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Preface

This is the proceedings of the workshop Spectral theory of differential operators
and the inverse problems held in the Research Institute for Mathematical Science
in Kyoto University from October 28 to November 1 in 2002. In all, almost 100
participants were present at RIMS during this conference, which shows the increas-
ing interest in this field at the intersection of pure and applied mathematics. In the
wide range of research on inverse problems, we tried to focus on spectral theory for
differential operators and related inverse problems. The titles of the talks were as
follows.

V. G. Romanov (Sobolev Inst.) : An inverse problem of electrodynamics

Y. Kurylev (Loughborough Univ.) : Inverse boundary spectral problem for the
system of electromagnetism

H. Kang (Seoul National Univ.) : Asymptotic expansion for the Helmholtz equa-
tion and applications

S. Kim (Univ. of Tokyo) : Uniqueness in determining inhomogeneities of conduc-
tivity in Maxwell’s equation with a single measurement

M. Yamamoto (Univ. of Tokyo) : On some uniqueness in inverse scattering prob-
lems

M. Ikehata (Gunma Univ.) : Extracting from finitely many noisy Cauchy data
J. Ralston (UCLA) : On the inverse boundary value problem of linear, isotropic
elasticity

G. Nakamura (Hokkaido Univ.) : Identification of cavity in inhomogeneous me-
dia

K. Tanuma (Gunma Univ.) : Reconstruction of anisotropic elastic tensor at the
boundary from the localized Dirichlet to Neumann map

S. Nakagiri (Kobe Univ.) : Constant parameters identification problems for sine-
Gordon equation '

M. Watanabe (Tokyo Metropolitan Univ.) : Inverse scattering problem for the
nonlinear Schrédinger equations with cubic convolution nonlinearity

G. Eskin (UCLA) : Inverse boundary value problems and Aharonov-Bohm effect
E. Korotyaev (Humboldt Univ.) : Inverse problem for the harmonic oscillators
A. Melin (Lund Univ.) : Hyperbolicity and intertwining techniques in the back-
scattering problem

A. Vasy (M.I.T.) : Inverse problems in many-body scattering

J. Cheng (Fudan Univ.) : The numerical method for finding the discontinuous
solutions of some ill-posed problems

A. Katsuda (Okayama Univ.) : Asymptotics of heat kernels for nilpotent cover-
ings

R. Kuwabara (Tokushima Univ.) : Quantum energies and classical orbits in a

vii
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magnetic field

G. Vodev (Nantes Univ.) : High frequency estimates of the resolvent of the
Laplace-Beltrami operator on infinite volume Riemannian manifolds

G. Uhlmann (Washington Univ.) : On determining a Riemannian manifold from
the length of geodesics

H. Isozaki (Tokyo Metropolitan Univ.) : Inverse spectral problems and hyperbolic
manifolds

K. Onishi (Ibaraki Univ.) : Numerical method for inverse boundary value prob-
lems by the adjoint method

T. Takiguchi (National Defense Acad.) : Reconstruction of measurable plane sets
from their orthogonal projections

T. Kako (Univ. of Electro Communication) : Discrete approximation of the
Dirichlet-Neumann map and its applications

H. Urakawa (Tohoku Univ.) : Dirichlet eigenvalue problem, finite element method
and graph theory

R. Geller (Univ. of Tokyo) : Numerical methods for efficient and accurate calcu-
lation of seismic wave propagation and applications to inverse problems

K. M. Schmidt (Cardiff Univ.) : Critical values and spectral asymptotics of
singularly perturbed periodic differential operators

As one sees from the titles above, we selected topics from the following subjects
which have seen intense activity recently

Electromagnetism, Elasticity, Schrédinger equation,
Differential geometry, Numerical analysis.

Electromagnetism: The conference began with Romanov’s talk on the inverse
problem for Maxwell’s equations of the uniqueness of coefficients with the given data
observed on a sphere in a finite time interval. Kurylev applied the boundary control
method for the reconstruction of coefficients of Maxwell’s equations on a 3-manifold
from given boundary spectral data. Kang stated results on the reconstruction of
small diameter inclusions via boundary measurements. Kim talked about the de-
termination of inhomogeneities in conductivity for thé boundary value problem
for Maxwell’s equations. The inverse scattering by obstacles in 2-dimension was
discussed by Yamamoto. Ikehata used Mittag-Leffer’s function to extract informa-
tion on inclusions (or defects) of conductivities in 2-dimensions. Nakamura talked
about the reconstruction procedure for a cavity in an inhomogeneous transversally
isotropic medium from the Dirichlet-to-Neumann map.

