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PREFACE

Throughout the preparation of each edition of this dictionary, the guiding ob-
jective has been to make it useful for students, scientists, engineers, and others con-
cerned with the meaning of mathematical terms. It is intended to be reasonably
complete in the coverage of topics frequently included in precollege or undergraduate
college mathematics courses. In addition, many other interesting and important
mathematical concepts are included. Thus the dictionary is a valuable reference book
for both amateur and professional mathematicians.

This edition continues revisions and enlargements as in previous editions, with
particular emphasis on updating the coverage of probability and statistics. The major
change in the present edition is the introduction of a large number of short biograph-
1cal statements for persons whose contributions have been particularly important
or whose names appear in the dictionary for other reasons. An important feature
continued in this edition is the multilingual index in French, German, Russian, and
Spanish. The English equivalents of mathematical terms in these languages ertable
the reader not only to learn the English meaning of a foreign-language mathematical
term, but also to find its definition in the body of this book.

Main headmgs are printed in boldface capitals beginning at the left margin. Eadh
main heading that is also a proper name is followed by the appropriate given names,
birth and death dates, and a short biographical statement, to the extent that these
have been determinable. As in previous editions, other main headings are followed
by the part (or parts) of speech of the main heddings—as determined by its definition
and its uses in the subheadings that follow. Subheadings are printed in boldface type
at the beginning of paragraphs. Citations to subheadings under other main headings
give the main heading in small capitals, followed by a dash and then by the subheading
(if giving the subheading seems useful) as: ANGLE—adjacent angle.

Although this is by no means a mere word dictionary, neither is it an encyclo-
pedia. It is a correlated condensation of mathematical concepts, designed for
time-saving reference work. Nevertheless, the general reader can come to an under-
standing of concepts in which he has not been schooled by looking up the un-
familiar terms in the definition at hand and following this procedure down to familiar
concepts.

Comments on definitions as well as discussians of any phase of this dictionary
are invited. Information concerning possible errors, omissions, and madequacies
will be particulatly appreciated.

ROBERT C JAMES
Enpwin F BECKENBACH
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A.E.

Abel

A

A.E. An abbreviation for almost everywhere.
See MEASURE-—measure zero.

AB'A-CUS, n. [p!l. abaci]. A counting frame -

to aid in arithmetic computation; an instruc-
tive plaything for children, used as an aid in
teaching place value; a primitive predecessor
of the modern computing machine. One
form consists of a rectangular frame carrying
as many parallel wires as there are digits in
the largest number to be dealt with. Each
wire contains nine beads free to slide on it.
A bead on the lowest wire counts unity, on the
next higher wire 10, on the next higher 100,
etc. Two beads slid to the right on the lowest
wire, three on the next higher, five on the next
and four on the next denote 4532,

ABEL, Niels Henrik (1802-1829). Norwe-
gian algebraist and anmalyst. When about
nineteen, he proved the general quintic
equation in one variable cannot be solved
by a finite number of algebraic operations
(see RUFFINI). Made fundamental contri-
butions to the theories of infinite series,
transcendental functions, groups, and el.hp—
tic functions.
Abel’s identity. The identity

]
lzl a = S;((h"'dﬁ)'l'ﬁz(ﬁz“ﬂa)"‘ cen
+ Sn1(@n -1 — Qy) + 504,

=3 u

f=1

This is ecasily obtained from the evident
identity:

where

Z ads = a5, + ay(sy “h)'f" -+ a,(s;, —Sn-1).

i=]
Abel’s inequality. If u,?.u.“ >0 for
.all positive integers n,_then 2 a,u,.l < Lu,,

where L is the largest of the quantities: {a,
[al+aa[ |@r+aa+asf, -, |a1 +as+ - - +ay|.
This inequality can be mxly—-deduwd from
Abel’s identity.

s

Abel’s method of summation. The method

o
of summation for which a series Z ay is

summable and has sum S if lim Z apx" = §

Pogad
exists. A convergent series is summable by -
this method [see below, Abel’s theorem on
power series (2)]. Also called Eiler's method
of summation. Se¢ SUMMATION—Summation

- of a divergent series.

