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PREFACE

These Proceedings are based on the papers presented at the
7th IFIP Conference on Optimization Technigues held in Nice,
September 8-12, 1975. The Conference was sponsored by the
IFIP Technical Committee on Optimization (TC 7) with the co-

operation of:

AFCET (Association Frangaise pour la Cybernétique Economique

et Technique)

IRIA (Institut de Recherche en Informatique et en Auto-

matique)
SMF (Sociéte Mathématique de France)

Université de Nice, Ville de Nice and Conseil Général des

Alpes-Maritimes.

The Conference was devoted to recent advances in optimization
techniques and their application to modeling, identification
and control of large systems. Major emphasis of the Conference
was on the most recent application areas including: environ-

mental systems, socio-economic systems, biological systems.

The Proceedings are divided into two volumes: In the first are
collected the papers in which the methodological aspects are
emphasized; in the second those dealing with various application

areas.

The international Program Committee of the Conference consisted

of:

A.V. Balakrishnan (U.S.A.), B. Fraeijs de Veubeke (Belgium),

G. Nyiry (Hungary), A. Kalliauer (Austria), L.L. Lions (France),
G. Marchuk (USSR), C. Olech (Poland), L.S. Pontryagin (USSR),

A. Ruberti (Italy), F. Stoer (RFG), J.H. Westcott (United King-
dom) , K. Yajima (Japan).
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ON THE MARGINAL VALUE OF AN ANTAGONISTIC GAME

Joachim Hartung
Institut fiir Angewandte Mathematik
D-53 Bonn, WegelerstraBe 6

Let X and Y be the sets of strategies of two antagonistic players, and
Eoritig. [05T]-€ Ry T 3.0y
£l y.t) 3 Xiw¥ o+ R
may be a payoff function in the parametric two-person zero-sum game
G, = (X, ¥, £(x,y,t)) , te [0,T],
where it is to maximize over X and to minimize over Y.

Definition 1: If v(t) = Val(Gt) is the value of Gt’ t. e [O,T], then the
marginal value of the family of games {Gt}ts[o 7] in the point t =0
4

is defined as
vit) - v(0)

v;(o) := lim T

t-++0
We consider conditions - different from that given for instance in [3],
[5] - for the existence of the marginal value, which enable us to derive
from the marginal value theorem a method for solving a wide class of
constrained games.
Let X, Y be not empty closed convex subsets of real topological linear

spaces.

Definition 2: A function g:XxY + R is 'sup-inf compact', if the level
sets {x ¢ X | g(x,y) 2 a}, ye ¥, aeR, and {y ¢ Y | g(x,y) < b}, x € X,
b € R, are compact.

Let X(t), Y(t) denote the sets of optimal strategies in Gt’ te [O,T].

Theorem 1: (marginal value theorem)

TE (1) f(x,y,t) is concave (convex) in x (in y) for t ¢ [0,T],
(ii) f£(x,y,0) is upper (lower) semicontinuous in x (in y),
(iii) f(x,y,0) has a saddle point on Xx Y,

(iv) f'(x,y,0) := iiiiﬁ%iﬁl

It=+0 exists, and

f(x,y,t)-f(x,y,0)
t

0(1,x) ¢ - £'(x,y,0) ¢ O(1,y) , for t ¢ (O,T],

where O(1,x) is independent of y and O0(1,x) » O for t + +0 and



fixed x € X, O(1,y) is independent of x and O(1,y) » O for
t - 40 and fixed y € Y,
(v) £'ix,y,0). apd £(x,y,t) for t. e (O,T] are sup-inf compact
on X x¥Y,
then v} (0) exists and

(1) v;(O) = max min £'(x,v,0)
xeX (0) yeY (O)
= min max £l ,v,0) s
YEY (0) xeX(0)
Proof:

Because of (i), (iil) and (v) the sets X(t), Y(t) are not empty and there
exist the values v(t), for t ¢ [0,T]. Let X, € X(8), y, e Y(t),
t € [0,T], then we have
(2) Elxgryert) = £(x5,¥,,0) s v(t) - v(0)

< f(xt,yo,t) = f(xt,yo,o) .
For t € (0,T] we get from (iv)
(3) A A o(t,x) + tf'(x,y,0) € £(x,y,t) - £(x,y,0)

XeX yeY
€ O(t,y) + tef'(x,y,0) ,

and with (2)

(4) tef! (x5¥ee0) + O(t,x)) < £(x ,y,,t) - £(x,,y,,0)
< v(t) - v(0)
§ £(xp,yget) - £(x,v,,0)

A

t-f'(xt,yo,O) + O(t,yo) .

From (v) we get

(5) £'(x,y,0) > min f'(x,y,0) =: £'(x,y(x),0) > -=
yeY
and
£'(x,y,;0) ¢ max £'(x,y,0)i=: £'(X(y)3y,0) <i#eo *,
xeX

such that with (4):
(6) te £ (x ¥ (x5),0) + O(t,x)) € v(t) - v(0)

$ £ (x(y,),¥y,0) + O(t,y,)
which means that

{7 lim v(t) = v(0) .
t+>+0

Dividing in (4) by t,(5) yields