Elasticity: The inverse boundary value problem for the elastic equation is
of no less importance than the Maxwell’s equations. Tanuma talked about the
computation of the stress tensor and its normal derivative on the boundary from
the DN map. Ralston discussed the uniqueness of the Lamé parameters with the
given DN map as well as the solvability of the Cauchy-Riemann systems, an essential
tool in solving inverse problems for systems of PDE.

Schrédinger equation: Since this is the very source of inverse problems, both
the forward and inverse problems were discussed. Nakagiri considered the esti-
mation of coefficients in the sine-Gordon equation by cost functionals. Watanabe
talked about the reconstruction of nonlinear terms from the scattering operator for
the Schrodinger equation. Eskin discussed the uniqueness of the electromagnetic
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potentials associated with the Aharonov-Bohm effect. Korotyaev gave a charac-
terization of the spectrum of the 1-dimensional harmonic oscillator perturbed by a
potential. Melin constructed the intertwining operator for the Schrédinger operator
and applied it to the back-scattering problem. Vasy talked about the inverse prob-
lem for the many-body Schrodinger equation from the various S-matrices. Schmidt
gave a survey on the perturbed periodic Sturm-Liouville operator and the Dirac
operator and the asymptotic distribution of its eigenvalues.

Differential geometry: Katsuda studied the decay of the heat kernels on nilpo-
tent coverings over finite graphs or compact manifolds and asymptotic properties
of closed geodesics for nilpotent extensions. Kuwabara derived a quantization con-
dition for the magnetic Schrodinger operator on a compact Riemannian manifold.
Vodev talked about high-energy estimates for the resolvent of the Laplace-Beltrami
operator on non-compact Riemmanian-manifolds and its applications to the prob-
lem of resonance. Uhlmann gave a survey on the determination of Riemannian
manifold from the knowledge of its geodesics. This problem has its origin in the
seismology. Isozaki gave a new idea on the use of hyperbolic manifolds for solving
inverse problems and its applications. Takiguchi gave a result on the reconstruction
of a domain in the plane from its projections along the z and y axes.

Numerical analysis: Cheng talked about numerical differentiation by the use
of Tikhonov’s regularization and its application to the reconstruction of disconti-
nuities. Onishi studied the elliptic boundary value problem with Dirichlet data on
some part of the boundary and the Neumann data on another part and gave the
numerical results. Kako talked about a numerical treatment of the 2-D Helmholtz
equation in an unbounded domain by the domain decomposition technique and its
application to voice generating phenomena. Urakawa discussed relations between
the Dirichlet eigenvalue problem in a bounded planar domain, the finite element
method and the graph theory. Geller’s talk was on the error estimates for the
numerical treatment of the elastic equation and numerical examples.

Although we could not include all of these topics, the papers in this volume
present lots of new results, new ideas and comprehensive surveys of a variety of
fields in inverse problems. We appreciate deeply the cooperation of Professors H.
Soga, O. Yamada, M. Yamamoto, Y. Iso and M. Kawashita whose support by
Grants-in-Aide made it possible to organize this conference. We also thank the
referees for their careful reading and useful suggestions to the contributed papers.

