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Preface to the Second Edition

The unifying role played by the Fourier transform in linking together the
diverse fields mentioned in the original preface has now firmly established
transform methods at the heart of the electrical engineering curriculum.
Computing and data processing, which have emerged as large curricular
segments, though rather different in character from circuits, electronics,
and waves, nevertheless do share a common bond through the Fourier
transform. Consequently, the subject matter has easily moved into the
pivotal role foreseen for it, and faculty members from various specialties
have found themselves comfortable teaching it. The course is taken by
first-year graduate students, especially students arriving from other uni-
versities, and increasingly by students in the last year of their bachelor’s
degree.

Introduction of the fast Fourier transform (FFT) algorithm has greatly
broadened the scope of application of the Fourier transform to data
bandling and has brought prominence to the discrete Fourier transform
(DFT). The technological revolution brought about by these topics, now
treated in a new Chapter 18, is only beginning to be felt, but will make
an understanding of Fourier notions (such as aliasing, which only aficiona-
dos. knew about) indispensable to any engineer who handles masses of
data. In the future this will mean nearly everyone.

Transforms presented graphically in the Pictorial Dictionary proved to
be a useful reference feature and have been added to. Graphical presenta-
tian adds a new dimension to the published compilations of integral
transforms where it is sometimes frustrating to seek commonly needed
entires among the profusion of rare cases. In addition, simple functions
that are impuisive, discontinuous, or defined piecewise may not be in-
cluded or may be hard to recognize.

A good problem assigned at the right stage can be extremely valuable
for the student, but a good problem is hard to compose. Among the collec-
tion of supplementary problems now included at the end of the book are

xiii



xiv ~ PREFACE TO THE SECOND EDITION

several that go beyond being mathematical exercises by inclusion of tech-
nical background or by asking for opinions. -

Notation is a vital adjunct to thinking and I am happy to report that
the sinc function, which we learned from P. M. Wocdward’s book, is alive
and well and surviving erosion by occasional authors who do not know
that “sine z over z’’ is not the sinc function. The unit rectangle function
{unit height and width) Il(x), the transform of the sinc function, has also
proved extremely useful, especially for blackboard work. In typescript or
other circumstances where the Greek letter is less desirable, II(x) may be
written “‘rect z,”” and it is convenient in any case to pronounce it rect.
The shah function III(z) has caught on. It is easy to type and is twice as
useful as you might think because it is its own transform. The asterisk
for convolution, which was in use a long time ago by Volterra and perhaps
earlier, i1s now in wide use and I recommend ** to denote two-dimensional
convolution, which has come into extensnve use as a result of the explosive
growth of image processing.

Early emphasis on convolution in a text on Fourier transforms turned
out to be exactly the right way to go. Convolution has changed in a few
years from being presented as a rather advanced concept to one that can
easily be explained at an early stage as is fitting for an operation that
describes all those systems that respond sinusoidally when you shake
them sinusoidally.

Ronald N. Bracewell



Preface to the First Edition

Transform methods provide a unifying mathematical approach to the
study of electrical networks, devices for energy conversion and control,
antennas, and other components of electrical systems, as well as to com-
plete linear systems whether electrical or not. These same methods apply
equally to the subjects of electrical communication, radio propagation, and
ionized media—which are concerned in the interconnection of electrical
systems—and to information theory which, among other things, relates to
the acquisition, processing, and presentation of data. Other theoretical
techniques are used in handling these basic fields of electrical engineering,
but transform methods are virtually indispensable in all of them.

A course on transforms and their applications has formed part of the
electrical engineering curriculum at Stanford University for some years,
and has been given with no prerequisites which the holder of a bachelor’s
degree does not normally possess. One objective has been to develop a
pivotal course to be taken at an early stage by all graduates, so that in
later, more specialized courses, the student would be spared encountering
the same basic material over and over again, and the instructor would be
able to proceed more directly to his special subject matter.

It is clearly not feasible to give the whole of linear mathematics in a
single course, and the choice of material must necessarily remain a matter
of judgment. The choice must, however, be sharply defined if later in-

- structors are to rely on it.

An early-level course should be simple, but not trivial; the objective
of this book is to simplify the presentation of many key topics that are
ordinarily dealt with in advanced contexts by making use of suitable

notation and an approach through convolution.
xv



xvi PREFACE TO THE FIRST EDITION

The organization of chapters is as follows:

10
11

.12
1—»2—-»3—»4—»5-»6:8 §_13
7\ 14
15—16
17

One way of working from the book is to take the chapters in numerical
order. This sequence is feasible for students who can read the first half
unassisted, or who can be taken through it rapidly in a few lectures, but
if the material is approached at a more normal pace, then as a practical
teaching matter, it is desirable to illustrate the theorems and concepts by
dealing simultaneously with a physical topic, such as waveforms and their
spectra (Chapter 9), for which the student already has some feeling.

