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FOREWORD

The success of the Boundary Element Method in the last ten years has been
mainly due to the development of the technique as a practical engineering
tool. The year 1978 was a milestone in this regard, as it was then that clas-
sical boundary integral equations were interpreted in a different way. The
emphasis then on the use of quasi-variational concepts and transformations
of the type already known in finite elements gave origin to a new method-
ology which was well adapted to the direct boundary integral formulation.
In spite of the rapid advances in boundary element research in subsequent
years, these definitions are still accepted as the basis of the method.

One of the most versatile interpretations of the technique is provided by
the use of Lagrangian multipliers, which permits a simple deduction of the
boundary integrals starting with the differential equations governing the
problem. Unfortunately this concept, which is not only mathematically
correct but very elegant, has been misunderstood, perhaps because classi-
cal boundary integral scientists were not familiar with variational calculus.
This branch of mathematics is one of the most difficult to comprehend,
possibly because it entails understanding a series of philosophical concepts
rather than purely algebraic expressions.

Another area of confusion has been the relationship between boundary ele-
ments and other numerical techniques. Erroneous concepts about symmetry
and the correct interpretation of the integral equations in terms of energy in
the nineteen seventies were followed by a better understanding of the basic
principles in the nineteen eighties. Many of the original problems seem to
have been simply due to attempts to force the boundary element method
to conform to finite element concepts.

The most important development in the last 10 years has been the aware-
ness of the engineering and scientific community that boundary elements is
a new and more powerful technique than finite elements, and that the lat-
ter can be seen as a particular case of BEM rather than the other way round.

From the history of science point of view it is interesting to point out that
while finite elements was a method predominantly based on approximations,
boundary elements combine them with powerful analytical solutions. This
combination, which in a way was a revaluation of past work is the more
powerful aspect of boundary elements and the one that gives the method
great accuracy of results and versatility.

From the engineering point of view, boundary elements can be seen in many
cases as a computational technique which is better conditioned than finite



elements for analysis and design. While FEM analysis demands an unne
essary discretization of the domain, boundary elements is a function of tl
surface configuration only. Further advances are still required to elimina
the need to discretize surfaces by treating each of them as one large elemes
instead. The concept of elements is in itself an FEM idea and the next stay
should be to develop boundary surfaces or patches.

The work carried out in non-linear and time dependent problems has up f
now also suffered from the application of old FE concepts. Undue emphas
is put on the subdivision of the continuum into a fixed grid consisting «
the so-called cells. With the exception of some papers such as those dealir
with moving internal boundaries and others related to the dual reciprocit
method, most applications of BEM in non-linear and time dependent prol
lems are too closely related to similar work previously done using finit
elements. In this regard it is necessary for BEM scientists to learn to
more audacious and innovative in their thinking in order to realize the fu
potentialities of the new method.

These ten years of BEM research have been particularly rewarding for thi
editor who has seen the technique developing from its humble beginning
into a powerful engineering method. What in 1978 was an eccentric ot
session which was deemed to be unnecessary, has now become not only a
established research technique but a powerful tool for engineering analysi

Carlos Brebbia



CONTENTS

SECTION 1 - BASIC FORMULATIONS

INVITED PAPER
The Generalized Boundary Element Method for Nonlinear Problems
N. Tosaka and K. Kakuda

INVITED PAPER

Variational Principles for Boundary Element Formulations in
Structural Mechanics

C. Polizzotto

A Hybrid Displacement Variational Formulation of BEM
T.G.B. DeFigueiredo and C.A. Brebbia

The Hybrid Boundary Element Method in Elastostatics: Overview
of the Theory and Examples
N.A. Dumont

INVITED PAPER

Modern Coupling of FEM and BEM with Mixed Variational
Formulations

E. Schnack, I. Becker and N. Karaosmanoglu

Some Computational Aspects of the BEM Variational Formulation
P. D’Aguanno, T. Panzeca and M. Zito

SECTION 2 - MATHEMATICAL ASPECTS

INVITED PAPER

The Boundary Element Method for Linear Elliptic Equations with
Variable Coeflicients

D.L. Clements

New Expressions of the Fundamental Solution of Axisymmetric
Helmbholtz-Type Equations
M. Tsuchimoto and T. Honma

Boundary Element Analysis System Based on a Formulation with
Relative Quantity
H. Kisu and T. Kawahara

19

33

43

59

75

91

97

111



INVITED PAPER
Further Applications of P-Adaptive Boundary Elements
M. Cerrolaza and E. Alarcon

Lagrangian Node Generation in BEM using Half-Plane

Formulation
Dj. Modjtahedi and M. Rahbar:

Estimates of Errors Arising in the Computation of Forces Acting
on Rigid Bodies in Stokes and Potential Flows due to Variations

in Geometry
E. Gavze

Equations with Discontinuous Coefficients
F. Hartmann and P. Schoepp

Spline Integral Equation Method for Rotating Disc of Variable
Thickness
X-y. Liu and J-j. Zheng

