X5 . . s 304
Forms Containing va £ bx + cXF ... o e 307
Forms INvoIving v 2aX = X% o o e e 309
Miscellaneous Algebraic FOrmS. .. .. . i i i e i e 310
Forms Involving Trigonometric Functions .. ... .. .. ... ... ... .. . ... .... 312
Forms Involving Inverse Trigonometric Functions. ... ....... ... ... ........... 324
Forms Involving Trigonometric Substitutions. . ............ ... ... ... ... .... 327
Logarithmic Forms. .. ... ... kra)
Exponential FOTMS ... ... 330
HyperbolicForms ... ... .. .. . e 334
Definite Integrals. . ..o e s 337
Series Expansions, Binomial, Reversion of
Series, Taylor, Maclaurin, Exponental, Logarithmic, Trigonometric. ............ 347
VeCtor ANALYSIS . o\ e 351
Moment of Inestia for Various Bodicsof Mass .. ... .. . . . ... . 366
IX.  DIFFERENTIAL EQUATIONS . 367

Methods of Solution: First Order-First Degree Equations,
Linear Equations with Constant Coefficients, Cauchy Eqguation,

Bessel's Equation, Legender’s Lguaticn ......... ... ... ... 367

Special Formulas: n”” Order tquation with Constant Coefficients .......... ...... 370

X. SPECIAL FUNCTIONS ... e 385
Complex Variables ... e e 385

Table of Real and Imaginary Parts, Zeroes, and Singularitics. . .. ... ... ... . ... 389

Table of Transformations of Repions. ... o e 391

Gamma FUNCUOI .. .. v e o et e e e e 358



Beta FUNCHion ... i e 400

ErrorFunction..............civvevniiinn s B 400
Bessel FUNCUIOMS . ., .. ittt et e ettt e 401
Bessel Functions Jo(X) and Ji(X) . o oo vvnoninin e et e 408
Bessel Functions for Spherical Coordinates. ...............ccoviiiiriiniinn.,. 406
Hyperbolic Bessel FUNCONS ... vvvvvneentineereneeerrerarerannnnnneans 407
Elliptic Integrals of the First, Second, and Third Kind. .. .....coeoiivie ..., 408
Elliptic Integrals of the First Kind. . . ... it i iiiiiiiicinin e, 410
Elliptic Integrals of the Second Kind. ................. e e r et e 4i4
Complete EIiptic Integrals. ... ... ovvuuen it vasearsonrianiesnasonronaennesns 418
Sine, Cosine, and Exponential Integrals...................ooiiiiiiiiiiiiaL, 421
Orthogonal Polynomials — Legendre, Tschebysheff,
Jacobi, Laguerre, Hermite. . ... .o vet i et ii et innitiiena e, 424
Coefficients for Orthogonal Polynomials, and for x* in terms
of Orthogonal Polynomials . . ... ... .. . . . . ... . i, 428
Legendre FUnCtions. ... ... ..ottt iae et it ie e iaaneeenn, 431
Surface Zonal Harmonics ..........cciiiiiiiiiiiiiiiiinnans. W 434
Bernoutli and Euler Numbers — Polynomials.................... ... . ... 442
Coefficients of Bernoulli and Euler Polynomials ...................0oovvnv.... 444
Bernoulli Numbers . .. ... oo i i e e 445
Euler NUmbers. .o i i i e e e s 446
Bernoulli and Euler Polynomials. . . .. ... .. o i 447
SuUrling NUmMbers . .. .o e e 449
| 1T Ty g T PP 451
Fourier Expansions for Basic Periodic Functions ............................... 455
Fourier Transforms. ........ e e e e e e 457
Laplace Transform . ... ... ... i i e 464
The Z-TransfOrm .o i i e e e e e 474
Xl NUMERICALMETHODS. ... it it ettt et iaiaiaeen, 479
Finite Differences ... .. ... ... . i e e 479
Interpolation Formulas .. ... ... ... ... . e 482
Differentiation Formulas. . . ... .. ... .. 499
Integration Formulas .. ... ... .. . e 501
XII. PROBABILITY AND STATISTICS ..ot iie et e e e e 503
Descriptive Statistics: Definitionsand Formulas. ............................... 503
Probability............ e e 51}
Probability Distributions . . ... .. . . 518
Summary of Significance Tests: Testing
for the Value of a Specified Parameter. ... . ... v, 524
Summary of Significance Tests: Comparison
of Two Populations ... ... . . e 525
Summary of ConfidenceIntervals. . ... ... ... ..ttt iinereiiinrienniinn... 526
Normal Distribution .. ... 527
Cumulative Tarms, Binomial Distribution. ... ... . .. .t i, 537
Cumulative Teamns, Poisson Distribution. . ....... A 542
Percentage Foints, Student’s £-Distribulion. . ... ... o in i i, 547
Percentage Points, Chi-Square Distribution . ... ... ..o . 543
Percentage Points, F-Distribution. .. .. ... . 549
Random Units . .. i e 558
XIL FINANCIAL TABLES ottt ittt e e e £60
Formulas for Interest Tables . ... .. ... . e e i e en, 560
Amount at Compound Interest (I + ) ... ... ...t e 561
Present Vaiue 1/(1 + D) . . o e e 579
. Compound Amount of 1 for Fractional Periods (1 + ", .......... ..ol 537
I X .. 501



