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CHAPTER 1

INTRODUCTION

An immense amount of experimental data has been accumulated from
investigations of the infrared absorption spectra and of the Raman effect
in polyatomic molecules. Only an extremely small fraction of this
material has been subjected to analysis, although the theoretical tools
for such an analysis are quite well developed and the results which could
be obtained are of considerable interest. One reason for this situation
is the amount of labor required to unravel the spectrum of a complex
molecule, but an additional deterrent has been the unfamiliar mathe-
matics, such as group theory, in terms of which the most powerful forms
of the theory of molecular dynamics have been couched. When only
the necessary parts of these mathematical techniques are considered, the
difficulty of understanding the theory of the vibrational and rotational
spectra of polyatomic molecules is greatly reduced.

In this first chapter, a short general survey of the background of the
subject will be given, to serve as an introduction to the more mathe-
matical treatment which follows.

1-1. Infrared Spectra

The absorption or emission spectrum arising from the rotational and
vibrational motions of a molecule which is not electronically excited is
mostly in the infrared region. A small molecule having an electrie
moment emits and absorbs light of frequency below about 250 wave
numbers’ because of its rotational motion. Molecules which are absorb-
ing or emitting 1 quantum of vibrational energy show bands in the region
from about 200 to 3,500 cm~!, while bands due to several vibrational
quantum jumps are detected all the way from a few hundred to many

! The symbol » will be used throughout to represent the reciprocal of the wave-
length X\. The unit for « is the reciprocal centimeter (em=!) or the wave number,
since w represents the number of waves per centimeter. Inasmuch as the frequency »
is connected with w by the relationship » = we, where ¢ is the velocity of light, it will
frequently be said that the frequency is « wave numbers. Experimentalists often
express their regults in terms of the wavelength in microns (x), 1 micron being 10~¢ em.
If Ny is the wavelength in microns, w = 104/,. Recently the symbol K, for Kayser,
has been proposed to replace em—,

1



2 MOLECULAR VIBRATIONS Sec. 1-1

thousand wave numbers, sometimes being observable in the visible por-
tion of the spectrum (13,000 to 26,000 cm~1), See Tig. 1-1.

Infrared spectra may be observed either in emission or in absorption,
although the latter method is by far the more common. In absorption
experiments light from a suitable source is passed through a tube con-
taining the gas to be studied and thence into the spectrograph.! If the
spectrograph is of low resolving power, a series of wide bands is observed
which correspond to the vibrational transitions, but if a spectrograph of

h CQDG Vaﬁor
[\ /A MJ\« . a
T CgHg Vapor
g A
g ARWEN A../V‘ A\ ) \/ \A\ N —
< / W \MW\ /\/ CsHy Liquid
§ , /
o / /kj\/\/\

CeHg Solid ‘

-170°

500 1,000 1,500 2,000 2500 3,000
frequency, cm—1

Fie. 1-1. Vibrational absorption spectra in the infrared ss illustrated by beneene.

higher resolution is used, these bands may break up into lines which can
be correlated with the energy levels of rotation. In practice, only a few
light molecules (H,0, NH;, CH,, COs,, etc.) have been observed in the

t Information concerning experimental methods can be obtained from the following
sources:

W. W. Coblentz, ‘Glazebrook’s Dictionary of Applied Physics,”” Vol. 4, p. 136,
Macmillan, T,ondon, 1923.

G. R. Harrison, R. C. Lord, and J. R. Loofbourow, ‘“Practical Spectroscopy,”
Prentice-Hall, New York, 1948,

G. Laski, “ Handbuch der Physik,” Vol. 19, p. 802, Springer, Berlin, 1928.

J. Lecomte, “Le Spectre infrarouge,” Recueil des conférences-rapports de documen-
tation sur la physique, Vol. 14, Les Presses Universitaires de France, Paris, 1928,

F. 1. . Rawlins and A. M. Taylor, “Infrared Analysis of Molecular Structure,”
Cambridge, New York, and London, 1929.

C. Schaefer and F. Matossi, “Das ultrarote Spektrum,” Springer, Berlin, 1930,

G. B. B. M. Sutherland, “Infrared and Ramen Spectra,” Methuen, London, 1938.

V. Z. Williams, Rev. Sci. I'nstr., 18: 135 {1048).
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infrared region with high enough resolving power to resolve the rotational
structure. Figure 1-1 shows some observed spectra.

