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Abstract

This article consists of three parts.

In the first part, theory and method of the function-
valued Padé-type approximant ( FPTA) is studied. The
function-valued Padé-type approximant is defined by using
introducing a function-valued linear functional on polynomial
space, then it is applied to solve the second kind of Fredholm
integral equations. The method of FPTA in this paper has
better approximation effect at the poles of the given series
than the previous methods. Moreover,due to the degree of its
denominator polynomials may be odd or even order number,
so FPTA fills up the gap of the generalised inverse function-
valued Padé approximant ( GIPA). Four efficient algorithms
to compute FPTA are established, respectively. Some
examples are given to show these algorithms are efficient and
useful. Two kinds of error formulas of FPTA are proved. In
the end, the row and column convergence problems for FPTA
are discussed in detail and two sufficient conditiions are
given.

In the second part, the degeneracy cases of generalised
inverse function-valued Padé approximant (GIPA) are at first
discussed. The degeneacy cases means that the denominator
polynomial of GIPA has odd degree or has zeroes of odd
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order at the origin or both. At first, the extended GIPA is
defined, which enlarges the domain of GIPA. Its existence
and uniqueness theorems are proved. Second, GIPA in the
degeneracy cases of type [n —o/2k — 20 ] are constructed. In
the end, the characteristic of the table for the extended GIPA
is presented. The study about the degeneracy cases greatly
enriches the theory of function-valued Padé-type
approximation.

In the third part, the application problems of GIPA and
FPTA are discussed. In section one,two new methods, which
is called the real part method of € - algorithm of GIPA and
the determinant method of orthogonal polynomials of FPTA,
respectively, are presented to accelerate convergence of the
given function sequences. In section two, two new methods
estimating the characteristic values of the second kind of
Fredholm integral equations are presented by means of taking
its real part of € — algorithm and taking the zeros of the
determinant of orthogonal polynomials, respectively. Some
exapmles are given to illustrate above methods.

Key words Linear functional, Function-valued Padé-type
approximant, Orthogonal polynomity, Recursive algorithm,
Generalised inverse function-valued Padé approximant,
Degeneracy, Convergence theorem, Integral equation.
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g(s)zjs(—f(%dt, O<a<<l, gla) =0 (114

a(s—1t)"
He g —CHREL fORRFRE IFFRH RO L O
fitt h

f) =

sinT a ij’ g’ (s .
dtda(z—s)
PAJG Abel 77 88 18 0 VF 22 8027 Z0F 98 1 6 52, 9F VF 22 O 1 i A
e
1896 4F Volterra i) TAE/EZR YRR 43 7 FEBIF 9 1) SE BEH6 4 o, 7E
X— TAEH  MF5E TFRZ R Volterra $l4r M) 2 :

() — A K, D2t = f(9, (@<s<b A1)

H (D BRAEHLK (s, 1), f()RDHMBE A R—EHES .
N K(s, DFRRFTFRQ LW, ORI 158 H H .
fUER SR K (s, OFEIEFTE X8 a, 6] X [a, b] [3ELE, f()TELa,
b Lk, MIXHEZ M A, R 1 5T H A — &M, mHX
—fift ] 2R VR O S iR A

Xt B3 R AR 2 R B B A TR S PR 2 15118 B i 19 Frredholm £
Gy TR

b
x(s)—AJK(s,t)x(t)dtzf(s) (@< s<b) (1.1.6)

R4S H, R (L. 1. 6) 7E Fredholm Z /i O & 14 £ ABF9%it. 1856
4, A. Beer TERFFT AL EVBEIE 1930 A () R, 5| T an (1. 1. 6) 05
PR A=), b3 R TR SR

z,(s) = f(s),
b
2C8) = f(s)+j Risy By, o (0Tt mom 1a By o
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SRAFIX — AR (H B AR A A A TR X — AR AR R e St

1877 4F. C. Neumann #ME 13X —BRIG . fll & BLX —FE R IFAEA N
A RI T4, 1896 4F H. Poincare JE b 5| A T S A ekt )y
PR () 528 A £ X, 1 H Neumann 4