GREEK ALPHABET

Greek Greek English Greek Greek English
letter name equivalent letter name equivalent
Aa Alpha a N v Nu n
B3 Beta b E¢ Xi x
Ty Gamma g Oo Omicron [V}
AS Delta d N» Pi p

| Epsilon 8 Po Rho r
Z: Zeta 1 Zos Sigma (]
Hn Eta 8 Tr Tau t
RN Theta th Tv Upsilon u

I Iota i L ) Phi ph
K « Kapps k X x Chi ch
A Lambda 1 v Psi ps
My Mu i m i Qw Omega 5

THE NUMBER OF EACH DAY OF THE YEAR

Day Day
of | Jan, Feb, Mar. Apr. May Jun, Jul. Aug. Sep. Oct. Nov. Deec. | of
Mo. Mo,
1 1 32 g1 121 152 182 213 244 274 305 1
2 2 83 81 92 122 153 183 214 245 275 308 338 2
3 3 34 62 93 123 154 184 218 246 276 307 337 3
4 4 as 04 124 1585 185 216 247 277 308 338 4
5 5 36 o4 95 125 158 186 217 248 278 3090 339 5
é 4] a7 ar 04 126 1587 187 218 249 279 310 340 [ ]
7 7 38 [ 97 127 158 188 219 250 280 31t 341 1
8 8 39 e7 98 128 159 © 180 220 251 281 812 342 8
] 9 40 68 9 i206 160 190 221 232 282 313 343 ]
10 10 i1 89 1 130 181 191 222 253 283 314 344 i0
11 11 42 70 104 131 162 192 223 254 2 315 345 11
12 12 43 71 102 132 1683 193 224 255 285 318 346 12
13 13 +H 72 113 133 184 104 228 258 288 317 347 13
it 14 5 73 104 134 i65 185 228 257 287 318 348 14
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20 51 0 1iQ0 140 171 201 232 263 295 324 354 20
21 21 24 80 111 141 372 202 233 284 2904 325 355 21
2 22 33 81 112 142 173 203 234 265 205 326 356 22
33 23 5l 82 113 143 174 204 235 288 208 327 357 23
o4 24 3 83 114 144 175 205 236 207 297 728 458 2
20 25 bisi) B4 115 146 176 206 237 288 248 329 359 25
29 28 &7 83 ilg ] 177 207 238 269 99 330 360 26
2 7 58 88 117  I47 178 208 239 270 300 331 36! 27
23 28 50 a7 113 148 179 209 240 271 301 332 362 28
29 29 hd 88 119 1s0 210 241 272 302 333 363 29
30 30 89 120 350 181 211 242 273 303 334 384 30
31 31 90 151 212 243 254 365 a1

* In loap yoern, wfter February 28, r'id 1 to ths tabulated nuraber.