The amount of material is suitable for one semester, or for one quarter,
according to how many of the later chapters on applications are included.

Many fine mathematical texts on the Fourier transform have been
published. This book differs in that it is intended for those who are con-
cerned with applying Fourier transforms to physical situations rather than
with furthering the mathematical subject as such. The connections of the
Fourier transform with other transforms are also explored, and the text
has been purposely enriched with condensed information that will suit it
for use as a reference source for transform pairs and theorems pertaining
to transforms. _

My interest in the subject was fired when I was studying analysis from
Carslaw’s “Fourier Series and Integrals” at the University of Sydney in
1939; more recently I have applied transform methods to various problems
arising in connection with directive antennas, a subject that is touched on
only briefly in this book, but which may be followed up by reference to
the “Encyclopedia of Physics” (vol. 54, S. Fliigge, ed., Springer-Verlag,
Berlin, 1962). In solving these problems I benefited from the physical
approach to the Fourier transformation that I learned from J. A. Ratcliffe
at the Cavendish Laboratory, Cambridge.

Ronald N. Bracewell



Conients

Preface o the Second Edition
Preface to the First Edition

Chapter 1 Introduction

Chapter 2 Groundwork

The Fourier transform and Fourier’s inlegral theorem
Conditions for the existence of Fourzer transforms
Transforms in the limil

Oddness and evenness

Signtificance of oddness and evenness

Complex conjugales

Cosine and sine transforms

Interpretation of the formulas

Problems

Bibliography

Chapter 3 Conveolution
Ezxamples of convolulion
Serial products
Inversion of serial multiplication / The serial producl. i¢ malriz
nolation / Sequences as veclors
The aulocorrelation function:
Pentagram notation for cross correlation
The energy specirum
Appendix
Problems

Chapter 4 Notation for Some Useful Functions
Rectangle function of unit height and base, I (z)

. The triangle function of unit height and area, A(z)
Various exponentials and Gaussian and Rayleigh curves
Heaviside's unit step funclion, H(z)

The sign funetion, sgn z

The fillering or inferpolaling funclion, sinc z

Tt
x0



viii . CONTENTS

Piclorial represeniation : 65
Summary of special symbols 66
Problems ' 67
Chapter 5 The Impuise Symbdl 69
The sifting properly ' 74
The sampling or replicating symbol 111(x) 77
The even and odd impulse pairs, 11(z) and Y (z) 79
Derivalives of the impulse symbol 80
Null funclions 82
Some functions in lwo and more dimensions 84
The concept of generalized funclion 87

Particularly well-behaved functions / Regular sequences /
Generalized funclions / Algebra of generalized functions /
Differentiation of ordinary functions

Problems 95
Chapter 6 The Basie Theorems 98
A few transforms for illustration 98
Simtlarily theorem 101
Addition theorem 104
Shift theorem 104
Modulation theorem 108
Convolulion theorem 108
Rayleigh’s theorem 112
Power theorem 113
Aulocorrelation theorem 115
Derivalive theorem 117
Derivalive of a convolution integral 118
The transform of a generalized funclion 120
Proofs of theorems ' 121

Additionl heorem / Similarily and shift theorems / Derivative
theorem / Power theorem

Summary of theorems 122
Problems ‘ 123
Chapter 7 Doing Transforms 127
Inlegration in closed form 128
Numerical Fourier lransformation 131
Generation of transforms by theorems 132
Applicalion of the derivative theorem to segmented funciions 133
Crapter 8 The Two Domains 138
Definite integral _ 136
The first moment 138
Ceniroid 139
Moment of inertia (second moment) ' 140
Momenls ' ' 141
Mean-square abscissa 142
Radius of gyration 143

Vartance 143



Contents

Smoothness and compaclress
Smoolhness under convolution
Asymplotic behavior )
Equivalent width
Aulacorrelalion width
Mean-square widths
Some inequalilies
Upper limils to ordinale and slope ;/ Schwarz's inequalily
The uncerlainty relation
Proof of unceriainly relalion / FKzrample of uncerlainty relalion
The finile difference »
Running means
Central-limit theorem
Summary of correspondences in lhe lwo domains
Problems