Hiroshi ISOZAKI

Department of Mathematics,

Graduate School of Science,

Tokyo Metropolitan University,
Minami-Osawa, Hachioji, 192-0397, Japan



Titles in This Series

352
351
350

349

348
347

346

344

343

342
341

340

339
338

337

336

335

334

333

332

331

330

329

328
327

326

325

Marek Kubale, Editor, Graph colorings, 2004

George Yin and Qing Zhang, Editors, Mathematics of finance, 2004

Abbas Bahri, Sergiu Klainerman, and Michael Vogelius, Editors, Noncompact
problems at the intersection of geometry, analysis, and topology, 2004

Alexandre V. Borovik and Alexei G. Myasnikov, Editors, Computational and
experimental group theory, 2004

Hiroshi Isozaki, Editor, Inverse problems and spectral theory, 2004

Motoko Kotani, Tomoyuki Shirai, and Toshikazu Sunada, Editors, Discrete
geometric analysis, 2004

Paul Goerss and Stewart Priddy, Editors, Homotopy theory: Relations with algebraic
geometry, group cohomology, and algebraic K-theory, 2004

Christopher Heil, Palle E. T. Jorgensen, and David R. Larson, Editors, Wavelets,
frames and operator theory, 2004

Ricardo Baeza, John S. Hsia, Bill Jacob, and Alexander Prestel, Editors,
Algebraic and arithmetic theory of quadratic forms, 2004

N. Sthanumoorthy and Kailash C. Misra, Editors, Kac-moody lie algebras and
related topics, 2004

Janos Pach, Editor, Towards a theory of geometric graphs, 2004

Hugo Arizmendi, Carlos Bosch, and Lourdes Palacios, Editors, Topological
algebras and their applications, 2004

Rafael del Rio and Carlos Villegas-Blas, Editors, Spectral theory of Schrédinger
operators, 2004

Peter Kuchment, Editor, Waves in periodic and random media, 2003

Pascal Auscher, Thierry Coulhon, and Alexander Grigor’yan, Editors, Heat
kernels and analysis on manifolds, graphs, and metric spaces, 2003

Krishan L. Duggal and Ramesh Sharma, Editors, Recent advances in Riemannian
and Lorentzian geometries, 2003

José Gonzailez-Barrios, Jorge A. Leén, and Ana Meda, Editors, Stochastic models,
2003

Geoffrey L. Price, B. Mitchell Baker, Palle E.T. Jorgensen, and Paul S. Muhly,
Editors, Advances in quantum dynamics, 2003

Ron Goldman and Rimvydas Krasauskas, Editors, Topics in algebraic geometry and
geometric modeling, 2003

Giovanni Alessandrini and Gunther Uhlmann, Editors, Inverse problems: Theory
and applications, 2003

John Bland, Kang-Tae Kim, and Steven G. Krantz, Editors, Explorations in
complex and Riemannian geometry, 2003

Luchezar L. Avramov, Marc Chardin, Marcel Morales, and Claudia Polini,
Editors, Commutative algebra: Interactions with algebraic geometry, 2003

S. Y. Cheng, C.-W. Shu, and T. Tang, Editors, Recent advances in scientific
computing and partial differential equations, 2003

Zhangxin Chen, Roland Glowinski, and Kaitai Li, Editors, Current trends in
scientific computing, 2003

Krzysztof Jarosz, Editor, Function spaces, 2003

Yulia Karpeshina, Giinter Stolz, Rudi Weikard, and Yanni Zeng, Editors,
Advances in differential equations and mathematical physics, 2003

Kenneth D. T-R McLaughlin and Xin Zhou, Editors, Recent developments in
integrable systems and Riemann-Hilbert problems, 2003

Seok-Jin Kang and Kyu-Hwan Lee, Editors, Combinatorial and geometric
representation theory, 2003



324

323

322

321
320

319

318

317

316

315
314

313

312

310

309

308

307

306

305

304

303

302
301

TITLES IN THIS SERIES

Caroline Grant Melles, Jean-Paul Brasselet, Gary Kennedy, Kristin Lauter,
and Lee McEwan, Editors, Topics in algebraic and noncommutative geometry, 2003
Vadim Olshevsky, Editor, Fast algorithms for structured matrices: theory and
applications, 2003

S. Dale Cutkosky, Dan Edidin, Zhenbo Qin, and Qi Zhang, Editors, Vector
bundles and representation theory, 2003

Anna Kaminska, Editor, Trends in Banach spaces and operator theory, 2003
William Beckner, Alexander Nagel, Andreas Seeger, and Hart F. Smith, .
Editors, Harmonic analysis at Mount Holyoke, 2003