Liquids and solids are also studied, and they yield interesting results,
but except in so far as they give vibrational spectra in close agreement
with those found for the corresponding gases they will not be discussed in
this book, in which interactions between separate molecules will be
neglected.

1-2. Raman Spectra!l

If the substance being studied (as a gas, liquid, or solid) is strongly
illuminated by nronochromatic light in the visible or ultraviolet region
and the scattered light observed in a spectrograph,? a spectrum is obtained
(see Fig. 1-2) which consists of a strong line (the exciling line) of the same
frequency as the incident illumination together with weaker lines on
either side shifted from the strong line hy frequencies ranging from s,
few to about 3,500 wave numbers. The pattern of lines is symmetrical
about the exciting line except with regard to intensities, the lines on the
high-frequency side being considerably weaker than the others. In fact,
they are frequently too weak to be observed. The lines of frequency less
than the exciting lines are called Stokes lines, the others anti-Stokes lines.

These lines differing in frequency from the exciting line, the Raman
lines, have their origin in an interchange of energy between the light
quanta and the molecules of the substance scattering the light. The lines
which appear very near the exciting line are correlated with changes in the

t'The original papers dealing with this effect are:

A. Smekal, Naturwissenschaften, 11: 873 (1923).

H. A. Kramers, Nature, 118: 673 (1924).

H. A. Kramers and W. Heisenberg, Nature, 114: 310 (1924).

C. V. Raman, Indian J. Phys., 2: 1 (1928).

G. Landsberg and L. Mandestamm, Naturwissenschafien, 28: 557 (1928).

* Information concerning the experimental methods for the study of the Raman
effect can be obtained from the following sources:

S. Bhagavantam, ‘Scattering of Light and the Raman Effect,” Chemiecal Publish-
ing, New York, 1942,

P. Daure, “Introduction & 1’étude de leffét Raman,” Editions de la Revue
d’optique, théorique et instrumentale, 1933,

G. Glockier, Revs. Mod. Phys., 15: 112 (1943).

J. H. Hibben, “The Raman Effect and Its Chemical Applications,” Reinhold,
New York, 1939.

G. Joos, “Handbuch der Experimentalphysik,” Vol. 22, p. 413, Akademische
Verlagsgesellsahaft, Leipzig, 1929.

K. W. F. Kohirausch, “Der Smekal-Raman-Effekt,” Springer, Berlin, 1931. See
also “Erganzungsband 1931-37,”” Springer, Berlin, 1938.

K. W. F. Kohlrausch, “Ramanspektren,” Vol. 9, Sec. V1 of Eucken-Wolf. * Hand-
und Jahrbueh der Chemischen Physik,” Akademische Verlagsgesellsehaft, Leipzig,
1043. Reprinted by Edwards, Ann Arbor, Mich., 1945.

SBymposium, Trane. Faraday Soc., 36: 781 (1929).
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rotational énergy states of the molecules without changes in the vibra-
tional energy states and form the pure rofation Raman spectrum. The
lines farther from the exciting line are really bands of unresolved lines
and are associated with simultaneous changes in the vibrational and
rotational energy states.

The frequency shifts, that is, the differences between the frequencies
of the Raman lines and the exciting line, are independent of the frequency
of the exciting line. A mercury arc is usually used for illumination, and
there are a number of the strong mercury lines which are used to excite

(a)

(b)
ST A | b IL

22,938 ' ) T
0

1,000 2,000 3,000
wp— w(em™1}

Fia. 1-2. Plot of the Raman spectrum of benzene, The heights of the lines indicate
relative intensity, (o) being the parallel spectrum and (b) the perpendicular apectrum
(b/a = pn;see Sec. 3-6). The scale iz in em™! and the Raman shift is measured from
the mercury exciting line at 22,938.04 cm ™! (4,358 A). (These data, used in the example
discussed in Chap. 10, are from Angus, Ingold, and Leckie, J. Chem. Soc., 1936, p. 925.)