Chapter 9 Electrical Waveforms, Spectru, and Filters
Eleclrical waveforms and specira
Filters
Interpretation of theorems
Similarily theorem / Addition theorem |/ Shift theorem /[
Modulation theorem / Converse of modulation theorem
Linearity and time invariance
Problems

Chapter 10 Sampling and Series

Sampling theorem

Interpolation

Rectangular fillering

Undersampling

Ordinate and slope sampling

Interlaced sampling

Sampling in the presence of noise

Fourier series
Gibbs phenomenon / Finile Fourier iransforms / Fourier
coefficients

The shah symbol is ils own Fourier iransform

Problems

Chapter 11 The Laplace Transform
Convergence of the Laplace integral
Theorems for the Laplace iransform
Transient-response problems

Laplace iransform pairs

Natural behavior ‘
Impulse response and iransfer function
Inilial-value problems

Setting out initial-value problems
Swifching problems

Problems

143

146
147
148
154
155
156.

160

163
167
168
173
173

177
177
179
182

185

187

189
189
194
195
197
198
201
203
204

214
216

219
221
223
225
226
228
230
232

- 236

236
238



x

Chapter 12 Relatives of the Fourier Transform

The two-dimensional Fourier transform )

Two-dimensional convolution

The Hankel transform

Fourier kernels

The three-dimensional Fourier transform

The Hankel transform in n dimensions

The Mellin iransform

The z transform

The Abel transform

The Hilber! iransform
The analylic signal / T nstantaneous Jrequency and envelope /
Causalily

Problems

Chapter 13 Antennas
One-dimensional aperiures

Analogy with waveforms and specira
Beam width and aperture widlh

Beam swinging

Arrays of arrays

Interferometers

Physical aspecis of the gngular 3peclrum
Two-dimensional theory

Problems

Chapter 14 Television Image Formation
The convolution relation

Test procedure by response lo poinl source

Testing by frequency response

Equalizalion

Edge response

Rasler sampling

Problems

Chapter 15 Convolution in Statistics
 Distribution of a sum

Consequences of the convolution relation

The characteristic funclion

The truncated exponential distribulion

The Poisson distribution

Problems

Chapter 1€ Noise Waveforms
Discrele representation by random digits
Filtering a random inpul: effect on amplitude distribution
Digression on independence / The convolution relation
Effect on autocorrelation
Effect on spectrum
Spectrum of random mpul /  The outpul specirum
Some- noise records

CONTENTS

241
241
243
244
250
251
254
254
257
262
267

273

275
276
278
281
282
282
283
284
285
287

291
291
292
292
295
296
297
297

299
300
305
306
307
209
314

318
317
320

326
329

333



Contents

Envelope of bandpass noise
Delection of a noise waveform
Measurement of noise power

Problems

Chapter 17 Heat Conduction and Diffusien
One-dimensional diffusion

Gaussian diffusion from a point

Diffusion of a spatial sinusoid

Sinusoidal lime variation

Problems

Chapter 18 The Discrete Fourier Transform
The discrele transform formula

Cyclic convolulion

Examples of discrele Fourier lransforms
Reciprocal property

Oddness and evenness

Examples wilh special symmelry
Complex conjugales

Reversal property

Addition theorem

Shift theorem

Convolution theorem

Product theorem

Cross-correlation

Aulocorrelation

Sum of sequence

First value

Generalized Parseval-Rayleigh theorem
Packing theorem

Similarity theorem

The fast Fourter lransform

Practical considerations

Is the discrele Fourier transform correct?
Applications of the FFT
Two-dimensional daia

Power specira

Chapter 19 Pictorial Dictionary of Feurier
Transforms

Chapter 20 Supplementary Problems
Chapter 21 Tables

Index

336 .
337
337
340

345
45
348

353
354

358
356
%2
364
364

366

366
367
367
367
368
368
368
368
369
369
369
370
370
374
376
377
379
381

385
399

429
435



Chapter 1 Intfoduct'ion

Linear transforms, especially those named for Fourier and Laplace, are
well known as providing techniques for solving problems in linear systems.
Characteristically one uses the transformation as a mathematical or
physical tool to alter the problem into one that can be solved. This book
is intended as a guide to the understanding and use of transform methods
in dealing with linear systems.

The subject is approached through the Fourier transform. Hence,
when the more general Laplace transform is discussed later, many of its
properties will already be familiar and will not distract from the new and
essential question of the strip of convergence on the complex plane. In
fact, all the other transforms discussed here are greatly illuminated by an
approach through the Fourier transform.