W. H. Schikhof, C. Perez-Garcia, and A. Escassut, Editors, Ultrametric functional
analysis, 2003

David E. Radford, Fernando J. O. Souza, and David N. Yetter, Editors,
Diagrammatic morphisms and applications, 2003

Hui-Hsiung Kuo and Ambar N. Sengupta, Editors, Finite and infinite dimensional
analysis in honor of Leonard Gross, 2003

0. Cornea, G. Lupton, J. Oprea, and D. Tanré, Editors, Lusternik-Schnirelmann
category and related topics, 2002

Theodore Voronov, Editor, Quantization, Poisson brackets and beyond, 2002

A. J. Berrick, Man Chun Leung, and Xingwang Xu, Editors, Topology and
Geometry: Commemorating SISTAG, 2002

M. Zuhair Nashed and Otmar Scherzer, Editors, Inverse problems, image analysis,
and medical imaging, 2002

Aaron Bertram, James A. Carlson, and Holger Kley, Editors, Symposium in
honor of C. H. Clemens, 2002

Clifford J. Earle, William J. Harvey, and Sevin Recillas-Pishmish, Editors,
Complex manifolds and hyperbolic geometry, 2002

Alejandro Adem, Jack Morava, and Yongbin Ruan, Editors, Orbifolds in
mathematics and physics, 2002

Martin Guest, Reiko Miyaoka, and Yoshihiro Ohnita, Editors, Integrable systems,
topology, and physics, 2002

Martin Guest, Reiko Miyaoka, and Yoshihiro Ohnita, Editors, Differentiable
geometry and integrable systems, 2002

Ricardo Weder, Pavel Exner, and Benoit Grébert, Editors, Mathematical results in
quantum mechanics, 2002

Xiaobing Feng and Tim P. Schulze, Editors, Recent advances in numerical methods
for partial differential equations and applications, 2002

Samuel J. Lomonaco, Jr. and Howard E. Brandt, Editors, Quantum computation
and information, 2002

Jorge Alberto Calvo, Kenneth C. Millett, and Eric J. Rawdon, Editors, Physical
knots: Knotting, linking, and folding geometric objects in R3, 2002

William Cherry and Chung-Chun Yang, Editors, Value distribution theory and
complex dynamics, 2002

Yi Zhang, Editor, Logic and algebra, 2002

Jerry Bona, Roy Choudhury, and David Kaup, Editors, The legacy of the inverse
scattering transform in applied mathematics, 2002

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/.



Contents

On the determination of wave speed and potential in a hyperbolic equation
by two measurements
V. G. RoMANOV AND M. YAMAMOTO 1

Focusing waves in electromagnetic inverse problems
YAROSLAV KURYLEV, MATTI LASSAS, AND ERKKI SOMERSALO 11

Reconstruction of conductivity inhomogeneities of small diameter via
boundary measurements
HABIB AMMARI AND HYEONBAE KANG 23

Unique determination of inhomogeneity in a stationary isotropic Lamé
system with variable coefficients
SUNGWHAN KIM AND MASAHIRO YAMAMOTO 33

Mittag-Leffler’s function and extracting from Cauchy data
MASARU IKEHATA 41

On the inverse boundary value problem for linear isotropic elasticity and
Cauchy-Riemann systems
GREGORY ESKIN AND JAMES RALSTON 53

Pointwise reconstruction of the jump at the boundaries of inclusions
MASARU IKEHATA AND GEN NAKAMURA 71

Constant parameters identification problems of coupled sine-Gordon
equations
SHIN-ICHI NAKAGIRI AND JUNHONG HA 77

Inverse problem for harmonic oscillator perturbed by potential
DMITRI CHELKAK, PAVEL KARGAEV, AND EVGENI KOROTYAEV 93

Some transforms in potential scattering in odd dimension
ANDERS MELIN 103

Inverse problems in N-body scattering
GUNTHER UHLMANN AND ANDRAS VASY 135

Asymptotics of heat kernels on nilpotent coverings and related topics
ATsusHI KATSUDA 155

Eigenvalues associated with a periodic orbit of the magnetic flow
RuisHI KUWABARA 169



vi CONTENTS

Inverse problems and hyperbolic manifolds
HirosHI ISOZAKI

Reconstruction of measurable plane sets from their orthogonal projections
TAakASHI TAKIGUCHI

