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FOREWORD

These tables have been prepared atthe instigation of V.A. Diktin. The values
of the functions J, (x), J, (x) were taken from [10] and rounded off to seven places
of decimals. The remaining values in the tables have been calculated anew: The
_calculation of the integrals Jio (%) and Ji, (x) was carried out by Simpson’s quad-
rature formula on an electronic calculatorand analytical computers. The functions
Yo (%), Y, (%), Yi, (x), Yi, (x) were calculated on the electronic computer BESM. *
Taylor’s series and asymptotic expansions were used in the calculations. ‘\Il values
in the tables have been checked by differences.

Calculation of the integrals Jio (x), Ji, (x), checking of the tables and their
preparation forthe press were carried out under the supervision of E.A. Maurit. The
illustrative nomogram was worked out by S.N. Borisov.

The author offers her heartfelt thanks to V.A. Diktin and L.N. Karamzin for 4
their great help in the work on the tables.

* Translator’s note: BESM —the high-speed’electroni;': computerof the Academy of Sciences
of the USSR. '






INTRODUCTION

1. THE CONTENTS Or THE'TABLES. AND RULES
FOR THEIR EMPLOYMENT_

'THE Bessel functions /,, (x) and ¥, (x) are linear-independent solutions of the
differential equation of the second order

du 1 d ] '
dz':+z d:+(1—;i‘)u=0' @

This book contains tables of these functions for n = 0 and 1
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% = 0.63661 97724. . .,

C =0.57721 56649. . .,
K =0.67225 35977. . .
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4

We already have sufficiently detailed tables for the functions Jo (%) and J; (*)
(for instance, [10], [11]); they are included in this publication for convenience
in obtaining the values of functions closely connected with those tabulated (see
formulae (47) - (53) ). The existing tables of Bessel functions of the second kind
Y, () and Y, (2)[11, 12, 151 have steps of a larger scale or a smaller region of
change of the argument than those in this work. Tables of integrals derived from
Bessel functions, with an exception of no great significance [13, 2] are lacking. A
detailed bibliography of tables of Bessel functions and of integrals derived from
them is to be found in [5]. ‘

The tables in this work contain the functions indicated above, carried to
seven places of decimals or seven significant figures, for 0 < x < 100. In the
interval (0.15) the argument x changes by 0.001, and in the interval (15.100) by
0.01. The step in the tables has been so selected that in most cases the inter-
mediate values of the functions, with an error not exceeding two units of the last
value in the table, can be obtained by linear interpolation according to the formula

f(2) = %+ th) = f (%) + ¢ [f (%0 + B) — f ()] - (10)

Where linear interpolation does not give the accuracy indicated, we recommend
quadratic interpolation with the wing use of Bessel’s formula

F(2) = f (@0t th) = [ (z) + 1A (z) — LT 2Bf 2, (D)
where
AF (@) = 7 (@0 + B) — f (o), e
A2f (z) = A% (z_,) + D% (20) =
= /(@ + 2h) — (@0 + B) — / (@) + | (5= B). (19

In this case the second differences, Af (x,)*, expressed in terms of the last class
of tabular values, are to be found immediately after the column of values of the
function. At the end of the book and on the inserted loose leaf we introduce the
values for the quantity ¢ (1 —¢) /4 with ¢ changing by 0.001, and we also give a
nomogram for the determination of the absolute quantity of the quadratic term of
this formula. '

Example 1. To find Yi, (11.03814).

Yi, (11.93814) = Yi, (11.938 + 0.14~0.001).

* If in the tables | A?f (x,)|< 16, the intermediate values of a function can be obtained by
linear interpolation.
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FIG. 2

In the given case ¢ = 0.14. A second difference is lacking, so we use the

formula of linear interpolation and find '
*Yi, (11.93814) = Yi, (11.938) + 0.14°[Yi, (11.939) — Yi, (11.938)] =—0.0190470
(see page 278). ]

Example 2. To find Y, (0.180313).

Y, (0.180313) = Y, (0.180 + 0.313.0.001).

The values Y, (0.180) =—3.669604 and Y, (0.181) = — 3.650476 are to be
found on page 27. To the right of ¥, (0.180) on the same line we find a second
difference A? Y, (0.180) =— 0.000428, so we shall use formula (11) to obtain Y,
(0.180313). The value of the quantity ¢ (1 —¢) /4 = 0.05376 is to be found on the
loose leaf. - i

Then Y, (0.180313) = Y, (0.180) + 0.313 [Y, (0.181) - Y, (0.180)] —
—% 0.313 (1-0.313) A? Y, (0.180) = —3.663594.

Since for the funt;tions Jis (x), Y, (x), Y, (x), Yi, (x) and Yi, (x) x=0is a

B vatiE, 258 EPDFIG Ui A : www. ertongbook. com
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singular point, in the vicinity of zero (0 < x < 0.150) the intermediate values of
these functions can be obtained by means of linear interpolation of the supple-
mentary functions Lio (), Co (), C, (x), Ds (x), Ds (%), D, (), E, (x) E, (»), )
F, (%) and of quadratic interpolation of the function F, (%) for which A? F, (x,) is
everywhere in the interval indicated equal to 20.