Raman spectra. The frequencies for a given molecule found in infrared
absorption frequently agree with the frequency shifis found in the Raman
effect, but this is not always true and depends on the symmetry of the
molecule in a way which is now well understood.

By polarizing the incident light or in other ways, it is possible to
find the degree of depolarization of each frequency shift in the Raman
spectrum, a quantity which will be important in the interpretation of the
experimental results. This quantity is the ratio, for the scattered light,
of the intensities of the components polarized perpendicular and parallel,
respectively, to the direction of polarization of the incident illumination.

1-3. The Molecular Model

In sttempting to account for the observed infrared and Raman spectra
of real molecules, a certain simplified model for such molecules is adopted,
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and then the spectra which this model would exhibit are calculated. The
specification of the model involves certain parameters such as size, stiff-
ness of valence bonds, etc., which can be varied within limits set by other
types of experimental evidence until the best agreement with experiment
is obtained. An attempt i8 usually made to select & number of such
parameters which is much smaller than the number of experimental
quantities so that the success of the theory can be tested by the agrecment
which it provides with experiment.

The model which will be used in this book consists of particles held
together by certain forces. The particles, which are to be endowed
with mags and certain electrical properties, represent the atoms and are
to be treated as if all the mass were concentrated at a point. It is
assumed that the atoms may be electrically polarized by an external
electrical field, such as that of a beam of light, and that they may or
may not be permanently polarized by their mutual interactions in such
a manner that the whole molecule has a resultant electric moment.!
Both the polarizability and the electric moment of the model may vary
as the particles (hereafter called atoms) change their relative positions.
Finally, the atoms may possess an internal degree of freedom or nuclear
spin which introduces certain symmetry restrictions.

The forces between the particles may be crudely thought of as weight-
less springs which only approximately obey Hooke’s law and which hold
the atoms in the neighborhood of certain configurations relative to one
another. This picture of the forces as springs is useful for visualization,
but is not sufficiently general for all cases. For example, it does not
cover cases of restricted rotation about single bonds such as may occur
in ethane. The nature of these interatomic forces is one of the chief
problems still heing studied and will be discussed in.Chap. 8. The search
for a potential function which involves a small number of parameters
and which at the same time permits good agreement with experiment
is by no means ended.

The statement that the model obeys the laws of quantum mechanics
is an essential part of its specification. However, since atoms are fairly
heavy particles (compared to electrons), it will sometimes be true that
classical mechanics when properly used gives results which are good
approximatious to those of quantum mechanics,

! The clectric moment g of an electrically neutral molecule is & vector quantity whose
direction is that of 2 line joining the center of charge of the negative charges with
the center of charge of the positive charges and whose magnitude is the length of
that line multiplied by the total negative or the total positive charge, these heing
equal. An atom or molecule is said to be pelarized by an electric field when the dis-
placements of charges caused by the electric field produce or alter the clectric moment

of the atom er molecule. If the electric field strength is € and the induced moment
is y, then y = o€ defines the polerizability  for an isotropic molecule,
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Since the atome of this model have been regarded as point masses
with certain electrical properties, there is an apparent disagreement with
the fact that many experiments require that atoms be made of electrons
and nuclei. It is possible to reconcile these two points of view. If the
wave equation for a molecule made up of electrons and nuclei is set up, a
procedure! exists whereby this equation may be separated into two equa-
tions, one of which governs the electronic motions and yields the forces
between the atoms, whereas the other is the equation for the rotation
and vibration of the atoms and is identical with the equation for the
model adopted here. In principle, therefore, the forces between the
atoms can be calculated a prior: from the elestronic wave equation, but
in practice this is not mathematically feasible (except for H,), and it is
necessary to postulate the forces in such a manner as to obtain agreement
with experiment. Therefore, although it is theoretically possible to
start with a model consisting of electrons and nuclei interacting cou-
lombically and obeying the laws of quantum mechanics, in practice it is
necessary to assume the nature of the equilibrium configuration and of
the forces between the atoms, so that it seems more desirable to start
with the model in which the atoms are the units.

