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FOREWORD

While ‘the atmospheric boundary layer has been extensively
investiéated,.the marine boundary layer above the sea floor -
although véry_similar in character - was, until recently,{yuch
less well known ; the difficulty of making measurements :in the’
sea, near the bottom, and the cost in equipmeng and human
effort of any single~ex§etiment, reflecting on the calibration

and the quality of the models,

Bottom turbulence is however a determlnant factor in such
important problems as bottom friction and energy dxselpatlon
in marine circulation, sedimentation, bottom e;oaion, reéy-
cling of nut(iehts, trapping and release of pollutants, etec..:
Understénding bottom turbulemnce is prerequigite for the deve-

lopment of accurate forecasting models of the marine systems

which, nowadays, the extensive exploitation of the sea requires

In the recent years, the perfection of advanced techniques
and the extension of the research effort have brought new in-
teresting results anl a more comprehensive insight into the
characteristics of marine turbulence in the bottoh boundary

layer.

Furghernorg, thesdetection,‘in the bottom layer of the sea,
of semi-coherent structures and the simultaneous study of the
effects of the suspended sediments load have contributed, be-
yond sthe simple 1nvest13at10n of marine turbulence, to a
better understandxng of the general features of turbulence and
such phenomena - 8till much debated ~ as drag reduction by

additives.

The International Li&ge Cqlloquia on Ocean Hydrodynamics
are organized annually, Their topics differ from one year %o
another and try to address, as much as possible, recent pro-

blems and incentive new subjects in physical oceanography.

Assembling a group of active and eminent s?ientists from
different countries and often #ifferent'disciplines,.they pro-
vide a forum for discussion and foster a mutually beneficial
exchange of information open1ng,on to a survey of maJor recent

N
dascoverles, essential mechanisms, }mpelllng guestxon—marka

T



Vi1
and valuable suggestions for future research.

The Scientific Organizing Committee of the Eighth Collo-
quium saw the desirability of bringing together, on the impor-
tant topic of bottom turbulence, specialists from different
fields, experimentalists and mgaellers, hydrodynamicists and
sedimentologists, .

The present book which may be regarded as the outcome of
the colloquium comprises the proceedings of the meeting and
specially commissioned contributions on observations, paramete-
rization and modelling of turbulence in the bottom boundary

layer of the s}a.

Jacques C,J. NIHOUL
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THE NUMERICAL SOLUTION OF THE THREE-DIMENSIONAY. HYDRODYNAMIC
EQUATIONS, USING A B~SPLINE REPRESENTATION OF THE VERTICAL
CURRENT PROFILE '

.

A.M, DAVIES

Ingtitute of Oceanographic Sciences, Bidston Observatory,
Birkenhead, Merseyside L43 7RA, England.

ABSTRACT
PR

A numerical modéi is described in which vertical current
structure may be determined using a new method involving expan-
sion through the depth in terms of B-aﬁlines. By way of a first
test, wind induced motion in a simple rectangular basin is com-
puted,'yielding surface elevations and vertical current profiles
in good agreement with those obtained by Heaps (1971) using an
integral transform method. The effect of varying eddy'viscosi-
ty is invéstigated, considering the changes thereby produced in
the wind induced vertical and horizontal circulations and in the
surface and bottem currents.

s
v

INTRODUCTION

Two~dimensional finite ‘difference models, based on the ver-
ticélly-integrated'equationa of continuity and motion, have
been used extensively in recent éents to calculate tides and
storm surges. This approach is satisfactory for problems where
the primary aim is to calculate changes in sea surface elevation,
but for problems involving water circulation, and particularly
in engineering the calculation of the forces exerted by the sea
on off-shore structures, a knowledge of vertical current profile
is required. The use . of a Laplaée transform method to recover
the vertical current structure from a two-dimensional vertically
integrated model ﬁas been proposed By Jelesnianski (1970) and
applieﬂ by Forristall (1974) to the calculation of current pro-
files generated by a hurricane {5 the Gulf of/Mexico. This me-
thod is particularly suitable for determining the depth distri-

bution of currents at a specific position for a given moment in
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time, but for circulation studies the size of the computations

would make it less convenient.

Finite difference models with grid boxes in both the hori-
zontal and the vertical have been used recently in circulation
studies (e.g. Leendertse 1973). This model involves vertical
integration over each layer, and the use of a coefficient of
interfacial friction. The bottom stress, however, is expressed
in terms of the current in the bottom layer, a physically more
realistic assumption than that employed in many two-dimensional
models where the bottom stress is related to the depth mean
current, However, solutions in the vertical are only available
at discrete points, and the determination of a continuous velo-

city profile is not possible.