I. CONSTANTS AND CONVERSION FACTORS

SI SYSTEM OF MEASUREMENT
SI, which is the abbreviation of the French words “Systéme Internationale
d’Unites,” is the accepted abbreviation for the International Metric System, which
has seven base units, as shown below.

UNITS FOR A SYSTEM OF MEASURES AS

USED INTERNATIONALLY
Quantity measured Unii Abbreviation

Length meter m

Mass kilogram kg

Time second 5
Electric current ampere A
Temperature degree Kelvin K
Luminous intensity candela cd
Amount of substance mole mol

RECOMMENDED DECIMAL MULTIPLES

AND SUBMULTIPLES
Multiples and
submultiples . Prefixes Symbols
108 exa E
}O] 3 pecta F
103 tera T
107 giga G
iQ® riega M
10° kilo K
107 hecto h
10 deca da
o™ deci d
100? centi [
103 milli m
10 ® miciv 4
(greek mu)

10 nann n
ju ! Dl P
UM femio t

&

g "e ity



CONVERSION FACTORS

Conversion Factors ~ Metric to English

To obtain Multiply By
Inches Centimeters 0.3837007874
Feet Meters 3.28083989S§
Yards Meters 1.093613298
Miles Kilomete;s 0.6213711922
Ounces Grams 3.527396195 % 1077
Pounds Kilograms 2.204622622

Gallons(U.S. Liquid) Liters
Fluid ounces Milliliters (ce)
Square inches Square centimeters

0.2641720524
3.381402270x 1077
0.1550003100

Square feet
Square yards
Cubic inches
Cubic feet
Cubic yards

Square meters
Square meters
Milliliters (cc)
Cubic meters
Cubic meters

10.76391042
1.195990046

6.102374409 x 10

35.31466672
1.307950619

Conversion Factors — English to Metric*

To obtain Multiply By
Microns Mils 254
Centimeters laches 2.54
Meters Feet 0.3048
Meters Yards 0.9144
Kilometers Miles 1.609344
Grams QOunces 28.34952313
Kilograms Pounds 0.45359237
Liters Gallons {U.S. Liquid) 3.785411784

Milliliters (cc)
Square centimeters

Fluid ounces 29.57352956
Square inches 6.4516

Square meters Square feet 0.09290304

Square meters Square yards 0.83612736
Milliliters (cc) Cubic inches 16.387064

Cubic meters Cubic feet 2.831684659 x 10°?
Cubic meters Cubic yards 0.764554858

Conversion Factors — General*

To obtain Multiply By
Atmospheres Feet of water @ 4°C 2.950 x 107?
Atmospheres Inches of mercury @ 0°C 3.32x 107
Atmospheres Pounds per square mnch 6.804 X 1072
BTU Food-pounds 1.285x 107
BTU Joules 9.480 x 10°*
Cubic feet Cords 128

*Boldface numbers are exact; others are given to ten significant figures where so
indicated by the multiplier factor.



CONSTANTS AND CONVERSION FACTORS

Conversion Factors — General (Continued)

To obtain

Degree (angle)

Ergs

Feet

Feet of water @4°C

Foot-pounds

Foot-pounds

Food-pounds per min

Horsepower

Inches of mercury:
@0°C

Joules

Joules

Kilowatts

Kilowatts

Kilowatts

Knots

Miles

Nautical miles

Radians

Square feet

Watts

Multiply

Radians

Foot-pounds

Miles

Atmospheres
Horsepower-hours
Kilowatt-hours
Horsepower
Foot-pounds per sec
Pounds per square inch

BTU
Foot-pounds
BTU per min
Foot-pounds per min
Horsepower
Miles per hour
Feet

Miles

Degrees

Acres

BTU per min

Temperature Factors
°F=9/5(CC)+32

By

57.2958
1.356 x 10’