INVITED PAPER
The Two-Dimensional Papkovich-Neuber Formula
M.A. Jaswon and H. Adib:

INVITED PAPER
An Accuracy Postprocessor for Boundary Element Analysis
J.J. Rencis and K-Y. Jong

INVITED PAPER
The H-P Version of the Galerkin Boundary Element Method for

Integral Equations on Polygons and Open Arcs
E.P. Stephan

SECTION 3 - NUMERICAL ASPECTS

INVITED PAPER
Integration Methods for Singular Boundary Element Integrands
W.S. Hall

INVITED PAPER

Quadrature Methods for Singular and Nearly Singular Integrals
in 3-D Boundary Element Method

K. Hayami and C.A. Brebbia

123

137

147

161

167

177

187

205

219

237



A Flexible Quadrature Method over Cauchy Singularities in
Boundary Integral Equations
H. Niessner

Accurate Numerical Integration of Singular Kernels in the
Two-Dimensional Boundary Element Method
M. Sato, S. Yoshioka, K. Tsukui and R. Yuuk:

A Numerical Integration Scheme for the Galerkin Approach in
Boundary Elements
P. Parreira

The Boundary Representation Angle in 2D BEM Potential
Problems
C.F. Flood and W.S. Hall

A Simple Procedure to Solve the Mild-Slope Equation using BEM
and Perturbation Technique - Part I
R. Rangogni

SECTION 4 - COMPUTATIONAL ASPECTS

An Efficient Technique for Reducing Domain Integrals to the
Boundary
J.P.S. Azevedo and C. A. Brebbia

Numerical Integration for Supercomputers in Three-Dimensional
Potential Problems
H. Tsuboi and Y. Ishi:

SECTION 5 - EDGE FUNCTION METHOD

INVITED PAPER
The Edge Function Method (EFM) for 2-D Regions with
Arbitrary Boundaries, in Fracture Elastodynamics, Thin

Plates and Laplace/Poisson Problems
P.M. Quinlan

INVITED PAPER

The Edge-Function Method for Eigenvalues and Eigenfunctions for
Two-Dimensional Elastodynamics in Polygonal Regions

J.J. Grannell and M.J.A. O’Callaghan

265

279

297

313

331

347

363

381

397



INVITED PAPER

The Lap-Edge Method for 2-D Problems in Heat Conduction for
Loaded Polygonal Regions with Circular Cavities

B.G.Mc Enery and M.H. Quinlan

SECTION 6 - COUPLING

INVITED PAPER
The Coupling of BEM and FEM - A Brief Review
G.C. Hsiao

INVITED PAPER

Mixed Methods and the Marriage between Finite Elements and
Boundary Elements

A. Bossavit

INVITED PAPER

BEM-FEM Coupling for Screen and Infinite Domain Potential
Problems

J.J. Grannell

A Coupled Formulation of Finite and Boundary Element Methods
in Two-Dimensional Elasticity

C.K. Chot and J.S. Ahn

INVITED PAPER

A Combined Finite Element Boundary Element Technique for
Stress Analysis

J.L. Wearing, M.A. Sheikh and A.J. Hickson

Boundary Element and Finite Element Methods for the Coupled
Fluid-Structure Interaction Problem
S. Amini and P.J. Harris

Fluid-Structure Coupling Boundary Element Method for
Analyzing Free Vibration of Axisymmetric Thick-Walled Tanks
Y-Y. Huang, S-K. Wang and W-M. Cheng

A Combined Boundary Integral FE Method for Large Domain
Problems
D. Givoli

417

431

447

459

477

493

509

521

535



INVITED PAPER

The Modelling of Highly Nonlinear Water Waves: A step toward
a Numerical Wave Tank

S.T. Grilli, J. Skourup and I.A. Svendsen

SECTION 7 - INVERSE PROBLEMS

INVITED PAPER

Some Recent Advances in Boundary Element Research for Inverse
Problems

M. Tanaka

Shape Identification of a Free Surface with Tractions of
Constant Magnitude
R.A. Meric

Source Inversion of Acoustic Emission based on the Boundary
Element Formulation
M. Ohtsu

INVITED PAPER
Shape Optimization of Electrode and Insulator
H. Tsuboi

SECTION 8 - RESEARCH IN PROGRESS

INVITED PAPER
One Decade of Engineering Research on BIE-BEM in China
Q. Du and Z. Yao

INVITED PAPER
Boundary Element Research in Brazil
J.A. Costa Jr.