A numerical computation for inverse boundary value problems by using the
adjoint method
KENTARO I1siMaA, KENJI SHIROTA, AND KAZUEI ONISHI

The Dirichlet eigenvalue problem, the finite element method and graph
theory
HAJIME URAKAWA

A numerical method for the discontinuous solutions of Abel integral
equations
J CHENG, Y. C. HoNn, AND Y. B. WANG

181

199

209

221

233



Contemporary Mathematics
Volume 348, 2004

On the determination of wave speed and potential in a
hyperbolic equation by two measurements

V. G. ROMANOV{ and M. YAMAMOTO#

ABSTRACT. We discuss a problem of finding a speed of sound c(z) and a po-
tential g(z) in a second-order hyperbolic equation from two boundary obser-
vations. The coefficients are assumed to be unknown inside a disc in R2. On a
suitable bounded part of the cylindrical surface, we are given Cauchy data, for
solutions to a hyperbolic equation with zero initial data and sources located
on the lines {(z,t) € R3|z-v = 0,t = 0} for two distinct unit vectors v = v(k)
k = 1,2. We obtain a conditional stability estimate under a priori assumptions
on smallness of ¢(z) — 1 and g(z).

1. Statement of the inverse problem and main results

In the papers [2], (8] - [11], a new method for obtaining conditional stability
estimates for problems related to determination of coefficients for linear hyperbolic
equations has been proposed. This method uses a single observation for finding one
unknown coefficient.

By our method, we can prove the stability in determining coefficients by means
of a finite number of measurements where initial data are zero and impulsive inputs
are added. As other methodology for inverse problems with a finite number of
measurements, we refer to (1], [4], [5], [7] and the references therein. In particular,
the detailed proof in [1] is given for example in [5], [7]. However in those papers,
we have to assume some positivity or non-degeneracy of initial values, which is not
practical. For our method, we need not such restrictions on initial data, which is
very practical. On the other hand, we have to assume that unknown coefficients
should be close to fixed reference coefficients which are constant.

An analysis shows that the problem with several unknown coefficients under the
derivatives of the first order can also be successfully studied by this method (see [9],
[10]). However its application to determination of coefficients under derivatives of
different orders meets some difficulties. Recently the problems of finding a damping
coefficient and a potential from two measurements, and the speed of sound and
damping, were considered in papers [3] and [12], respectively. In this paper, by two
measurements, we consider the inverse problem where coefficients of the leading

1991 Mathematics Subject Classification. Primary 35R30; Secondary 35L15.

© 2004 American Mathematical Society



2 V. G. ROMANOV AND M. YAMAMOTO

term and the lowest term are unknown. The technique of this paper differs from
(3] and [12], but keeps some common features with them.
Let u = u(x,t), € R?, satisfy the equation

uy — (Au+ qu) = 26(t) 8(z - v), (x,t) € R, (1.1)
and the zero initial condition
ult<o = 0. (1.2)

Here v is a unit vector and the symbol x - v means the scalar product of the vectors
z and v. The solution to problem (1.1) - (1.2) depends on the parameter v, i.e.,
u=u(z,t,v).

Assume that the supports of the coeflicients g(z) and c(z) — 1 are located
strictly inside the disc B := {z € R?||z —2°| < r} and B belongs to the half-plane
x-v > 0. Suppose also that ¢(z) and c(z) > 0 are smooth functions in R? (see
below).

Introduce the function 7(z,v) as the solution to the following problem for the
eikonal equation:

|VT|2 = 6—2(1,)’ T|x-u:0 =0. (13)

Let G(v) be the cylindrical domain G(v) := {(z,t)|z € B, 7(z,v) < t < T+7(z,v)}
where T' is a positive number. Denote by S(v) the lateral boundary of this domain
and by ¥o(v) and Xr(v) the lower and upper basements, respectively. That is,
Sw) == {(z,t)|z € 0B,7(z,v) <t < T+ 7(z,v)}, To(v) := {(z,t)|z € B,t =
m(z,v)}, Br(v) = {(z,t)|z € Bt =T + 7(z,v)}, 0B := {z € R?| |z — 2°| = r}.