Abel’s problem. Suppose a particle is con-
strained (thhout friction) to move along a
certain path in a vertical plane under the force
of gravity. Abel’s problem’ is to find the
path for which the time of descent is a given
function f of x, where the x-axis is the hori-
zontal axis and the particle starts from rest.
This reduces to the problem of finding a
solution s(x) of the Volterra integral equation

sty
of the first kind f(x) = dt, where
/ the fir 1 P reEn)
s(x) is the length of the path. If f is con-
tinuous, a solution is

_VYgd ~ f@)
W =—Z) G=n%

Abel’s tests for convergence. (1) If the series
2 u, converges and {g,} is a bounded mono-
tomc sequence, then 3 a,u, converges. (2) If

dt,

Z u | is equal to or less than .a properly

n=1
chosen constant for all k and {a,} is a positive,
monotonic decreasing sequence which ap-
proaches zero as a limit, then S a,4, con-
verges. (3) If a series of complex numbers
2 a, is convergent, and the series 5 (v,.— Uns1)
is absolutely convergent, then ¥ a.», is con-
vergent. (4) If the series 3 a,(x) is uniformly
convergent in an interval (&, b), v,(x) is positive
and monotonic decreaslng for any value of x
in the interval, and there is a number % such
that ve(x) £ k for all x in the interval, then
2. ax(x)vn(x) is uniformly convergent (this is
Abel’s test for uniform convergence).

Abel’s theorem on power series. (1) If a
power series, ao+aix+a;x3+ - faxt+
-+, converges for x = ¢, it converges absolu-

tely for |x| < |c|.

@ If ¥ a, is convergent,
[}

then llm 2 at" = i a,, whcrel the itrmt is
the hmxt on the left at + 1} "An equivalent
statement is that if’ Z a,x* converges when
x = R, then  is continuous if S(x) is defined



Abel

Acceleration

@0
as > a,x* when x is in the closed interval

(4]
with end points 0 and R. This theorem is
designated in various ways, most explicitly
by “Abel's theorem on continuity up to the
circle of convergence.”

A-BEL’IAN, adj. Abelian group. See GrouPp.

A-BRIDGED’, adj. abridged multiplication.
See MULTIPLICATION.

Plicker’s abridged notation. A notation
used for studying curves. Consists of the use
of a single symbol to designate the expression
(function) which, equated to zero, has a given
curve for its locus; hence reduces the study of
curves to the study of polynomials of the first
degree. E.g.,if L, = 0 denotes 2x+3y—5=0
and L, = O denotes x+y- 2 = 0, then k,L; +
koLa = 0 denotes the family of lines passing
through their common point (1,1). See
PENcCIL—pencil of lines through a point.

AB-SCIS'SA, n. [pl. abscissas or abscissae].
The horizontal coordinates in a two-dimen-
sional system of rectangular coordinates;
usually denoted by x. Also used in a similar
sense in systems of oblique coordinates. See
CARTESIAN—Cartesian coordinates.

" AB’'SO-LUTE, adj. absolute constant, con-
tinuity, convergence, inequality, maximum
(minimum), symmetry. See CONSTANT, CON-
TINUOUS, CONVERGENCE, INEQUALITY, MAXI-
MUM, SYMMETRIC—symmetric function.

absolute moment (Statistics). For a ran-
dom variable X or the associated distribu-
tion function, the kth absolute moment
about « is the expected value of |X - ik,
whenever this exists. See MOMENT-—-mo-
ment of & distribution.

absolute number. A number represented by

figures such as 2, 3, or V2, rather than by
letters as in algebra.

absolute property of a surface. Same as
INTRINSIC PROPERTY OF A SURFACE.

absolute term in an expression. A term
which does not contain a variable. - Syn.
constant term. In the expression ax®+ b&x+ ¢,
¢ is the only absolute term.

absolute value of a complex aumber. See
mopuLus—modulus of a complex number.

absolute value of a real number. The
absolute value of a, written |a|, is the non-
negative number which is equal to a if a is
nonmnegative and equal to —a if a is negative;
e.g.,3 =|3],0=10],and 3 = |-3|. Useful
properties of the absolute value are that
[x¥| = |x| |»| and |x+y| < |x{+]|y| for all
real numbers x and y. Syn. numerical value.

absolute value of a vector. See VECTOR—-
absolute value of a vector.