2(s) = f(s) + Z.r,,,(s),
m=1
o
b
2() = £(5),  z,(5) =AJK(5, Dz, (Odty m—=1, 2,

SEAE A= 0 Fff 35 i RGBS AL 78 2r /NI i BB g b
Poincare iR 13 HIf# x(s)J& A 19 2F- 4l pR 55, (H A 3% A 75 Hh A A A7
T — I A . 1900 4F Fredholm fEfi & X 8] [a, 614 FR &% . H
FHI0 RS2 210 R (8 B (L. 1. 6) R SR Mg ] A5 DL 5 4 fiff ke
TR S EAR RS AR L 6) 585 R A,
BT AR, FEE RE L. 1. 6) O ff R s R I /. X —
2SN R Gramer 32 00 AH £ 24k PE & AR 1 )0
L5 7

2(s) —A D) K(s, tDx(t) AL, = f(s) (1.1.7)

g=1

REFFRAL6).TEA. L. DHL s =1, tyy 155 =5 t,» W H KA
B2, j=1, 2, =, n LY

(1) —A D) Ky t)x()DA = f(8), i=1,2, =, n

=1

(1. 1. 8)
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1—=AK@, t)A —AK( . )AL+ —AKUy, t,) AL,
—AK(ty, t))A, 1—AK(ty, t9)Aty, = —AK(tgy t,) 0y,
d,,(/\)z 2- 1 1 2 2 2 2.
—AK @,y 101, —AK(ty, t2)0t5, -+ 1—AK(,, t,)At,

MFRFEAR , AR (L. 1 8) vl fige, EFTRAGAIE (O RA LD,
B8 FE(L. 1. 6) (LR

FAR R ) y "ty ,,)
2() ~ fls) LA RE Z‘d Z\) ! (1.1.9)

b QA d, (DI A 1 235 K. Fredholm $ i, 7€ K (s, ) #E 4R
BT+ % Ay~ 0 B, (L 1 )4 FRISHES ST Al D, G,

D) f(de Fid Q) 3X B D, Flld (A) & A I pRE B FR A% K (s, t)
i Fredholm 17 1] X #1 55 — B Fredholm . 4R 5| A Frif 9
Fredholm #fi# =X

D,\(S, t)
H S ): ’
A(\ 4 d(A)

X — Y d(A) =~ 0 IE A, PREL

b
2(s) = f(5) +Aj H, (s, 0 f(Ddt (1.1.10)

BRI Ty BRI (1 1. 6) fife.
EFELLI2] #KG, D Ra<s, t<<b WELEZARZ
K Csy ) MR WRHAT JE45 A8 (S R B f (o) s B JT R

2(s) = £(s) +Aij<s. Dz (1) dt (1.1.11)
A ME— g2, 0 HaX—fA F g

b
#s) = f(s)—i—AJ H, (G, 0 (e (1.1.12)



B RHfE Pade BB SRAMT NERMIE Pade BERERS BN

§1.2 HAHME Padé BIECHMEET(E

1.2.1  Z 8% #{E Pade B

PR {E Pade 63T ik D\ oR B (EL AR ORI R AR A A 2 R B30 I X1
— N EE AR 7 B AR BUE X T — 4 T8 1) sR B
TR M — AR R BB Pade @ 4 B R AL, 2
Taylor JEJF 20 AT REZ 1950 5 i ek KPR AT 73

B f(sy ADE— eREUETE 20 R EL

FGse D) = 3,(9) + 3, (DA+ 3, (AT v 4y, (HA" - +oe

(1.2.1)

v, () € Cla, b], s€ [a,b]
fCGsy A ) — 2 811 pR B0 (H Pade 38 3 B A ok 8008 19 A 31 =5
U(s, V)/V (s, A), EI R TR
f(sy, DV (s, A) —U(s, A) = O™ ) (1.2.2)

Hp UG, DRIV s, DT A WES R m Fla i e8 B 2 i
A HIEEFRMA 2.2, REEA B XRB UG, H/V (s, D)
BT :
U(sy, D)/ (V(s, A7
= () F+ 3, DA+ 3y, (DA* s by, (DA (1.2.3)

WEZ, HHAR UG, D/ (Vis, A5 £, A 1 RBUH R85
8 m4n-+1 M4, 7681 2. 3) il R(sy A) = O™ ) kg
B PR B Pade 183 AT

BUG, D) =D a,(DA,  Vis, )= D b(HA (1. 2.2),

i=0 i=0

(1.2.3), A[f%
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(by () + by (DA 48, (DA o+ 45, (D) (yy () +
YDA+ 3, (DA® 4 +0)
= ay(5) +a, (A4 a, (DA 4 =+ 4 q,, (A" + O(A™H+1)