Consider the problem of determination of g(z) and c(z). Let the following
information be known. We take distinct unit vectors v(!) and v such that B
belongs to the half plane z - v(*) > 0 for k = 1,2. Then we are given the traces of
the functions 7(z, v(*)) on 0B, and the traces on S(v(¥) := S, of solutions and its
normal derivatives to problem (1.1) - (1.2) with v = v*) | that is,

u(l',t’ V(k)) = f(k)(x7t)7 %u(xﬂ t? V(k)) = g(k)(xﬁ t)? (m7t) E Sk?
m(z, ™) =7®(2), ze€0B; k=12 (1.4)

The problem is: find ¢(x) and c(z) from given data, i.e., from f*) g®) (k)
E=1,2.

For fixed constants go > 0 and d > 0, let A(qo,d) be the set of functions (g,¢)
satisfying the following two conditions:

1) supp g(z), supp (c(z) — 1) C Q C B, dist(dB, Q) > d,

2) llgllcrr®ny < o, lle = Llcismny < qo-

In particular, we note that v(!) and v(?) are linearly independent.

We prove here the following stability and uniqueness theorems.

Theorem 1.1. Let (gj,¢;) € A(qo,d), and let {f;k),g(.k),T;k)} be the data
corresponding to the solution to (1.1) - (1.2) with ¢ = q;(z), ¢ = ¢j(z) and v = v ¥,
k,j = 1,2. Moreover let the condition 4r/T < 1 be satisfied. Then there exist

positive numbers ¢* and C' depending on T, r, d and |v (V) — v | such that for all
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go < q* the following inequality holds:

2
lar — @2llizz) + llen — ezl ()

2
k k
<C Y (IA2 = BPMasomxton + 1P = Belleesxiom) (15)
k=1

~(k ~(k k k
1@ =8l @x0.m + I = s o) ),

where f;k)(x, t) = f;k) (z,t — T](k)($)) and §§k)(x, b) = g}k)(m,t — Tj(k)(l')),

Theorem 1.2. Let the conditions the Theorem 1.1 be fulfilled. Then one can
find a number ¢* > 0 such that if (g, c;) € A(q*,d), j = 1,2, and the corresponding
data partly coincide, namely,

fk)(x,t) = Q(k)(ar,t), (z,t) € Sg; Tl(k)(a:) = Ték)(z), z€dB; k=1,2, (1.6)
then q1(x) = q2(z) and ¢1(z) = ca(x).

Theorem 1.1 is proven in §2. To prove Theorem 1.2 we use the following
assertion proven in [12] (see §4). If uy(x,t,v) = uy(z,t,v) on S(v) and Ti(z,v) =
72(z,v) on 9B, then (Vuy - n) = (Vuy - n) on S(v), where n is the outward unit
normal to S(v). Then Theorem 1.2 is a simple corollary of Theorem 1.1.

In §2 we also use the following lemma, whose proof is similar to Lemma 1.1 in
[12] and we omit it here.

Lemma 1.1. For each fixed Ty > 0 there exists positive number ¢ = q¢*(Ty)
such that for (q,c) € A(qo,d) and qo < g* the solution to problem (1.1) - (1.2) in
the domain K (To,v) := {(z,t)|t < Ty — 7(x,v)} can be represented in the form

5

u(z,t,v) = Zak(x, v)Op(t — 7(z,v)) + us(z, t,v), (1.7)
k=0

where 0y(t) is the Heaviside function: 6y(t) = 1 for t > 0 and 0o(t) =0 for t < 0,

k
Or(t) = ¢ (io!(t), the coefficients ay(z,v) are given in the form

a0(z,v) = exp(p(z, 1)), @(z,v) = —= / (&) AT(E,v) ds,

2
I'(z,v)
) & Aoy, ) - )
gz, v) = 0‘0(; v) / (&) (Aay, 1(3;/()5::()1(5)% 1} V))ds, (1.8)
I'(z,v)
k=1,...,m,

where I'(z, v) is the geodesic line joining the line {€ € R2|¢ - v = 0} and z with re-
spect tods, and ds is the element of the Riemannian length: ds = c~!(z) (X7, da?)1/2,
Then 7(z,v) € CY¥(UTy,v)), ar(z,v) € C'"=2k(Q(Tp, v)) for Q(Tp,v) = {z €
R?| 7(z,v) < Ty/2}, and the function us(,t,v) vanishes for t < 7(z,v) and be-
longs to H(K(Ty,v)) for fixed v. Moreover there exists a positive number C
depending on T, r and qq such that C' does not increase as go decreases and that
the following inequalities hold