Heaps (1971, 1976) has overcome this latter problem for
both the linear and non-linear hydrodynamic equations by expan-
ding the two components of horizontal current in terms of depth-
dependent eigenfunctions with time-dependent, horizontally-
dependent coefficients. Both surface and bottom boundary condi-
tions are satisfied in the limit as the number of terms in the
expansion tend to infinity. In practice, Heaps shows that the
expansion converges very rapidly, yielding a technique which is

particularly economic in computer time.

In this paper a method is proposed in which the two compo-
nents of horizontal current are expanded in terms of the product
of depth dependent functions (B-splines), and coefficients which
vary with time and horizontal position. The determination of
the coefficients is accomplished by substituting these expan -
sions into the two equations of motion and minimizing the resul-
ting residual with respect to each coefficient in a least squa-
res sense, The surface and bottom boundary conditions are sa-

tisfied exactly by using linear combinations of B-splines.

The application of the present method to the solution of
the linear three-dimensional hydrodynamic equations, assuming
a rectangular basin of constant depth with a constant eddy vis-
cosity and a constant bottom friction coefficient, yield nearly
identical solutions for wind induced motion to those obtained

by Heaps (1971), providing an initial confirmation of the



accuracy and stability of the method. The time variation of
both horizontal and vertical circulation induced by the wind
is calculated for a number of cases having different eddy vis-
cosity, and the influence of eddy viscosity upon surface and
bottom currents together with the induced circulation is exa-

mined,
SOLUTION OF THE BASIC EQUATIONS USING AN EXPANSICN OF B-SPLINES

For a homogeneous fluid, neglecting shear stress in the ho-
rizontal, the advective terms, and the equilibrium tide, the

equations of continuity and motion may be written

h h

© 3 ? ]
8_x I udz + 5—; I vdz + a—i— = 0 (l)
(o] 0

du | . . g 3E _ 12F

3T YV g 5% p 3z (2)
av . g 28 13C

3t *oyw g 3y p 32 (3

where
t denotes time,

X,y,2z2 Cartesian co-ordinates, forming a left handed set,
with x and y in the horizontal plane of the undistur-

bed sea surface, and z measuring depth below that

surface,

h undisturbed depth of water,

£ elevation of the sea surface above the undisturbed
level,

u,v components of the current at depth z , in the direc-

tions of increasing x,y respectively,

P the density of the water,
Y the geostrophic coefficient, uniform and constant,
g the acceleration due to gravity.

_Also, F,G denote internal shear stresses at depth z , in the
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x,y directions respectivgly, given by

du - v
F-—pN-a—z,G-—pN-—z- (%)

where N is a coefficient of e&dy viscosity,in general varying
with x,y and z » but taken as a constant in the following ana-

lysis., Substituting (4) into (2) and (3) gives

du _ s - g 8 L3 3u
3t~ g 3x * 3z (N3 )
dv IUR T S | av
e YN 85y Y3z (M) (6)

"To solve these equations it is necessary to specify both
surface and bottom boundary conditions., At the surface,

du v
-e(N 57, = F, o TN =Gy )

where Fs’ Gs denote the componentd of wind stress over the wa-
ter surface in the x and y directions, suffix o denoting evalua-

tion at z = O,

Similarly at the sea bed, z = h ,

3u U T ‘
- (N 32, Fooo s (N 7)), = Gy (8)

where GB’ F., denote the components of bottom friction in the x

B
and.y directions.

- - & ,
Assuming a slip condition at the sea bed :

'FB =k p uy , GB = k p Vi : (9)

where k is a constant coefficient, (&) gives ,

v, .

du
320h

N2y +ku =0 , (N

32’ h h + kv, =0 (10)

h

A no slip bottom boundary condition, namely uy = vy =0,
when employed with a coefficient of eddy viscosity which varies
near the sea bed, is used in an extension of the present paper
(Davies 1976a). However, for constant eddy viscosity, the rela-

tionships given by (10) are appropriate.

Expanding the two components of velocity in terms of depth

dependent functions M,.(z) (4'th order B-splines) gives




u(st’z’t) = T Ar(K»Y,L)Mr(Z) . (ll)

and m
v(x,y,2,t) = I Br(x,y,t)Mt(z)
r=]

The B-splines have a number of particularly useful featurés
which make them a good choice as a set of basis functions, They
have been used extensively for the accurate fitting of numerical
data (Powell 1970), and yield very accurate solutions when used
in solving linear hydrodynamic equations (Davies 1976b) and non-
linear partial differential equations (Davies 1976c), The in~
corporation of boundary conditions is particularly easy due to

the piecewise nature of the functions.