5280

33.90
1.98 x 10°¢
2.655 x 10¢
3.3% 10
1.818 x 107?
2.036

1054.8

1.35582
1.758 x 107?
226 X 10°°
0.745712
0.86897624
1.894 x 10*
0.86897624
1.745 x 1072

43560

17.5796

Fahrenheit temperature = 1.8 (temperature in kelvins) -459.67

°C=5/9 [CF) - 32)

Celsius temperature = temperature in kelvins -273.15
Fahrenheit temperature = 1.8 (Celsius temperature) +32

DECIMAL EQUIVALENTS OF FRACTIONS OF AN INCH

1732
1716 2732
3/32
1/8 4/32
5/32
3/16 6/32
7/32
1/4  8/32
9/32
$/16 10/32

1/64 = 0.015
2/64 = .031
3/64 = 046
4/64 = 062
5/64 = 078
6/64 = .093
7/64 = .109
8/64 = 125
9/64 = .140
10/64 = .156
/64 = 171
12/64 = 187
13/64 = .203
14/64 = .218
15/64 = .234
16/64 = .25
17/64 = 265
18/64 = .281
19/64 = 296
20/64 = 312
21764 = 328

625
28
875

.5

125
75
378

625
25
875
5
125
75
375

625
25
875
5
125

3/8

7/16

1/2

9/16

5/8

11/32 22/64 = 0.343

23/64 = .359
12/32 24/64 = 375
25/64 = 390
13/32 26/64 = .406
27/64 = 421
14/32 28/64 = 437
20/64 = 453
15/32 30/64 = .468
31/64 = 484
16732 32/64 = .50
33/64 = 515
17/32 34/64 = 531
35/64 = 546
18/32 36/64 = .562
37/64 = 578
19/32 38/64 = .593
39/64 = 609
20/32 40/64 = 625
41/64 = 640

21/32 42/64 = 656

s
375

625
25
875
5
125
75
375

625
25
875
5
125
75
378

625
25

11/16 22/32
23/32

3/4 24/32
25/32

13/16 26732
27/32

7/8 28732
29/32

15/16 30/32

31/32

43/64 = 0.671
44/64 = 687
45/64 = .703
46/64 = 718
47/64 = 734
48/64 = 75

49/64 = .765
50/64 = 781
51/64 = 796
52/64 = 812
53/64 = 828
54/64 = 843
55/64 = 859
56/64 = 87§
57/64 = .890
58/64 = 906
59/64 = 921
60/64 = .937
61764 = 953
62/64 = 968
63/64 = .984

875
5
125
75
378

625
25
875
S
12§
75
375

625
25
8758
5
125
75
375



MISCELLANEOUS CONSTANTS

PHYSICAL CONSTANTS

Equatorial radius of the earth = 6378.388 km = 3963.34 miles (statute).

Polar radius of the earth, 6356.912 km = 3949.99 miles (statute).

1 degree of latitude at 40° = 69 miles.

1 international nautical mile = 1.15078 miles (statute) = 1852 m = 60756.115 ft.
Mean density of the earth = §.522 gfem® = 344.7 lb/ft>.

Constant of gravitation, (6.673 + 0.003) X 10-*cm® gm ' s7%.

Acceleration due to gravity at sea level, latitude 45° = 980.665cm/s? = 32.1740 ftfsec?.
Length of seconds pendulum at sea level, latitude 45° = 99.3574 cm = 39.1171 in.

1 knot (international) = 101.269 ft/min = 1.6878 ft/sec = 1.1 508 miles (statute)/hr.
1 micron = 10°* cm.

1 angstrom = 10°* c¢m.

Mass of hydrogen atom = (1.67339 + 0.0031) X 1072* &

Density of mercury at 0°C = 13.5955 g/ml.

Density of water at 3.98°C = 1.000000 g/mi.

Density, maximum, of water, at 3.98°C = 0.999973 g/em’.

Density of dry air at 0°C, 760 mm = 1.292% g/liter.