This separation of the eiectronic motion and the nuclear motions is
only an approximation which may break down in certain cases, especially
for high electronic states. If there were no interaction between the
two types of motions, there would be no Raman effect of any importance.
However, the coupling is small for the lowest electronic state.

1-4. Classical Theory of Vibrational and Rotational Spectra

Classical electromagnetic theory? requires that an accelerated charged
particle emit radiant energy. Onu this basis a rotating molecule with an
electric moment should emit light of the same frequency as the frequency
of rotation. Because of the Maxwellian distribution of rotational veloci-
ties, a collection of gas molecules should emit a band of frequencies
possessing an intensity maximum which is related to the most probable
frequency of rotation. In practice, this prediction of classical theory

! M. Born and J. R. Oppenheimer, Ann. Physik, 84 : 457 (1927).

R. L. Kronig, “Band Spectra and Molecular Structure,” Cambridge, New Ycrk.
and London, 1930.

* For presentations of classical radiation theory, see the following:

L. Page, “Introduction to Theoretical Physies,”” Chap. 12, Van Nostrand, New
York, 1934.

F. K. Richtmyer and E. H. Kennard, “Introduction to Modern Physics,” Chap. 2,
MeGraw-Hill, New York, 1947.

A. E. Ruark and H, C. Urey, ““ Atoms, Molecules, and Quanta,” Chap. 6, McGraw-
Hill, New York, 1930.

F. Zerner, “ Handbuch der Physik,” Vol. 12, p. ], 1927, Springer, Berlin,
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is quite closely verified experimentally for heavy molecules and low
resolution.

The molecular model of the previous section can move as a whole,
rotate about its center of mass, and vibrate. The translational motion
does not ordinarily give rise to radiation. Classically, this follows
because acceleration of charges is required for radiation. The rotational
motion causes practically observable radiation if, and only if, the mole-
cule has an electric (dipole) moment. The vibrational motions of the
atoms within the molecule may also be associated with radiation if these
motions alter the electric moment. A diatomic molecule has only one
fundamental frequency of vibration so that if it has an electric moment
its infrared emission spectrum will consist of a series of bands, the lowest
of which in frequency corresponds to the distribution of rotational fre- -
quencies for nonvibrating molecules. The other bands arise from com-
bined rotation and vibration; their centers correspond to the fundamental
vibration frequency and its overtones. A polyatomic molecule has
more than one fundamental frequency of vibration so that its spectrum
is correspondingly richer.

The Raman effect can also be explained classically. The electric
vector of the incident illumination induces in the molecule an osciilating
electric moment which emits radiation. If the molecule is at rest, the
induced moment, and therefore the scattered light, has the same fre-
quency as the incident light. If, however, the molecule is rotating or
vibrating, this is not necessarily the case, because the amplitude of the
induced electric moment may depend on the orientation of the molecule
and the relative positions of its atoms. Since the configuration changes
periodically because of rotation and vibration, the scattered radiation is
“modulated” by the rotational and vibrational frequencies so that it
consists of light of frequencies equal to the sum and to the difference
of the incident frequency and the frequencies of the molecular motions, in
addition to the incident frequency.

Thus, the classical theory of radiation and classical mechanies pro-
vides an explanation of the general features of both infrared and Raman
spectra. It cannot, however, account for the details and is to be regarded
as only a rough approximate method of treatment.