lu—1lms@cw)) < Cqo, |7(z,v)—z- v|lcisgy < Cqo. (1.9)
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Corollary. If (q,c) € Aqo,d) and qo is sufficiently small, then the function
u(x,t,v) is continuous on the closure of domain G(v) together with all derivatives
up to the fourth-order.

2. Proof of Theorem 1.1
Introduce the function u(z, t,v) := u(z,t+7(z,v),v). Then, by (1.1) and (1.7),
the function u(z,t,v) for (z,t) € B x (0,T), satisfies
2VUy - V7T — At —qu+ (A1)u =0, (z,t) € Bx (0,7);
u(z, +0,v) = ao(z,v), U(z,+0,v) = ai(z,v), (2.1)
where V = (8/0z1,0/0z2).
Substituting (1.7) into (1.1) and equating the terms of §(¢t — 7(z,v)), Oo(t —

7(z,v)), we see that the functions ¢(z,v) = lnag(z,v) and aq(z,v) satisfy the
first-order differential equations:

2V - V1 + AT =0,
(2.2)
2Vai - V7 + a1 AT — Ay — qag = 0.

The latter of these equations and equation (2.1) can be rewritten respectively in
the forms

2(Vay - V7 — oV - V1) —ag(Ap + |V +¢) =0 (2.3)
and
2Vuy - V1 — At —-2(Vp -Vr)u, —qu =0, (z,t) € Bx(0,T);
u(z,+0,v) = ap(z,v), iz, +0,v) = ay(x,v). (2.4)
Introduce v(z,t,v) = Inu(z,t,v) and assume that go is small enough in order
that the function u(z,t, v) is positive in B x (0, 7). The function v(z, t,v) satisfies
the relations
2V, - V1 — Av — |Vol?
+2(Vo - V7=V -V7r)uy —q=0, (z,t) € B x(0,T); (2.5)
v(z,4+0,v) = p(z,v), v(z,+0,v) = B(z,v),
where f(z,v) = a1(z,v)/ao(z,v) solves the equation
2VB -V — Ap — |[Vp|2 —g=0. (2.6)
Let (gj,¢;) € A(go,d) for j = 1,2. Denote the functions u, @, v, ¢, ag, B, T
corresponding to the coefficients (g;, ¢;) by u;, uj, v;, @;, aoj, B;, 7; and introduce

the differences

U=Up — Uz, V=101 — V2, P = Q1 — P2, Qo = Qo1 — Q02,
B=P1—Po, F=T1—T, E=c1—C2, = q1 — Go-
Then we can obtain the relations
2V, -V —Av+ a1 - VU +ax 0 + a3 - VT
+as-Vo—q¢=0, (z,t)eBx(0,T); (2.7)

:J(m7+07y) = 85(17,V), F’[)}(:IJ,—'—O,V) = ﬂ(mﬁl/)v
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where ay = —V(’U1 +v2)+2(v2)tV7'2, Qg = 2(Vv1-V71 —V(pl -VTl), as = 2V(’U2)t+
2(v2)¢(Vur — V1), ag = —2(v2)¢V7e. (From equations (2.2) and (2.6), it follows

that the functions ag(z,v), 8(z,v), @(z, V) satisfy the relations
ao=b1p, V@ -by+ VT b3+ AT =0,
_ (2.8)
Ap+Vg -h1+VB-hy+VT -h3+§=0,

where
1
by = /exp[w(l —n)+enldn, by =V(m+m), bs=V(p1+p2),
0

hi =V(p1+¢2), he=-V(ri+7), h3=-V(0+pS).
Introduce the function w(z,t,v) := v¢(z,t,v). Then
2Vwy - V11 — Aw + ay - Vw + ag wy + (ag)rw + (a1)s - VO
+(a3)e - V7 + (as): - V@ =0, (z,t) € Bx (0,T); (2.9)
w(z, +0,v) = B(z, v).