Velocity of sound in dry air at 0°C = 331.36 m/s - 1087.1 ft/sec.

Velocity of light in vacuum = (2.997925 * 0.000002) X 10'° cm/s.

Heat of fusion of water 0°C = 79.71 cal/g.

Heat of vaporization of water 100°C = 539.55 cal/g.

Electrochemical equivalent of silver 0.001118 g/sec international amp.

Absolute wave length of red cadmium light in air at 15°C, 760 mm pressure = 6438.4696 A.
Wave length of orange-red line of krypton 86 = 6057.802 A.

n CONSTANTS

= 3.18150 26535 89793 23846 26433 83279 50288 41971 69399 37511
I/n = 0,3183098861 83790 67153 77675 26745 02872 40689 19291 48091

nt= 9.8690 44010 89358 61883 44909 99876 15113 53136 99407 24079
log,t = 1.14472 98858 49400 17414 34273 51353 05871 16472 94812 91531
logiex = 0.49714 9872694133 85435 12682 88290 89887 36516 78324 38044
log../ 28 = 0.39908 99341 79057 52478 25035 91507 69595 02099 34102 92128

CONSTANTS INVOLVING e

¢ = 2.71828 18284 59045 23536 02874 71352 66249 77572 47093 69996

[/e = 0.3678794411 71442 32159 55237 70161 46086 74458 1113103177

e = 7.38905 60989 30650 22723 04274 60575 00781 31803 15570 55185

M = log,.e = 0.43429 4481903251 82765 11289 18916 60508 22943 97005 80367

1/M = log,10 = 2.30258 50929 94045 68401 79914 54684 36420 76011 01488 62877
logwM = 9.63778 43113 00536 78912 29674 98645 10

n° AND " CONSTANTS

22.45915 77183 61045 47342 71522
23.14069 26327 79269 00572 90864
e 0.04321 3918263772 24977 44177
eAr 4.81047 73809 65351 61547 30357
=o't = 0.20787 95763 50761 90854 69556

2
"

e

[ ]

NUMERICAL CONSTANTS

V2= 1.41421 35623 73095 04880 16887 24209 69807 85696 71875 37695
/2 = 1.25992 10498 94873 16476 72106 (7278 22835 05702 51464 70151
log.2 = 0.69314 71805 59945 30941 72321 21458 17656 80755 00134 36026
log..2 = 0.3010299956 63981 19521 37388 94724 49302 67881 89881 46211
V3 = 1.7320508075 68877 29352 74463 41505 87236 69428 05253 81039
1/3 = (.44224 95703 07408 38232 16383 10780 10958 83918 69253 49935
log;,3 = 1.09861 22886 68109 69139 52452 36922 52570 46474 90557 82275
loged = 0.47712 12547 19662 43729 5027903255 11530 92001 28864 19070

OTHER CONSTANTS

Euler’s Constanty = 0.57721 56649 01532 86061
log.y = —0.54953 93129 81644 82234
Golden Ratio $ =  1.61803 39887 49894 84820 45868 34365 63811 77203 09180



CONSTANTS AND CONVERSION FACTORS

NUMBERS CONTAINING »