The fupctions Ji, (%), Yo (%), Y, (%), Yis (%), Yi, (2) are connected with the
following supplementary correlations:

Jiy(z) = Lis(z) — In %, 14)

Y, (z) = Co(z) + Dy (2) Inz, (15)

Y (z) = 2E 1 D, () Inz, (16)

Yiy(2) = Fo(2) + [Eo(@) — 3 Inz]Inz, a7

) Yiy(z) = 2.2 4 B, (z) ln . _ (18)

The values of the supplementary fu~ctions are laid out on pages 17 —19.
Example 3. To find Y, (0.08991)

By linear interpolation of the functions C; (x) and D; (x) for the value x =
0.08991 and using formula (16), we find:

C, (0.08991) = C, (0.089 + 0.91.0.001) =
= C, (0.089) + 0.91 [C, (0.090) — C; (0.089)] = — 0.6382011,
D, (0.08991) = D, (0.089 + 0.91.0.001) =
= D, (0.089) + 0.91 [D, (0.090) — D, (0.089)] = 0.0285903 - (see page 18),,

Y, (0.08991) = 20089 4 p,(0.08991)1n 0.08991% = — 7.467094.

In the values of the functions given in the tables the error does not exceed
0.6 of a unit of the last value, with the exception of the functions C,, (x), C, (x),
F, (x) and F, (%), in which the error attains the unit of the last value.

é. CERTAIN PROPERTIES OF THE FUNCTIONS

For calculation of values of the functions tabulated here outside the region
in which the arguments are given the following formulae may be useful.

1) Asymptotic presentations:

* The value of 1n % is taken from [17].
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Jo (@) = ;/ :_—;{P., (2) cos (x— -Z—)—Q., (z) sm( et {-)}, | (19)

Jy (z) = l/.lzm {Pl (z) cos (a: - i—“) — @, (2) sin (z - %")}. | k20)

Y, (z) = ;/ -,‘Z{Po () sin (x - {-) + Qo (:;:) cos (x i ;)} ()
Y,(z) = V’% {P, (z) sin (:r, — 34—") + Q; (x) cos (z — 3;’-‘)}, (22)

Jig(z) = 1/7-;2:: {A'o (z) cos (x —_ 41) + B, (z) sin( - %)}: (23)

Jiy(z) = ‘/ {A1 (z) cos( ) + B, (x) sm( :?)} (24)
Yiy(z) = ;/—- {A,, (z) sm( 3 ) B, (z) cos (:c —E—)}, (2§) |
Ya@ =Y Z{t@ sin(e— ) - B@eoso— L) 0o

where . § .
 Py(z)= ZL-_”M_i-_é.mosizs+.._

(2k)l (&)Ik . 27

‘P,'(z)= 14 i“ (= "+ [ak — 3)1) [k + )11y _ 14 %ﬁ _f?lf)’

Faei T
: ® k1
Qo(z) = 2:( L i (L 0.425 +o.073:‘ 4219 .. (29

S @EniEFR T TS

‘ (-]
", (= D¥ 4k — 1)11] {4k + 311 o 375  0.1025 3906
01 (z) 2 (2k + i), (&)u-!»l z - z )

+"'1(30)\




Introduction

< of _ 1625 1453 8086
Aﬁ(z)=.-l’:‘. z — + Y
ay = ck (——1—“_ DD =0, (31)
&= 1)* [(4k — 1)11]® (48K 4 48k + 13) ’
e (2k+ 1)l g% +1

© 1
] 1425  9.331 0547
Al(z)= Z;'_i= Py e = +...;
R}
ol sl (4:;—-1)(41; 3 gl

@y, a3=0, (32)
_ (=@ —3) [(41: + HH) (4sk’+m +9)
(2k + 1)! 835+1

o 0 4, 4432 8125
B,,(z) 23“*1 == = +—— s o

=d)— w"" 188, b. =—1, (33)

&= 1)”‘!(4" )!!I’(“k’+i)

(2k)! 8“
1 | 2,605 3123
Bl (z) Ez”‘l-l -z + z3 o
Bh=di— =t =, (34)
— (DX [Ek— 5[4k — 1)) (48k* — 3)
(2k)! 8% )

‘
When x > 100, two terms of each of the series (27) - (34) are sufficient for
. obtaining seven places of decimals.

2) Correlations for functions with negative values of the argument:

Jo (B"i x) =Jo (1), _ (35)
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&
J1(e™z) = — J1(2), (36)
Y, (e"‘z)- =Y. (z) + Zif'; (), (37)
Y, (eviz) = - Y, (2)— 20, (), (38)
Ji, (e®z) = Ji, (z) — =i, - (39)
Jiy (e™z) = — Jiy (2) + 2, (40)
Yi, (e™z) = Yiy (z) + = + 2iJiy (2), (41)
Yi, (eMix) = — Yi, (2) + 2i [1 - Ji, (2)]. (42)

To extend the table by n and obtain derivatives from the Bessel functions we
can use the recurrent formulae:

Jani @) = 2 Tn(2) = Tuss (2), (43)

Yat1(2) = 2 Yo (2) — Yoy (3, (44)

S

Tn(2) = 5 Uney (2) = Tt (2)] =
: 45)
=Jn1 (@) — 2 Jn(@) =2 Ja (@) = T ns1 (2),

Y7 (2) = 5 Yooy (2) — Yoy (@) =
(46)
=Y¥n, (z) — ..;LY," (x) = %Y" (%) — Ypy1(2)

With the help of the tables it is easy to obtain the values of certain other
integrals derived from Bessel functions.

o o’

SJ°(u)du=gJ_]u(""')du_']l(“?)=Ji1(z)—-]1($), . (47)

x

10
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w8

Ji(m)du=J, (), (48)

§Y. @ds={ 2807, =Y @ -1, @, (49)
RACLES ACY (50)

Vs =147 - {20011 7,0-ti@ oD
4 ,

(f@d=1—1,@, . (5%). 
[ ]

SY.(u)du =In 2-c-§y,(u)du =Y,(z) —Yiy(z) + In2—C (53) .
0 ' x

and others [7].
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