Fourier transforms play an important part in the theory of many
branches of science. While they may be regarded as purely mathematical
functionals, as is customary in the treatment of other transforms, they also
assume in many fields just as definite a physical meaning as the functions
from which they stem. A waveform—optical, electrical, or acoustical—
and its spectrum are appreciated equally as physically picturable and
measurable entities: an oscilloscope enables us to see an electrical wave- .
form, and a spectroscope or spectrum analyzer enables us to see optical or
electrical spectra. Our acoustical appreciation is even more direct, since
the ear hears spectra. Waveforms and spectra are Fourier transforms of
each other; the Fourier transformation is thus an eminently physical
relationship.

The number of fields in which Fourier transforms appear is surprising.
It is a common experience to encounter a concept familiar from one branch
of study in a slightly different guise in another. For example, the

1
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2 ) THE FOURIER TRANSFORM AND ITS APPLICATIONS

principle of the phase-contrast microscope is reminiscent of the circuit for
detecting frequency modulation, and the explanation of both is con-
veniently given in terms of transforms along the same lines. Or a
problem in statistics may yield to an approach which is familiar from
studies of cascaded amplifiers. This is simply a case of the one underlying
theorem from Fourier theory assuming different physical embodiments.

It is a great advantage to be able to move from one physical field to
another and to carry over the experience already gained, but it is neces-
sary to have the key which interprets the terminology of the new field.
It will be evident, from the rich variety of topics coming within its scope,
what a pervasive and versatile tool Fourier theory is.

Many scientists know Fourier theory not in terms of mathematics, but
as a set of propositions about physical phenomena. Often the physical
counterpart of a theorem is a physically obvious fact, and this allows. the
scientist to be abreast of matters which in the mathematical theory may
be quite abstruse. Emphasis on the physical interpretation enables us to
deal in an elementary manner with topics which in the normal course of
events would be considered advanced.

Although the Fourier transform is vital in so many fields, it is often
encountered in formal mathematics courses in the last lecture of a formida-
ble course on Fourier series. As need arises it is introduced ad hoe in
later graduate courses but may never develop into a usable tool. If this
traditional order of presentation is reversed, the Fourier series then falls
into place as an extreme case within the framework of Fourier transform
theory, and the special mathematical difficulties with the series are seen
to be associated with their extreme nature—which is nonphysical; the
handicap imposed on the study of Fourier transforms by the customary
approach is thus relieved.

The great generality of Fourier transform methods strongly qualifies
the subject for introduction at an early stage, and experience shows that
it is quite possible to teach, at this stage, the distilled theorems, which in
their diverse applncatxons offer such powerful tools for thinking out physi-
cal problems.

The present work began as a pictorial guide to Fourier transforms to
complement the standard lists of pairs of transforms expressed mathe-
matically, It quickly became apparent that the commentary would far
outweigh the pictorial list in value, but the pictorial dictionary of trans-
forms is nevertheless important, for a study of the entries reinforces the
intuition, and many valuable and common types of function are included
which, because of their awkwardness when expressed algebraically, do not
occur in other lists.

A contribution has been made to the handling of simple but awkward
functions by the introduction of compact notation for a few basic func-



Introduction 3

tions which are usually defined piecewise. For example, the rectangular
pulse, which is at least as simple as a Gaussian pulse, is given the name
II(x), which means thut it can be handled as a simple function. The
picturesque term “‘gate function,” which is in use in electronics, suggests
how a gating waveform II(¢) opens a valve to let through a segment of a
waveform. This is the way we think of the rectangle function mathe-
matically when we use it as a multiplying factor.

Among the special symbols introduced or borrowed are 11(z), the even
impulse pair, and III(z) (pronounced shah), the infinite impulse train
defined by III(z) = Z é(x — n). The first of these two gains importance
from its status as the Fourier transform of the cosine function; the second
proves indispensable in discussing both regular sampling or tabulation
(operations which are equivalent to multiplication by skah) and periodic
functions (which are expressible as convolutions with shak). Since shah
proves to be its own Fourier transform, it turns out to be twice as useful
an entity as might have been expected. Much freedom of expression is
gained by the use of these conventions of notation, especially in conjunc-
tion with the asterisk notation for convolution. Only a small step is
involved in writing II(z) * f(z), or simply II *f, instead of -

7 faw du

{for example, for the response to a photographic density distribution f(x)
on a sound track scanned with a slit). But the disappearance of the
dummy variable and the integral sign with limits, and the emergence of
the character of the response as a convolution between two profiles II and
f, lead to worthwhile convenience in both algebraic and mental
manipulation. :

Convolution is used a lot here. Experience shows that it is a fairly
tricky concept when it is presented bluntly under its integral definition,
but it becomes easy if the concept of a functional is first understood.
Numerical practice on serial products confirms the feeling for convolution
and incidentally draws attention to the practical character of numerical
evaluation: for numerical purposes one normally prefers to have the
answer to a problem come out as the convolution of two functions rather
than as a Fourier transform.