Number Logarithm Number Loganthm

r 11418 927 0 4971 499 2x! 19 7390 088 1 2953 297

2r 6 2831 853 0 7981 799 mhn 00174 533 82418 774 - 10

3x 9 4247 780 09742 71t 180/m 57 2957 795 17581 226

4r 125663 706 | 0992 099 an 39.4784 176 1 5963 597

2] 251327 412 | 3002 199 i/e? 01013 212 90057 003 - 10

»/2 1 5707 963 01660 199 112ty 00506 606 87046 703 - 10

x/3 10471 970 0.0200 286 114n%) 00253 303 4036 403 - 10

x/4 07853 942 9 8950 X99 - 10 VI 17724 539 0.2485 749

w/6 09235 9%y 9 7189 986 - |0 Vi

v/t 03926 991 95940 S99 - 10 N 0BKb62 269 99475 445 - 10

2x/3 20943 951 03210 586 A 04431 135 9.6465 149 - 10

ar/} 41887 902 06220 886 Vi 1.2533 141 0.0980 599

1/= 0%y 099 9.502%8 20t - 10 N3 0.797% K46 99019 401 - 10

2w 06366 198 9.8038 80} - 10 " 31,0062 T67 1.4914 496

4/x 1.2732 395 0.1049 101 L 1 4645 919 0.1657 166

1/(2x) 0.1591 549 92018 201 - 10 Tg/". 06827 841 G 8342 834 - 1D

1/(4n) 00795 775 8.9007 904 - 10 e 21450 294 0.3314 332

1/¢6w) 00530 516 8 7246 989 - 10 T 0 5641 ¥96 97514 251 - 10

1/{8x) Q00397 887 8 3997 601 - 10 \NIx 0.3989 423 6009 101 - 10

" 9 8696 044 09942 997 N 11283 792 00524 551

MULTIPLES opg
n n n m

n n; n ni‘ n n2— n n-2'
1] 1.57079 63268]26140.84070 243967§51| 80.11061 26665] 76]119.38502 08364
2l 3.14159 26536}27|42.41150 08235]52] 81.68140 89933} 77(120.95131 71632
3| 471238 8980al28|a3.98229 7150353} 83.25220 s3201| 78{122.52211 34900
al 6.28318 §3072[29145.55309 34771]54] 84.82300 16469} 79|124.09290 98168
s| 7.85398 16340{30|47.12388 98038|55| 86.39379 79737 80[125.66370 61436
6] 9.42477 796081 31]48.69468 61306f56| 87.96459 43005] 81]127.23450 24704
7] 10.99557 22876{ 32|50.26548 24574} 57| 89.53539 06273] 82|128.80529 87972
8]12.56637 06144]33{51.83627 87842]58} 91.10618 69541| 83[130.37609 51240
9l14.13716 69412]34|53.40707 51110}59] 92.67698 32809| 84|131.94689 14508
10|15.70796 32679}35]54.97787 14378} 60] 94.24777 96077| 85]133.51768 77776
11{17.27875 95947{36|56.54866 77646} 61| 95.81857 59345] 86/135.08848 41044
12118.84955 59215} 37158.11946 40914| 62| 97.38937 22613} 87|136.65928 04312
13}20.42035 22483} 38159.69026 04182]63] 98.96016 85881| 88|138.23007 67580
14121.00114 85751} 39|61.26105 67450} 64[100.53096 49149 89[139.80087 30847
15123.56194 49019]40]62.83185 30718}65[102.10176 12417} 90[141.37166 94115
16125.13274 12287)41|64.490264 93986]66|103.67255 75685} 91]142.94246 57383
17126.70533 75555}42165.97344 57254 67(105.24335 38953| 92]1144.51326 20651
18]28.27433 38823}43|67.54424 20522} 68{106.81415 02221} 93]146.08405 83919
19129.84513 02091]44]|69.11503 83790]69|108.38494 65488] 94|147.65485 47187
2003141592 653459}45]70.68583 47058} 70(109.95574 28765} 95[149.22565 10455
21132.98672 28627046]72.25663 10326} 71]|111.52653 92024] 96]150.79644 73723
23134.55751 91895]47]73.82742 73594]72]113.09733 55292| 97[152.36724 36991
23136.12831 55163}48|75.39822 3686273 114.66813 18560} 98]153.93804 00259
24)137.69911 18431]49]76.96902 00129]74{116.23892 81828} 99[155.50883 63527
25139.26990 81699]50]78 53981 63397]75[117.80972 45096]100}157.07963 26795
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FACTORS AND EXPANSIONS

(@t b)?=qa* +2ab+b?

(@t b)®=a® +3a*h +3ab® £ b*.

