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Abstract

Nonlinear mechanics for a super-thin elastic rod with the
biological background of DNA supercoiling macromolecules is an
interdisciplinary area of classical mechanics and molecular
biology. It is also one of dynamics and elastic theory because
elastic bodies are analyzed via the theory of dynamics. It is in
frontiers of general mechanics (dynamics, vibration and control).
This dissertation investigates the modeling of a constrained super-
thin elastic rod and analyses of the stability in equilibrium. The
existing research results are summarized. Analytical mechanics is
systematically applied to model an elastic rod. The Schrodinger
equation expressed by complex curvatures or complex bending
moments 1s, respectively, extended from circular to non-circular
cross section. Equilibrium of a rod constrained on a surface is
investigated. Special solutions of the Kirchhoff equation related to
various reference frames. such as inertia coordinate systems,
principal coordinate systems fixed in cross section and the Frenet
coordinate systems of central line of a rod, are obtained and their
Lyapunov stability is analyzed. Geometrical relationships between
deformation and kinematics of a cross section are derived.
Dynamical equations of a cross section of a rod are established and
theorems on the first-approximation stability are developed. The
dissertation consists of eight parts shown bellow:
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(1) The application background of elastic rod mechanics
and DNA supercoiling structure are outlined. The super-thin
elastic rod research history and current developments are
detailed. It shows the interdisciplinary of classical mechanics,
molecular biology and elastic mechanics for this subject.

(2) The basic theory and method of a super-thin elastic
rod mechanics are addressed. The fundamental hypothesis,
application conditions and significances of the Kirchhoff
theory are presented. Geometrical description of a thin elastic
rod equilibrium position is given. Examples of “the Kirchhoff
dynamical analogy” between statics of a super-thin elastic rod
and - dynamic of a heavy rigid body are presented.
Determination solution of Kirchhoff equation on Sanit-
Venant's principle is established. It is distinguished that the
concepts among Lyapunov stability, Euler stability and
stability of a state of equilibrium. The Cosserat theory on
statics of a thin-elastic rod is introduced.

(3) By applying the theory and method of analytical
mechanics to the modeling of a thin-elastic rod, the
framework of analytical mechanics is constructed for the
equilibrium of a super-thin elastic rod. For the cross section
of a rod, concepts such as freedom, constraints and
constrained equations and constrained forces are analyzed.
And various variational principles of mechanics, such as the
D‘ Alembert-Lagrange principle, the Jourdain principle, and
the Gauss principles are established. The principles are
applied to derive the Hamilton canonical equation, the
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Lagrange equation, the Nielsen equation, the Appell equation
and the Boltzmann-Hamel equation. For the case that a rod is
subjected to constraints, the Lagrange equation with
undetermined multiplier is presented. In the neighborhood of
a singular point, the equation of equilibrium is transformed
into the same form as the one for collisions.

(4) The Schrodinger equation expressed by complex
curvatures or complex bending moments are generalized from
circular to non-circular cross section by means of complex
rigidity or complex flexibility respectively. When the
principal coordinate system fixed in the cross section coincides
with the Frenet one of the centerline of a rod, the
Schrodinger equation leads to the Duffing equation about the
curvature of the centerline of a rod. Lyapunov stability of its
special solutions is investigated based on the first-
approximation stability theory. The 3-dimensional numerical
simulation of the Duffing rod is performed. As an application
of the Schrodinger equation, inverse problem is treated when
the behavior in geometry is expressed by curvature, torsion
and angle of cross section related to Frenet coordinate.

(5) Special solutions of the Kirchhoff equation related to
various reference frames, such as inertia coordinate systems,
principal coordinate systems fixed in cross section and Frenet
coordinate systems of central line of a rod, are obtained. The
first-approximation stability theory is applied to study the
Lyapunov stability of those special solutions. Stable areas are
determined in the parameter plane. Dynamical analogy is
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made in these discussions.

(6) The equilibrium of a super-thin elastic rod with
circular cross section constrained to a surface is analyzed. The
Kirchhoff equation is established for constrained rod. The
equation is applied to the case in which the constrained
surface is a cylinder, and a special solution of a helical rod is
derived. The 3-dimentional plots of the rod at different initial
conditions are drawn according to numerical computation.

(7) Dynamics of a Kirchhoff rod is studied. The
geometrical relationships between the motion and the
deformation of a cross section are analyzed, and the
dynamical equation of a cross section is established.
Equilibrium stability of a rod is studied in the sense of
dynamics. Definitions of stability of discrete dynamical
system with two independent variables, i. e. time and arc
coordinate, are given and theorems on the first-
approximation stability for the system are developed.

(8) Conclusions of the paper are given. Future research
topics proposed. Those topics include a rod with nonlinear
constitutive relations and/or subjected to various kinds of
constrains, inverse problem of rod mechanics, numerical
simulation for more general case. and problems arising from
molecular biology.

Key word: super-thin elastic rod, Kirchhoff theory,

analytical mechanics, Schrodinger equation
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