This is a good place to mention that transform methods do not neces-
sarily involve taking transforms numerically. On the contrary, some of
the best methods for handling linear problems do not involve application
of the Fourier or Laplace transform to the data at all; but the basis for
such methods is often clarified by appeal to the transform domain.
Thinking in terms of transforms, we may show how to avoid numerical
harmonic analysis or the handling of data on the complex plane.
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It is well known that the response of a system to harmonic input is
itself harmonic, at the same frequency, under two conditions: linearity and
time invariance of the system properties. These conditions are, of course,
often met. This is why Fourier analysis is important, why one specifies
an amplifier by its frequency response, why harmonic variation is ubiq-
uitous. When the conditions for harmonic response to harmonic stim-
ulus break down, as they do in a nonlinear servomechanism, analysis
of & stimulus into harmonic components must be reconsidered. Time
invariance can often be counted on even when linearity fails, but space
invariance is by no means as common. Failure of this condition is the
reason that bridge deflections are not studied by analyzing the load dis-
tribution into sinusoidal components (space harmonies).

The two conditions for harmonic response to harmonic stimulus can be
restated as one condition: that the response shall be relatable to the stimu-
lus by convolution. For work in Fourier analysis, convolution is con-
sequently profoundly important, and such a pervasive phenomenon as
convolution does not lack for familiar examples. Good ones are the
relation between the distribution on, a film sound track or recorder tape
and the electrical signal read out through the scanning slit or magnetic
head. : )

Many topics normally considered abstruse or advanced are presented
here, and simplification of their presentation is accomplished by minor
conveniences of notation and by the use of graphs.

Special care has been given to the presentation and use of the impulse
symbol #(x), on which, for example, both 11(z) and III(z) depend. The
term “impulse symbol” focuses attention on the status of (z) as some-
thing which is not a function; equations or expressions containing it then
have to have an interpretation, and this is given in an elementary fashion
by recourse to a sequence of pulses (not impulses). The expression con-
taining the impulse symbol thus acquires meaning as a limit which, in
many instances, “exists.” This commonplace mathematical status of the
complete expression, in contrast with that of 5(z) itself, directly reflects the
physical situation, where Green’s functions, impulse responses, and the
like are often accurately producible or observable, within the limits per-
- mitted by the resolving power of the measuring equipment, while impulses
themselves are fictitious. By deeming all expressions containing 8(z) to
be subject to special rules, we can retain both rigor and the direct pro-
cedures of manipulating 8(z) which have been so successful.

Familiar examples of this physical situation are the moment produced
by a point mass resting on a beam and the electric field of a point charge.
In the physical approach to such matters, which have long been imbedded
in physics, one thinks about the effect produced by smaller and smaller
but denser and denser massive objects or charged volumes, and notes
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whether the effect produced approaches a definite limit. Ways of repre-
senting this mathematically have been tidied up to the satisfaction of
mathematicians only in recent years, and use of 5(z) is. now licensed if
accompanied by an appropriate footnote reference to this recent litera-
ture, although in soine conservative fields such as statistics §(z) is still
occasionally avoided in favor of distinctly more awkward Stieltjes
integral notation. These developments in mathematical ideas are men-
tioned in Chapters 5 and 6, the presentation in terms of ‘“‘generalized
functions” following Temple and Lighthill being preferred. The validity
of the original physical ideas remains unaffected, and one ought to be able,
for example, to discuss the moment of a point mass on a beam by consider-
ing those rectangular distributions of pressure that result from restacking
the load uniformly on an ever-narrower base to an ever-increasing height; it
sheuld not be necessary to limit attention to pressure distributions possess-
ing an infinite number of continuous derivatives merely because in some
other problem a derivative of high order is involved. Therefore the sub-
ject of impulses is introduced with the aid of the rather simple mathe-
matics of rectangle functions, and in the relatively few cases where thc
first derivative is wanted, triangle functions are used instead.