(@t h) =a* +4a°h +6ab + dab® +b*.
a* ~b?=(a—-b)(a+d)

B +bP=@+b/~D@-bJ - 1)

a® +b? =(a—b)(a® +ab +b?).

a* +b®=(a+b)(a® -ab+b?)

gt +b* = (@* +ab2Z +b2y(a® ~ab ST +b7).
a'-b"=(a-b) (@ +a" T +.. . +D"" ),

a"-bP=@+h) @ -a" M+ ... =D ).
‘ for even values of n.
at+b=(@+b) (@ —a? b+ ... +B"),

for odd values of n.

a* +a*bh? +b* = (a* +ab +b?) (a* -ab +b?).
(@+b+c)? =4 +b? +c? +2ab+ 2ac + 2be.
@+b+c)P=a>+b* +c +3a*(b+c)+3b%@+o)+

3c%(a + b) + 6abc.

(@+b+c+d+ .. . Y =at+bpP+cr+d*+ ... ¥

2ab+tc+d+ ... )+2b(ctd+ Lyt 2edt L )+ L
See also under Series.

POWERS AND ROOTS
2 X @¥=a** ) @® =1[ifa % 0] (ab)* = a*b*.
é:a(x_y)' a'xzi._ (5 x=,a_f__
a¥ a~ b b~
1
(@) = a*v, a* = /a. XJab = Ja *\/b.
X a _ a
s = Na @ = N[a%. x\/’l? _xi\ﬁ;/:
PROPORTION
e _c¢ a+b _c+d
If 7; “E, then E = 3
a=b_c-d a-b_c-d




8 ALGEBRA

ARITHMETIC PROGRESSION *
An arithmetic progression is a sequence of numbers such that cach number differs from
the previous number by a constant amount, called the common difference.

if a, is the first term; a, the ath term; d the common difference; n the number of
terms; and s, the sum of n terms —

a, =a +(n-1)d s.--'zl[a.+a.].

5 = %m. +(n - Vd).

The arithmetic mean between a and b is given by ‘_‘%‘3 .

GEOMETRIC PROGRESSION®

A geometric progression is a sequence of numbers such that each number bears a con-
stant ratio, called the common ratio, to the previous number,

if a, is the first term; g, the nth term; r the common ratio; #n the number of terms; and
s, the sum of n terms

- r
@ =ar" s, = a ——
r

r
=g ——, P # |
r

& — ra,
- ——

V- r
ra, - a,
- m———

r -1
If { r| < 1, then the sum of an infinite geometrical progression converges to the limiting

value
a, ' !}___“mal(!—r)_ a.’]

1 -r A= e { -r I -

The geometric mean between a and b is given by Vab.
*[t is customary to represent g, by / in & finite progression and refer to it as the fast term.
HARMONIC PROGRESSION

A sequence of numbers whose reciprocals form an arithmetic progression is called an
harmonic progression. Thus

1 ] 1 1

@ a+d a+2d e ta-d
where ‘_ i
a, a + (- N1d
forms an harmonic progression. The harmonic mean between a and 4 is given by a—z—:b—b.

If A, G, H respectively represeni the arithmetic mean, geometric mean, and harmonic
mean between g and b, then G? = AH.



ALGEBRA 9

QUADRATIC EQUATIONS

Any quadratic equation may be reduced to the form,—

Then

ax? + bx + ¢ =0

—b + Vb - dac
2a

X =

If a, b, and ¢ are real then:

1f b2 — 4ac is positive, the roots are real and unequal;

If b1 — 4ac is zero, the roots are real and equal;

1fb? ~ dac is negative, the roots are imaginary and unequal.

CUBIC EQUATIONS

A cubic equation. y* + py* + gy + r = 0'may be reduced to the form,—

xXrax +b=0

by substituting for y the value, x — —‘;— Here

a=303q - pHandb = H(2p* — 9pq + 271).