549

567

583

593

603

621

631



SECTION 1 - BASIC FORMULATIONS






INVITED PAPER

The Generalized Boundary Element Method for Nonlinear
Problems

N. Tosaka and K. Kakuda

Department of Mathematical Engineering, College of Industrial
Technology, Nihon University, Narashino, Chiba, 275, Japan

ABSTRACT

The present work represents an attempt to apply extensions of
the boundary element method recently being used in the
boundary-value problems and the initial boundary value problems
to nonlinear problems. Our new method based on the set of
boundary integral equations derived for each subdomain by using
the fundamental solution for the linearized nonlinear differen-
tial operator of the problems is proposed. The resulting sys-
tem of quasi-nonlinear equations is solved by using of the
simple iterative procedure. In order to show the workability
and the validity of the proposed method, numerical results of
the one-dimensional boundary-value problems are presented.

INTRODUCTION

The boundary element method has developed in many fields in
natural science and engineering (see e.g. References 1,2,3).
It is found that the boundary element method is a powerful
numerical solution procedure for both the linear boundary-value
problems and initial boundary value problems in various mathe-
matical models. However, applications of the boundary element
method to nonlinear problems are a few in comparison with
linear problems. We can find many important and interest
problems in nonlinear continuum mechanics.

In order to assert the dominant position of the boundary
element method we must show the effectiveness and adaptability
of the method through applications to many kinds of nonlinear
problems. From this point of view, we have been challenging
the integral equation analyses of geometrically nonlinear
problems of thin elastic body (e.g.,Tosaka et.al.,4,5) and non-
linear problems of viscous fluid flow (e.g.,Tosaka et.al.,6-9).
In these studies we proposed the hybrid-type integral equation
method (or the boundary-domain integral equation method) in



4 MATHEMATICAL & COMPUTATIONAL ASPECTS

which the fundamental integral equation possesed not only the
boundary integral terms but also the volume integral terms in-
cluding the unknown functions. The system of nonlinear in-
tegral equations was derived from the weighted residual expres-
sion by making use of the fundamental solution for a linear
differential operator which was only a part of the original
nonlinear differential operator. This system was discretized
with not only boundary elements but also internal cells. The
final nonlinear set of matrix equations with a full coefficient
matrix was solved effectively by the Newton-Raphson iterative
procedure instead of the simple iterative procedure.

In this paper, the new boundary element method is

presented for nonlinear problems. This method has the
properties as some generalization of a standard boundary ele-
ment method. The basic idea of this method is to derive a

boundary integral equation in subdomain by using a fundamental
solution for the linearized differential operator of the non-
linear governing equation. We take into consideration of some
nonlinear effect in the used fundamental solution. The derived
boundary integral equation is discretized with only the bound-
ary element. The final system of matrix equations for the
problems is constructed by combinating the equations of each
subdomain in consideration of connectibity at the interface.
Consequently, we have the added advantage that the final system
to be solved becomes to banded matrix equations. An effective
procedure to solve this quasi-nonlinear system is developed. A
simple iteration algorithm is proposed instead of the Newton-
Raphson iterative method which had been used in our previous
studies on nonlinear problems. We may regard the above-
mentioned method as the generalized boundary element method in
a sense that our method is based on the boundary integral equa-
tion in each subdomain instead of the nonlinear integral equa-
tion in the whole given domain.

The new method is applied to one-dimensional nonlinear
boundary-value problems. We adopt two nonlinear differential
equations as a sample problem in this study. Especially, the
Burgers' equation which has the similarity to the well-known
Navier-Stokes equations in incompressible viscous fluid flow
problems is considered as a mathematical modelling to examine
applicability of the proposed method. Numerical results to
demonstrate the versatility and accuracy of the method are
presented for boundary-value problems of the nonlinear equation
with high nonlinear coefficient.

GENERALIZED BOUNDARY ELEMENT METHOD
Nonlinear problems

Let us consider the boundary-value problem of the following
nonlinear differential equation:
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Al(u) = f in Q (1)

In this equation (1), we assume that the nonlinear differential
operator A4 is given by the following sum of the linear
operator L and the nonlinear one N :

Alu) = Lu + N(u) (2)

Now, we propose the generalized boundary element method for
solving approximately the boundary-value problem of the non-
linear equation (1) with (2). First of all we construct the
given domain Q as the union of the subdomains 2; as follows:

N
=249 (3)
In each subdomain Q4 , it is assumed that the nonlinear

operator N(u) can be linearized as:
N(u) = vL u (4)

where the function v is considered_as the known value of the
unknown function u and the operator L is a linear one.

With the above linearization (4), the nonlinear differen-
tial equatioin (1) turns out the following linear one, which is
the fundamental equation for our method:

A(u)-'?Lu+vITu=f in Q (5)

Boundary integral equation

Let us derive the boundary integral equation formulation of (5)
by using the standard manner in the direct boundary element
methodI). We start from the following weighted residual ex-
pression of (5) for the weighting function w* :

(Lu +vLu - flw*da =0 (6)
Q.

7
Integrating this expression by the divergence theorem, we can
obtain the inverse form such that

J U(L*+vL*)w*dQ = J {u(Bw*) ~(Bu)w *}drT
Q. 2

7

I

+ f v{u(ﬁw %) —(§u)w*}dr
T

z

+ j fw*dQq (7)
Q

Z