(1. 2. 4)
AL 2. OB 1, A, A2, A" RE, ATHES T
a, (s) vo (s) 0 0 0 b, (s)
a, (s) B @)y (s) 0 0 b, (s)
a, (s) Yu () 30 () 3, 5() =y, ()] |b,(s5)
(1.2.5)
ym—H(S) ym(S) o ym—n+l(5) b()(‘) 0
ym+2(s) Ym+1 (S) T Ymemp2 (S) bl(s) o 0
Vmin () Vpyna(s) eoe Y (8) b,(s) 0
(1. 2.6)

X 2.5), (1.2.6), BUAE y,(s) =0 (G < 0).
WERHLZE by () = 1, B0 V(s, ) R 1 W, W FL(LL 2.6)
GIEET1Y

ym(s) ym—l(S) e yln—¥1+1(S) b](s) ym-H(S)

ym+1(5) ym(s) o ym*n-#*Z(S) bz(S) ym+2(5)

Ym4n—1 (S) y,,,+,,,2(5) o ym(S) bn(S) ym+n(s)
(1.2.7

W7 REFR N Pade . Y4 [m/n], = U, sy D/V,, (s, A FER
feitsLm/nl, B2 FATHIA LR G 8 75 XA K80, 131] 43514
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i Ym—nt1 (s) ymfn-FZ(s) o Ym+1 (S) )
ym—n+2(5) ymfn+1 (S) ot ym+2(s)
U,, (s, A) = det : : ’ :
m—n ) m—n-+1 ) m )
Ey,-(s)/\ﬁ" z y, (DA Z y; (DA
Li=0 =0 1=0 -
(1.2.8)

ym—n+1(s) ym——n+2(5) ot ym+l(5)
mnt2(8)  Vmoiz () o 3,05(8)
Vil & =dep |72 00" om0 Jait
AR Ant 1
(1.2.9)

1.2.2  J" X3 & #E Pade &1

N HIRUAR )& Graves — Morris, B 45T s Rk
{E Pade i 3T £ f9 TA%.

BRI sy DAER A I eREAE A =0 AbRHT. A 20 4 90 4
R Graves — Morris[ 80 15| A 1) X ¥ s EU{H Padeé i it (GIPA) 3
T3 oR RSB KR (. 20 1) iSOG AR 2 5 R (1. 1. 1) i 4
fiEAA.

X 1.2.1[80] RGs, VAKX £y DI R[n/2k 1)
7 SGY R Pade J& T

P(S9 /1)

R ’ A =
(s, A) om

(1.2.10)

Ak P(s, Ay QO A IZI. fER s K%L, P(s, ) € L,(a,
(1) deg{P(s, )} < n—a, deg {QA)} = 2k — 2a;
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(D) QW) | || P(s, A || %5

(i) Q) = Q" (V). kb Q™ (W) 2 Q) it Hiipk %k ;

(iv) Q(0) # 0;

(V) Q) f(s, A) — P(s, ) = OQ"™), Q(0) # 0.

WHR PG, Dy QLOIEEX 1. 2. 1 H i (DO—Cv), ) i X
(1. 2. 10 Z5 ) R(sy A)JEME—(1), Hrp /bl QORI F A4

0 My, Moy, e My Moo
— My, 0 M, e Mg My
Q(A) = det : kR
—My, 1 — Mg — Mgy 0 M1, 2
A2k 221 AZk—2 A 1
(1.2.1D)
il

J—i—lpyp
My = 3 [y Oy a0 ds (1L212)
I—0 Ya

i
i=0,1,2, 2k, j=i+1,7142, -, 2k

HE XY 7 <<OHf,y,(s) = 0. Graves— Morris §§ H} s X )™ S o
BUE Pade @ E X 1. 2. 1 FIIAF P(s, A, il R4 H
P(sy, ) = [QQ) f(sy, D7
Herp L. 15 R KT NH B 2 B A" T Maclaulin #8122 5
K. Wi AEHF 595, 114, 118 [7F Graves — Morris TAEM &AL |,
Hil 1) L% RS E Pade @I J7 k952 5, B L, (R) EATEHA
K MHE T —AN B R R AL S
A g (@) +dg, (2) — g, (@) 12,8, (1)
g(x) g () [+ [l g, () |2

 AgT (@)

= - (1.2.13)
g |l