For solution let,—

A

=’_£.+ .b_r.}.a_J B ...)+_b_ 9__+
2 2 " 27 27V

N'O
~)

then the values of x will be given by,

x =4 +B8, —’—'—ﬁw‘—;g\/-J. _A+B _A-8.73

2 2 2

If p, q, r are real, then:

lf4

If

i

bI

b2

4
b2

4

+

> 0,

= 0,

< 0,

there will be one real root and two conjugate complex roots;
there will be three real roots of which at least two are equal;

there will be three real and unequal roots.
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Trignometric Solution of the Cubic Equation

The form x* + ax + b = 0 with ab » 0 can always be solved by transforming it to the
trignometric identity

4¢c0s°8 ~ 3cos@ — cos(38) = 0.
Let x = mcos @, then

x’+ax +b=m'cos’0 + amcosf + b = 4dcos*f — Icosf — cos(38) = 0.

Hence

from which follows that

m=2 ]/~ 2 cos(30) = 2.
3 am

Any solution §, which satisfies cos (38) = 3—:;. will also have the solutions

2n 4n
8 — and 8, + —.
v+ 3 a | 3

The roots of the cubic x> + ax + b = Qare

2 ]/— -g—cos(),, 2 ]/— %cos(«?. +3:—;!-), 2 -|/— g—cos(el +4—31-)

Example where hyperbolic funciions are necessary for solution with latter procedure

The roots of the equation x> -~ x + 2 = 0 may be found as follows:

Here
a=-1, b=2 m=2vV}E= 1155

6
1055 -5.196

cos(30) = —cos (38 — x) = — cosh [i(30 — x)] = —5.196.

cos (38) =
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Using hyperbolic function tables for cosh [i{(38 — 7)} = 5.196, it is found that

i(36 — ) = 2.332.

Thus
30 - & = —i(2.332).
30 = T — (2332
8, = ~ — i0.777
3
2n .
0, + 5 = r — i0.777)
4n Su .
— = — — [{0.777
8 + 3 3 i )
T ,
cosf#, = cos [7 - 1(0.777)]
r . . T [ N
= (cos T) [cos i(0.777)) + (sm ?) s ((0.7773]
T N ™ .
= (cos T) (cosh 0.777) + .v(sm -3—) (sinh 0.777)
= (0.5)(1.317) + i(0.866)(0.858) = 0.659 + i(0.743).
Note that
cosg = cosh (ijp) and sinp = —isinh (ig).
Similarly
<03 (0. + —2—3";) = cos[r ~ i{0.777)]
= (cos w)(cosh 0.777) + i(sin =) (sinh 0.777)
= - 1217,
and

O
Q
w
=~
.“.
Fe
P
N
L]

cos F} - i(0.777)}

P
cos 5-") (cosh 0.777) + i (sin 57 (sinh 0.777)
3 3y

(0.5Y(1.317) — i(0.866)(0.858) = 0.659 — i(0.743),

The required rocis are
115500659 + 1(0.743)} = 0.760 + {(0.858)
(L85 (~1.317) = ~1.820
(1.155)[0.659 ~ i(0.743)] = G750 - i(0.838,
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QUARTIC OR BIQUADRATIC EQUATION

A quartic equation,
x*+ax> +x* 4+ cx +d =0,
has the resolvent cubic equation
'~ by' + (ac - 4d)y — a’d + 4bd - ¢? = 0.

Let y be any root of this equation, and

If R » 0, then let

and

. 2 TR T
£-./38 _pr_ oy _ dab - 8c-a
4 4R

If R = 0O, then let

2 e e e
D = 3;’— - 2b ¢ 2V - 4d
and
Y
E=1/22 25 -2~ 34
¥y o4
Then the four roots of the original zguation are given by
re-2, R0
T3 2 2
and
a R E
X = = = e =k o=
4 2 2

VQUATIONM 17 = ¢
Using DeMotvre's theorem:
{(cos 8~ 5in )" = cos uB + [ cin a8 i = V=1,

the equation 27 = ¢ has n rocis given by

or
— (2m 4 V3w (2m+ D
x= V—r (cos lem * 307 [ sin —~—— )
\ ] n

where sn takes the novalues 0,12, . . (n— 1) aiving » rocts.