Note that the function ¥ can be represented in the form
\ .

vz, t,v) = @lz,v)+ /w(:c,n, v)dn, (z,t)€ Bx(0,T). (2.10)
0
From Lemma 1.1 and the embedding theorems, by the definition we have

o llakllc2(Bx(0,1)) < Cqo,
il [bkllcrBx0.m)) < C,  lbsllcr(sx(o,m)) < Cqo, (2.11)
llhzllcax(0,m) < C, max [|hxllcx(om) < Cgo

Here and henceforth C' > 0 denotes a generic constant which depends on T, r, q
and does not increase as go decreases. Therefore relations (2.8) — (2.11) lead to the
following inequalities

@25y < C (1B1Ere(m) + 1720 s + 1B1Eas )
1870 (5) < © (18lEee) + IR ) (212)

12Vwe - Vi — Awllf s 0.1y < Cag (”wH%-I?(Bx(O,T)) + 172 sy + ”‘Z”%{?(B)) :

We will use the obvious inequality:

7 ezs(s) < © 1A N1 5y + Z ID7 1208 | - (2.13)
[vI<3
where
DY ol
’ _8—,’1}’{18—,’1}3:’ 7_(71772)7 I’}/|_'yl +,}/2

Since supp(c(z) — 1) C © C B and dist(0B,Q) > d, the function 7(z,v) vanishes
together with all its derivatives on OB anywhere except the set 0B, (v) :={z €
OB|v - (z — 2°) > \/r? — (r — d)?}. Moreover, since outside of B, the function 7
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satisfies the equation V7 - V(1 + 72) = 0, all its derivatives of 7 on 9B, (v) can be
expressed via the derivatives along B4 (v). Therefore we have

Z ID"7 |132(0m) < CII7 |2 08)- (2.14)
lvI<3

Using the second inequality in (2.12), from (2.13) and (2.14) we find

1715 < € (1328 m) + @17 o) + 7 s com) ) - (2.15)

Consequently, for small gp, we obtain the inequality

17 s < € (182 + 17 N om) ) - (2.16)

The following lemma is one key, which can be proved by the multiplier method
similarly to Lemma 4.3.6 from [10] (see also [8]). Moreover, as a possible method
for proving the lemma, we can use a Carleman estimate (e.g., [6]).

Lemma 2.1. Let ¢ € A(qo,d), 4r/T < 1 and z(z,t) € H*(B x (0,T)). Then
for sufficiently small qy, there exists a positive constant C such that the following
inequality holds:

||ZH%—11(B><(0,T)) + ||Z“%—11(B><{O})

< C(HQVZt -V71 = AZ“%ﬂ(BX(O,T)) (217)

+||Z||%11(an(o,T)) +[|Vz- nHi?(an(o,T)))-

Applying (2.17) with 7 = 7; to the function w(z,t,v) and its first derivatives
and using the third inequality in (2.12), we obtain

”wH%—P(BX(O,T)) + ||wH%-IZ(B><{O})
< Clad (Il oy + 1TIfz(8) + 18lF2(m)) + €2 ()], (2.18)
where

E2(w) = (fi — )tz omx 0 + 1@ — G2)ellin (9B (0.1)- (2.19)

and fj(l?,t) fj(x t— (1' V)) /g\j(mvt):gj(xvt_Tj(xvy))aj:LQ-
From relation (2. 18) for sufficiently small gy, we derive the inequality

1811322y = wllfez(mxop) < Clag (17l (m) + 18lE2(m)) +€° (W) (2:20)

Then from the first inequality in (2.12), we see that

10132z < € (151202 + 17z +€2(4)) (2.21)

Consider inequalities (2.16), (2.20), (2.21), the second and third relations in
(2.8) for v =~I/(k), k= 1,2. We set ao(z,v®) = ao(z), glz,v®) = &i(x),
Bz, v®) = Bi(e), m(2,v®) = (@), bj(a,v®) = bjx(2), j = 1,3, ba(w,v V) =
pi(x), 2 (v ®) = &