1-b. The Quantum Viewpoint

When the molecular spectra of a few light molecules are observed
with spectrographs of high resolving power, the bands previcusly dis-
cussed are resolved into a series of closely spaced lines. Classical theory
is unable to explain this phenomenon. The explanation, of course,
depends on the use of quantum theory, in which the molecule is restricted
to definite, discrete energy levels of rotation and vibration. Radiation
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occurs only when a molecule undergoes a transition from one stationary
state to another of different energy. The Bohr frequency rule gives the
frequency » of the light radiated or mbsorbed on transitions between
states of energies W, and W,. Itis

Vntty! o= puipe o= }.K.“'_Th_hl . (1)

where % is Planck’s constant.?

Not every transition can occur with the emission or absorption of
radiation. The rules which tell which transitions may occur are called .
selection rudes.

Although the classical theory is not correct in predicting that the
~ observed radiation will consist of frequencies occurring in the motion
of the system, there is an asymptotic relationship between the requencies
predicted by the classical and by the quantum theory, known as Bohr's
correspondence theorem for frequencies.? According to this theorem
the frequeuncies emitted and absorbed by a quantum system approach
asymptotically the classical frequencies of the system as the quantum
numbers of the initial and final states are increased. The intensities
of the quantum transitions will likewise asymptotically approach the
intensities calculated classically, as the quantum numbers increase,

From the quantum viewpoint, the band of lowest frequency in the
infrared spectrum (it may extend into the microwave region) of a
molecule with an electric moment consists of discrete lines, each of which
corresponds to a transition between two different rotational energy
levels of the nenvibrating molecule (or rather, of the molecule in its
lowest vibrational energy level). The other bands with higher frequen-
cies correspond to transitions involving simultaneous changes of rota-
tional and vibrational energies. The spacing between adjacent vibra-
tional levels is considerably greater than that between adjacent rotational
levels so that, although the various vibrations] bands are usually fairly

* Throughout this book, in dealing with transition phenomena, the general array of
quantum numbers specifying the upper state will be indicated by n’ and that specifying
the lower state by n’". Whenever a double subscript is used to speeify a transition,
the symbols will be written in the order initial, final. Equation (1) thus states that
the frequency, vur, of the absorption process n” — 7’ is equal to the frequency, yarae,
of the emission process n’ — n’”’, and that this frequency is given by (W, — W,«)/h.

2 See the following sources:

N. Bohr, Z. Physik, 2: 423 (1920); 18: 117 (1923),

W. Pauli, “Handbuch der Physik,” Vol. 23, p. 1, Bpringer, Berlin, 1926,

A. Sommerfeld, “ Atombau und Spektrallinien,” 5th ed., Vol. 1, pp. 671 f., Vieweg,
Brunswick, 193],

J. H. Van Vleck, “Quantum Principles and Line Spectra,” Bulletin of the National
Research Council, No. 54, Chap. 3, Washington, D.C., 1926.
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widely spaced, it requires a spectrograph of very high resolving power to
separate the rotational lines.

The fundamental frequency of the classical explanation corresponds
t0 a quantum transition from one vibrational state to the next, while the
overtone frequencies correspond to transitions to other than adjacent
levels. Since the vibrational levels are nearly but not quite evenly
spaced, the vibrational bands will fall into series with frequencies which
are almost but not quite multiples of the fundamental frequencies.

The quantum picture of the Raman effect is that a photon of energy
hvo (vo being the frequency of the incident light) comes up to a molecule
in & given stationary state, causing a transition to another higher (or
lower) energy level different in energy by an amount hy,.,. This
amount of energy is subtracted from (or added to) the incident photon
so that the emitted or “scattered’” photon then has the energy A,
F hvan and therefore has the frequency ») F vnvw. Since in general
more molecules are in the lower than in the higher energy states, there
will be more cases in which the photon gives up some of its energy than
vice versa, so that the Stokes Jines will be stronger than the anti-Stokes
lines.

In calculating the energy levels and selection rules, the principles of
quantum mechanics must be used. This is usually done through the
medium of the Schrodinger equation and wave mechanics, but the
equivalent mathematical techniques of matrix mechanics and the oper-
ator calculus are frequently useful.!

