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Preface

It is commonplace that in our time science and technology cannot be mastered without the tools
of mathematics; but the same applies to an ever growing extent to many domains of everyday life,
not least owing to the spread of cybernetic methods and arguments. As a consequence, there is a
wide demand for a survey of the results of mathematics, for an unconventional approach that would
also make it possible to fill gaps in one’s knowledge. We do not think that a mere juxtaposition of
theorems or a collection of formulae would be suitable for this purpose, because this would over-
emphasize the symbolic language of signs and letters rather than the mathematical idea, the only
thing that really matters. Our task was to describe mathematical interrelations as briefly and precisely
as possible. In view of the overwhelming amount of material it goes without saying that we did not
just compile details from the numerous text-books for individual branches: what we were aiming at
is to smooth out the access to the specialist literature for as many readers as possible. Since well
over 700000 copies of the German edition of this book have been sold, we hope to have achieved
our difficult goal. )

Colours are used extensively to help the reader. Important definitions and groups of formulae
are on a yellow background, examples on blue, and theorems on red. The course of more complic-
ated calculations is indicated by red arrows. Also, in the illustrations in the text colours show up
the essential features. Ample examples help to make general statements understandable. Frequently
the numerical calculations have been arranged separately so that a problem can be read as an
explanatory text, without reference to calculations, while the latter can be regarded as worked exam- |
ples with explicit details. Physical units, which occur in some examples, are given in the SI-system,
which is coming more and more into legal and practical use. Everyday examples are given in everyday
units, both metric and others.

A systematic subdivision of the material, many brief section headings, and tables are meant to
provide the reader with quick and reliable orientation. The detailed index to the book gives an easy
access to specific questions. *

In the plates at the end numerous photographs and colour plates help to make the material more
vivid and provide interesting glimpses of the history of mathematics.

We thank the authors of the various chapters, specially to acceding to ‘our request for generally
understandable diction even at the risk of deviating from the usual terminology. Above all in the
brief reports on special topics many an author has found it difficult to be content with Ipere in-
dications about a topic in which he is an expert. g

Our particular thanks are due to our advisors, Professor K. A. Hirsch, Queen Mary College,
University of London, and Professor H. Reichardt, Section for Mathematics, Humboldt University
of Berlin. They have worked untiringly for the improvement of the book and have helped to create
a work which is a reliable source of information for every user and should convince everyone that
mathematics is essentially a simple and learnable discipline. -

The Editors and the Publishers
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Preface

It is commonplace that in our time science and technology cannot be mastered without the tools
of mathematics; but the same applies to an ever growing extent to many domains of everyday life,
not least owing to the spread of cybernetic methods and arguments. As a consequence, there is a
wide demand for a survey of the results of mathematics, for an unconventional approach that would
also make it possible to fill gaps in ope’s knowledge. We do not think that a mere juxtaposition of
theorems or a collection of formulae would be suitable for this purpose, because this would over-
emphasize the symbolic language of signs and letters rather than the mathematical idea, the only
thing that really matters. Our task was to describe mathematical interrelations as briefly and precisely
as possible. In view of the overwhelming amount of material it goes without saying that we did not
just compile details from the numerous text-books for individual branches: what we were aiming at
is to smooth out the access to the specialist literature for as many readers as possible. Since well
over 700000 copies of the German edition of this book have been sold, we hope to have achieved
our difficult goal.

Colours are used extensively to help the reader. Important definitions and groups of formulae
are on a yellow background, examples on blue, and theorems on red. The course of more complic-
ated calculations is indicated by red arrows. Also, in the illustrations in the text colours show up
the essential features. Ample examples help to make general statements understandable. Frequently
the numerical calculations have been arranged separately so that a problem can be read as an
explanatory text, without reference to calculations, while the latter can be regarded as worked exam- |
ples with explicit details. Physical units, which occur in some examples, are given in the SI-system,
which is coming more and more into legal and practical use. Everyday examples are given in everyday
units, both metric and others.

A systematic subdivision of the material, many brief section headings, and tables are meant to
provide the reader with quick and reliable orientation. The detailed index to the book gives an easy
access to specific questions. e

In the plates at the end numerous photographs and colour plates help to make the material more
vivid and provide interesting glimpses of the history of mathematics.