Points along the z axis, at which the B-spline changes from
a zero to a non-zero function are termed knots, Ar. A fourth
order B-spline M, being non-zero over the interval A4 22 :-Ar
though at the points Ar-A and lr , provided these ktiots are
single, Mr and itg derivatives vanish. For exapple, Fig. 1
shows the region O < z < h divided into ten interior kmot seg-
ments, cortespondiné tom = 13 in equations (11) and (12), with
knots at O = Ay €Ay €A, vou € hg < X o= h. In order to sup-
port the fourth order B-splines additional knots are required
at l*3 < l_z < A—l"< 0 and h < Ay < AlZ < Al3 . Froﬁ this dia-
gram it is obvious that only the first three B-splines, My M2
and H3 and the last three Mll » “12 s Hl3 are non~zero at the
boundaries z = 0 and z = h respectively, enabling boundary con-

ditions to be readily incorporated.

FIG,1, : Distribution of B-splines and associated knots with
depth,




For constant eddy viscosity N, the surface boundary condi-

tion for the u component of current becomes using (7) and (11),

m
Ju
(53} =Tx = I A (xy,0)V.(2) : Cay
o r=1
where
Fs d Mr(z)
Ty = = 5N and Vr(z) - —gr
z=0
The positions of the knots may be chosen arbifrarily. A

uniform distribution was in fact used, and in.this case V, is
zero. Thus only the derivatives of Ml and N3 are non-zero at

the surface boundary giving,

Ty = AV, + AV, ’ (14)
Rearranging (14) gives

A‘ -'(Tx N A3V3)/V] (15)

The bottom boundary condition for the u component of current

yields,
m er(z) m
N I A (x,y,t) —— + k I A_(x,y,t)M_(2) = 0
r=] r dz z=h r=1 r £ z=h
(16.1)
M _, M ’
In this case Mm—z N Mm-l y My o 1z and g,— are non-zero at
the boundary z = h giving
g i - .
N(Am_zvm_2+Amvm) + k(Am-me—2+Am-le-|+Amwm) 0 (16.2)
where er(z)
vV = —— and .= M_(2)
T dz z=h r r z=h
Rearranging (16.2) gives
p o Ame2Maea” Kigo2)” Api ¥ Ve an
m NV_ + k W
m m

Substituting (15) and (17) into (11) and rearranging gives

-3

u(X.{.z,t) = 75 M, (2) + A M, (2) + A3(M3(z) - clnl(z))
N ! (18)
m=3

* riaAer(Z) +Am-ZIMm-Z I(Mm—l(z)-c3Mmaﬁ

(z) - czum(z)) AL



where

Cl - V3/V1 » C2 = (N‘Im.‘_2 + k Wm_z)/(NVm + k Wm)

and

Cq = k W /(N + kW)

This can be written as
T* m-3
u(x,y,z,t) = - M, (2) + A, (z) * A, (z) + I AM (2)
1 r=4
(19)

+ A (z) +_ A (z)

m-ZMm—Z m—le-l

where
§3(z> - M (z) - C\ M (2) , 3;_2<z) =M _,(z) - C,M (2)

and

Mm-l

@ =M _ (2) - °3“mf’)

A similar expression to (19) can be derived for the v component
of current namely,

T . ‘_ m-3 )
V(X,y,2,t) = 3= M, (2) + B,M,(2) +B,H,(z)+ 1 BM (2)

vl rm4
(20)

+ B (z) + B (z)

m—ZMm-Z m-le—l

where

T, = = G /oN

Substituting (19) and (20) into equations (5) and (6), dropping
the bar on the 3, m-2 and m*] terms gives, for eddy viscosity

¥ independent of z ,

de M ) m-1 dAr “ Ty m-1
—_ ——(2) + I —— M_(2) [ M (z) + £ B M (z)]
dt V1 -2 dt r 1 =2 rr
) (21)
T d2M,(z) m-1 d2M (2)
+g 25y -+ —1 . A, 2 ] - R,
ax 1 d=? r=2 dz2
and
daT M1(z) m-1 dBr T m-]
s A + I M (z) +y[ M (z) + 3 AM (z)
dt vl =2 dt V gy T T
(22)
£ T dZMl(z) m-1 dz"r(z) .
+ g 35 - N[vz —— +1 B 12 =Ry
3y 1 dz? rm2 T dz