1.68. Applications

There are three main applications of the interpreted results of infrared
and Raman studies. These are the study of the nature of the forces
acting between the atoms of a molecule, the determination of molecular
structure, and the calculation of thermodynamic quantities.

‘The fundamental frequencies of vibration obtained from infrared and
Raman spectra have provided considerable information about the inter-
atomic forces in various molecules. It is found that different types of
valence bonds exhibit different degrees of resistance to stretching and
bending which are roughly independent of the molecule in which the bond
occurs. Further, empirical relations between the length of a bond and

!In this book an elementary knowledge of quantum mechanics will be assumed,
Any material, however, which is not covered in L. Pauling and E. B. Wilson, Jr.,
“Introduction t0 Quantum Mechanics,” MeGraw-Hill, New York, 1935, will be
developed in the text or appendixes. For a more advanced treatment of the subject,
see E. C. Kemble, ““Fundamental Principles of Quantum Mechanics,” McGraw-Hill,
New York, 1937; also L. L. Schiff, “ Quantumn Mechanics,” 2d ed., MeGraw-Hill, New
York, 1955; or K. 8. Pitzer, “Quantum Chemistry,” Prentice-Hall, New York, 1953,
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its resistance to stretching have been found which promise to have useful
applications.!

There are several ways in which information about molecular structure
can be obtained from infrared and Raman spectra. Probably the most
important is the determination of moments of inertia from the spacing
of the rotational lines. This remains one of the most reliable methods
known for the determination of molecular sizes of simple molecules
although with present experimental techniques it cannot be used for any
but very light molecules. In recent years this method has been enor-
mously extended by the development of techniques for the use of the
millimeter and centimeter wavelength regions, i.e., the regions of micro-
wave spectroscopy. The vibrational spectrum can also be used to
provide clues as to the structure of a molecule, especially with regard to
its symmetry.

In many ways the most valuable application of the data of infrared
and Raman studies is to the calculation of the heat capacity, entropy,
and free energy of gaseous molecules. For such caleulations a knowledge
of the moments of inertia and vibration frequencies of the molecule is
necessary. Calculations of this sort have been carried out for a large
number of simple molecules with results which ususally surpass in accuracy
those of any other method. If the value for the heat of reaction is
known at any temperature, spectroscopic data can be used to find the
heat of the reaction at any other temperature, the free energy and
entropy changes, and the equilibrium constant at any temperature.

All these applications require a careful consideration of the principles
underlying the interpretation of the spectral data. Because of the fail-
ure to recognize the importance of some of these principles. many false
conclusions have been drawn in the past from speetroscopic experiments.

t R. M. Badger, J. Chem. Phys., 2: 128 (1934); 8: 710 (1935).
W. Gordy, J. Chem. Phys., 14: 305 (1948).



CHAPTER 2

THE VIBRATION OF MOLECULES

The study of molecular vibrations will be introduced by a consideration
of the elementary dynamical principles applying to the treatment of
amall vibrations. In order that attention may be focused on the dynam-
ical principles rather than on the technique of their application, this
chapter will employ only relatively familiar and straightforward mathe-
matical methods, and the illustrations will be simple. This will serve
adequately as an introduction to the applications of quantum mechanics
and group theory to the problem of molecular vibrations. Since, how-
ever, these straightforward methods become cumbersome and imprac-
tical, even for simple molecules, equivalent but more powerful techniques
using matrix and vector notations will be discussed in Chap. 4.

2-1. Separation of Rotation and Vibration'

The logical way to begin the mathematical treatment of the vibration
and rotation of a molecule is to set up the classical expressions for the
kinetic and potential energies of the molecule in terms of the coordinates
of the atoms, and then to use these expressions to obtain the wave equa-
tion for vibration, rotation, and translation. Following this, it should
be proved that when the proper coordinate system is used, the complete
wave equation can be approximately separated into three equations, one
for translation, one for rotation, and one for vibration. Unfortunately,
this procedure is not a very simple one and utilizes more quantum-
mechanical technique than is required for the discussion of the vibrational
equation itself. Consequently, the actual carrying out of the separation
will be deferred until Chap. 11, and only a summary of the results thus
obtained will be presented at this point. The reader who prefers to
follow the more logical order may turn to Chap. 11 before continuing
with the present sections.