We thank the authors of the various chapters, specially to acceding to ‘our request for generally
understandable diction even at the risk of deviating from the usual terminology. Above all in the
brief reports on special topics many an author has found it difficult to be content with Ioere in-
dications about a topic in which he is an expert. i

Our particular thanks are due to our advisors, Professor K. A. Hirsch, Queen Mary College,
University of London, and Professor H. Reichardt, Section for Mathematics, Humboldt University
of Berlin. They have worked untiringly for the improvement of the book and have helped to create
a work which is a reliable source of information for every user and should convince everyone that
mathematics is essentially a simple and learnable discipline. -

The Editors and the Publishers
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Introduction of the number seven and
revision exercises

Mathematics in industrial arts

Surfaces of revolution in the design of a
pottery set

Drawing instruments I

Geometry sets

Drawing instruments II

Slide rules

Drawing instruments III

Rulers, protractors, and French curves
Graph papers

Millimetre paper — doubly logarithmic
paper - simply logarithmic paper - polar
coordinate paper — triangular net paper —
probability paper

From the earliest period of mathematics
Clay vessels of the new stone age

Early Egyptian surveying

Ancient Egyptian mathematics

Original text of the Hau problem in Demotic
writing and transcription of the same text
into hieroglyphics

Calculation of a frustum of a pyramid
Babylonian mathematics

Cuneiform tablet with calculations of areas
Section of the tablet above

Graeco-Roman mathematics

The Elements of Euclid, first printed edition
1482

Roman hand abacus

Ancient Chinese mathematics

From a manuscript dated 1303

Bamboo sticks to represent numbers
Chinese slide rule (about 1600)

Ancient Hindu mathematics
Mathematical-astronomical buildings of the

17th century

Mathematical manuscript of the 16th
century

Arabic mathematics

Theorem of Pythagoras in an Arabic
mathematical manuscript of the 14th
century

Arabic astrolabe

Mathematics in Europe, 15th to 17th century
Triumph of the modern algorithm (digital
calculation) over the ancient counter reckon-
ing (abacus)

The use of Jacob's staff
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Mathematics and the visual artsI -
Ancient Egyptian mural: catching fish and
hunting birds in a papyrus thicket .
Painting by Melozzo da Forli (1438-1494):
Pope Sixtus IV appoints Platina as Prefect
of the Vatican

Mathematics and the visual arts IT
Proportions of the human body

Drawings by Leonardo da Vinci and sketch
by Albrecht Diirer ¢
Mathematics and the visual arts ITI
Melancholia, copper engraving by Albrecht
Diirer

Geometric forms in architecture and
technology I .

Egyptian pyramids near Giza

Tower of city walls

The old town hall of Leipzig

Geometric forms in architecture and tech-
nology II .

Modern water tower

Cooling towers of a generating plant
Geometric forms in architecture and tech-
nology III

Obelisk in the great temple of Amun at
Karnak

Wedge as a cleaving tool

Hyperbolic paraboloid shells as roofs of
an exhibition hall

Famous mathematicians of the 15th/16th
century
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Famous mathematicians of the 16th century
Title page of Robert Recorde’s ‘Algebra’
Title page of Adam Ries’s ‘Rechnung auff -

- der Linihen und Federn ...’

A problem out of this book concerning the
purchase of livestock

From old arithmetic books

Conclusion of a business deal at a calculat-
ing desk ‘

Calculation of the capacity of a cask

Two libraries

The mathematics room of the National and
University Library in Prague

Entrance to the Science Library of Erfurt
(Boyneburg portal)

Old mathematical aids I

Pedometer, 1741

Slit bamboo as counting stick

Tally stick
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Fasoous of the 17th/18th
century II

Extract from a manuscript of Leibniz with
the integral

The nednaiui calculator constructed by
Pascal in 164

Famous nlllmleutidm of the 17th/18th
Jakob Bernoulli

Johann Bernoulli

Daniel Bernoulli

Famous matbematicians of the 18th

century 1

Page from a manuscript by Euler
Leonhard Euler

Famous n_themtidnns of the 18¢th

Brook Taplor - Moreau Maupertuis ~
Johann Heinrich Lambert — Joseph Louis
Lagrange — Gaspard Monge - Adrien Marie
Legendre - Jean Baptiste Joseph de Fourier
Famous mathematicians of the 19th

century I

Drawing by Janos Bélyai on non-Euclidean
geometry

Nikolai Ivanovich Lobachevskii

Famous mathematicians of the 19th

century II

Portrait of the young Gauss

Gauss in his old age

Gauss’s signature

The University in Gottingen

Famous mathematicians of the 19th

century 111 .

A page from Gauss’s scientific diary

42
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45

47
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Fmgmwmomnm

emntury

Friedrich Wilhelm Bessel - Augustin Louis
Jakob Steimer — Niels Henrik
Abel - Peter Gustav Lejrune Dirichlet -
Beariste Galois — Pafnuti Lvovich Chelipe
shev

Famous mathematiclans of the 19th

Vv
mmv Jacob Jacobi ~ PBermhard

Leopold Kronecker - Karl

Riemaon -
. WeierstraB - Arthur Cayley — Sophus Lie -

Soaya Kovalevskay
Mintbessatical instruments I

" Jsstrument for drawing an inkud curve

ga.ﬂvn fanction or differential equation
pt to cvaluate the integral of a

fanction whose graph is given

Mathematical instruments 11

Compensating polar planimeter with polar

arm

Compensating polar planimeter with polar

Msthomdtieal instruments 111
Precigion

ision pamtograph
Insttament for the measurement of rect-
g coordinates or the drawing of
gt Svith given coordinates
Mathematical instraments IV
Haxiponic analyser
Instrument to determine the tangent or
normal te a curve whose graph is given

. me of the 19&/20&

GeoueStoku Richard Dedekmd Georg
Frobenius - Georg Cantor — Henri Poin-
caré — Felix Klein — Emmy Noether
Famous mathematicians of the 19th/20th

century Il

David Hilbert — Elie Joseph Cartan - Henri
Léon Lebesgue — John von Neumann -
Hermann Weyl - Jacques Hadamard -
Stefan Banach

Surveying

Signals for the observation of tngonometnc
nets

Trigonometric point (TP)

Mathematical education I

Work on a wall board .