It is found that the proper coordinates to use are the following: the
three cartesian coordinates of the center of mass of the molecule, the
three Eulerian angles? of a rotating system of cartesian coordinates, the
axes of which coincide with the principal axes of inertia of the undistorted
molecule, and finally the cartesian coordinates of the atoms with respect

! References to the original papers dealing with this topic will be found in Chap. 11
1 Eulerian angles are described in Appendix 1.
11
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to the rotating coordinate syvstem. Since there are only 3N degrees of
freedom for a molecule of N atoms, there are six too many coordinates
in the above list, so that all of them cannot be independent; six conditions
connecting them must exist. However, just six conditions are required
(for nonlinear molecules) to define the rotating coordinate system. Three
of these locate the origin of the rotating system at the center of mass of the
molecule, thus assuring that the rotating system moves with the mole-
cule. The other three conditions tie the coordinate system to the mole-
cule so that they rotate together.

The effect of these conditions is to enable the vibraticns to be treated
in terms of the ccordinates of the moving system of axes just as if the
molecule were not rotating or undergoing translation. The 3N car-
tesian coordinates of the moving system are used, together with the six
conditions above which prevent translation or rotation with respeect to
the moving axes.

Let Za, Yo, 2o be the coordinates of the ath atom in terms of the moving
system, and @q, ba, ca be the values of the coordinates of the equilibrium
position of the ath atom; 7.e., the values assumed by 2., ¥, z. when the
molecule is at rest in its equilibrium position. Displacements from equi-
librium will be measured by Aze = &a — Gay AYa = Yo — o, and

A2y = 24 — Cq

The condition that the origin be at the center of mass yields the equa-
tions

MaZa = 0
1

z Aogfa = 0 (1)

a=1

N
2 MoZa = 0
a=1

in which i, is the mass of the ath atora. Similar expressions must hold
~ for the equilibrium configuration, in which 2, = Ga, Yo = ba, 2o = Ca.
Consequently, the following relations will be valid:

R
2 tdz

N

Z Ma AT, = 0

o=l

N

Mo AYa = 0 (2)

=l

N

z My Azg = O

a=1
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The other three conditions on the moving system are not as simple
and obvious as the three just given. They are chosen so that the axes
will rotate with the molecule, but it is not easy to detine what is meant by
“rotating with the molecule” when all the atoms in the molecule are
moving relative to one another in their vibrational motions. It mighi,
for example, be specified that there should be no angular momentum with
respect to the translating-rotating coordinate system. This is not a
convenient definition of the rotating system, but the definition which is
adopted, for reasons given in Chap. 11, i¢ closely related. Thus, the
components mi,, m,, and ni, of the angular momentum in the moving

system are
N

n, = 2 MalYoba — Zalla)
a=1
N

m, = E MalZata — Taka) 3)

a=1

x
m, = z MalZaffa — Yola)
a=1

A dot over a symbol means the time derivative, that is, #, = dz./dt,
etc. For small displacements, Az, Ay, etc., are small, so that z.,
Yay 80d z, can be replaced by @., b., and c., respectively, these being
the coordinates of the squilibrium position of the atom «. Under these
circumstances,

11

N
Tllx E ma(baz.a - Ca'ya)

=1
A’
m, E Ma(Calon — o) (4)

a=1]1

N
n, = z Me(GaBta — bala)

=1

The conditions actually employed in defining the rotating system of axes
are (see also Sec. 2-5)

N

z Malby AZg — o AY,) = 0

=1

N
2 MalCa AZa — Oy Aze) =

ae= 1
N
z Melde AYa — b, Ay) =

|
o

6

o]