Determination of an angle with a hand-made
apparatus

Giant slide rul for instructional purposes.
Mathematical education II

Computations on part of an exhaust system
Geometrical constructions on the black-
board

Application of Pythagoras’ theorem
Mathematical education III

Models for pupils: Cube with surface and
space diagonals — Prism decomposable into

. three pyramids of equal volume — Cylinder

with sections — Sphere with plane sections -
Sections of a right circular cone
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Negative and positive of a photograph
Reflection in water

Ship’s Diesel engine in a left- and right-
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Introduction

The great achievements of technology in all its forms, which deeply influence the life of every
human being, have led to a widespread recognition of the importance of mathematics: everybody
knows, or at least believes, that without mathematics these achievements in their entirety could not
have come about. Interest in mathematics has therefore grown steadily, and with it the need for
information about this science. ;

Now in many respects mathematics is an exceptional science, in particular, as regards the presenta-
tion of its problems and results. While in medicine, zoology, botany, geography and geology, or
in languages, history, astronomy, a scholar, fully equipped with the knowledge of his time, can
explain to a layman the majority of his problems and results, perhaps even his methods or the
fundamental principles of his special interests, in such a way that he succeeds in conveying an
impression of the contents of this field, in present-day chemistry and physics this is far more dif-
ficult — and in mathematics well-nigh impossible. Not only has the volume of results grown phenom-
enally, but the problems are so difficult to treat and lie so deep that even mathematicians can have
no more than a superficial view of the whole of mathematics.

One tries to counteract the fragmentation of mathematics into many special branches by extracting
as far as possible from various domains common features, which sometimes do not lie at all close
to the surfade, and by creating from them a new and even more abstract theory: in just this way new
links are forged between at first sight widely diverging directions. This process can be regarded as a
repeated abstraction: whereas the basic disciplines such as algebra and geometry have their origin
in abstractions from everyday experience, one arrives at such a unifying theory by further abstract-
ions, for example, from algebra and geometry: .and under certain circumstances such abstracting
processes can be repeatedly piled on top of one another. Here ‘abstract’ has to be understood in
the literal meaning of the word as ‘removing’, as leaving aside everything inessential for the
context in question or for a particular purpose; for example, ignoring colour in geometric figures,
which may very well play a role in ornaments.

From all this it follows that it is quite impossible to give a layman even a glimpse of the whole
of contemporary mathematics. Here a layman is not only one whose knowledge is limited to the
normal contents of a school syllabus. Even a mathematician with a diploma or a B. Sc., even a
teacher of mathematics, has to be regarded as a layman in many special branches. It is simply
impossible to acquire specialized knowledge of all branches of mathematics in three or_fou.years
of study. Therefore this book cannot have the ambition of imparting knowledge in all special fields™ -
of mathematics — restriction is essential. .

In its historical development mathematics first proceeded in quite a naive manner. It started out
from the numbers 1, 2, 3, ... and from the intuitively obvious figures of geometry such as_points,
segments, lincs, planes in space, angles, triangles, circles, etc.; gradually it ascended to more complex
formations, with the realm of numbers and that of figures not developing as separate entities, but
connected through the notion of measuring. It was in this development, progressing from the in-
tuitively simple and obvious to more complicated problems, that mathematic§ was built up, for
example, in Babylonia and Egypt; astonishing achievements were reached in astronomy, such as the
prediction of lunar eclipses. But it was the Greeks who lifted mathematics to a completely new level
of development when they felt compelled not always to forge ahead, but also to reflect: what is it
that one does in pursuing mathematics? The result was that through them mathematics became a
sience in the present-day sense. On the one hand, they recognized that a proof consists in reducing
a mathematical proposition to other known facts by the simplest logical conclusions, supported
and made convincing sufficiently often by evidence or experience. On the other hand, they realized
that such a reduction process cannot go on indefinitely but only as far as certain simplest properties
of numbers or figures, which appear secure by virtue of intuition or experience. :

In this way they compiled for the first time consciously a system of fundamental facts, for example,
that there is precisely one straight line passing through two points,-and they created the foundation
of logic. Together these two features lead to a systematic build-up of geometry, rising from the simple
to the complex. :

For a long time this Euclidean geometry, apart from a few minor supplements, remained the
model of a science. However, no comparable attempt was made for about two thousand years to