14 MOLECULAR VIBRATIONS [Sec. 2-2

If these are differentiated with respect to the time, it is seen that they
become equivalent to the equations obtained when the approximate
expressions for m., m,, and m, in (4) are equated to zero, since

dAz,) -4
a )

92-2. Small Vibrations in Classical Mechanics®

As a consequence of the conclusions set forth in the previous section,
the problem of the vibration of a molecule may be treated independently
of its rotation? by using a system of coordinates moving with the mole-
cule and satisfying the six conditions of Eqs. (2) and (5), Sec. 2-1. Since
classical mechanics yields a solution of the problem of small vibrations
which is easier to visualize than the quantum mechanieal solution, it will
be employed first.

The kinetic energy is given by

N
_ dAz.\ | (dAy.) d Az.\’
2T‘Z’”“[—¢Tt“>+(dt>+( dt)] b

a=1
It is very convenient to replace the coordinates Az,, . . . , Azy by a new
set of coordinates g1, . . . , Qav defined as follows

g = ‘\/EIAIl g2 = ‘\/’;”—7-; Ay1 qs = \/-7-71«: AZI qq = '\/;r—'l; AIQ, ete. (2)

and known as mass-weighted cartesian displacement coordinates. In
terms of the time derivatives of these coordinates the kinetic energy® is

3N
T = E @ 3)

i=1

The potential energy will be some function of the displacements and
therefore of the ¢’s. For small values of the displacements, the poten-

1 (jeneral treatments will be found in the following:

J. H, Jeans, “Theoretical Mechanics,” p. 348, Ginn, Boston, 1907.

E. T. Whittaker, ‘ Analytical Dynamics,” 3d ed., Chap. 7, Cambridge, New York
and London, 1927, -

For the application to molecules, see the following:

N. Bjerrum, Verhandl. deut. physik Ges., 16: 737 (1814).

. M. Dennison, Revs. Mod. Phys., 3: 280 (1931).

2 For a further discussion of the justification of the method used in this section, see
Appendix II.

1 The subscripts « and 8 (runuing from 1 to N) will be used to enumerate atoms,”
while italic subseripts i, j; k, I; m, n; ¢, 7; 8, {; and %, v will be used to enumerate coordi-
nates and will run from 1 to 3N or from 1 to 3N — é or 3N — b.
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tial energy V may be expressed as a power series in the displacement

g
3N 3N
. av vV .
2V = 2V, 4+ 2 Zﬁ ((9—q,>o g + 21 <6q,- 0%)0 ¢:q; + higher terms
3N aw
=2V, + 2 2 fig: + z f.9:9; + higher terms (4)
=1 1i=1

By choosing the zero of energy so that the energy of the equilibrium
configuration is zero, V, may be eliminated. Furthermore, when all
the ¢’s are zero, the atoms are all in their equilibrium positions so that the

encrgy must be a minimum for ¢ = 0,7 = 1,2,3, . . . . Therefore!
oV .
— ] =f=0 =12 ...,3N
aq: Jo

For sufficiently small amplitudes of vibration, the higher terms (cubic,
quartic, etc., in the ¢’s) can be neglected, so that

3N
2V = ) fugas (5)
,7=1
in which the f.’s are constants given by
vV
Jo = (GQ«' 3%’)0 ©)
with f",' = fj,;.
Newton's equations of motion can be written in the form
dal  ov 4 . :
'litb—q—J‘f'éE— ]—1,2,...,3N (7)

since T is a function of the velocities only (in this coordinate system)
and V is a function of the coordirates only. Substitution of the expres-
sions for T and V given above yields the equations

3N

q;+2f{1q¢=0,j=1,2,-~~,3N (8)

=1

This is & set of 3N simultaneous second-order finear differential equations.
One possible solution is
¢ = A; cos A\ + ¢) (9)

! Here again the treatmeut disregards the fact that thé coordinates ¢; are not all
independent. For justification of this method, see Appendix 1L