AB'STRACT, adj. abstract mathematics. See
MATHEMATICS—pure mathematics.

abstract number. Any number as such,
simply as a number, without reference to any
particular objects whatever except in so far
as these objects possess the number property.
Used to emphasize the distinction between a
number, assuch,and concrete numbers. See
CONCRETE, NUMBER, DENOMINATE.

abstract space. A forma! mathematical
system consisting of undefined objects and
axioms of a geometric nature. Examples are
Euclidean spaces, metric spaces, topological
spaces, and vector spaces.

abstract word or symbol. (1) A word or
symbol that is not concrete; a word or symbo!
denoting a concept built up from consideration
of many special cases; a word or symbol
denoting a property comumon to many individ-
uals or individual sets, as yellow, hard, two,
three, etc. (2) A word or symbol which has
no specific reference in the sense that the
concept it represents exists quite independently
of any specific cases whatever and may or may
not have specific reference.

AC-CEL’ER-A'TION, n. The time rate of
change of velocity. Since velocity is a directed
quantity, the acceleration a is a vector equal
to lim A_v = d_v
at—o A dr
in the velocity v which the moving object
acquires in ¢ units of time. Thus, if an air-
plane moving in a straight line with the speed
of 2 miles per minute increases its speed
until it is flying at the rate of 5 miles per
minute at the end of the next minute, its
average acceleration during that minute is 3
miles per minute per minute. If the increase
in speed during this one minute interval of
time is uniform, the average acceleration is
equal to the actual acceleration. If the in-
crease in speed in this example is not uniform,
the instantaneous acceleration at the time f
is determined by evaluating the limit of the
. Av L
quotient = as the time interval Ar = t—1,
is made to approach zero by making ? approach
;. For a particle moving along a curved
path, the velocity vis directed along the tangent
to the path and the acceleration a can be
shown to be given by'the formula

, where Av is the increment

dv 2
= e T v
a ] + vécv,

where Z—l: is the derivative of speed vvalong the
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path, c is the curvature of the path at the
point, and 7 and v are vectors of unit lengths
directed along the tangent and normal to

dv
the path. The first of these terms, 5 8

called the tangential component, and the
second, v?c, the normal (or centripetal) com-
ponent of acceleration. If the path is a

straight line, the curvature ¢ is zero, and hence
the acceleration vector will be directed along
the path of motion. If the path is not recti-
linear, the direction of the acceleration vector
is determined by its tangential and normal
components as shown in the figure.

acceleration of Coriolis. If S’ is a reference
frame rotating with the angular velocity w
about a fixed point in another reference
frame S, the acceleration a of a particle, as
measured by the observer fixed in the reference
frame S, is given by the sum of three terms:
a = a’+a,+a, where a’ is the acceleration of
the particle relative to 5”, a, is the acceleration
of the moving space, and a, = 2w x v is the
acceleration of Coriolis. The symbol wx vy’
denotes the vector product of the angular
velocity w, and the velocity v relative to S,
so that the acceleration of Coriolis is normal
to the plane determined by the vectors w
and ¥’ and has the magnitude 2v’ sin (w, v°).
The acceleration of Coriolis is also called the
complementary acceleration.

acceleration of a falling body. The accelera-
tion with which a body falls in vacuo at a
given point on or near a given point oh the
earth’s surface. This acceleration, frequently
denoted by g, varies by less than one percent
over the entire surface of the earth. Its
“‘average value” has been defined by the
International Commission of Weights and
Measures as 9.80665 meters {or 32.174 feet)
per second per second. [ts value at the poles
is 9.8321 and at the equator 9.7799. Syn.
acceleration of gravity.

angular acceleration. The time rate of
change of angular velocity. If the angular
velocity is represented by a vector w directed
along the axis of rotation, then the angular
acceleration @, in the symbolism of calculus,

. dw
is given by « = —. See veELocITYy—angular

dt
velocity.

centripetal, normal, and tangential com-
ponents of acceleration. See above, ACCELERA-
TION.

uniform acceleration. Acceleration in which
there are equal changes in the velocity in equal
intervals of titme. Sya. constant acceleration.

' AC'CENT,'n. A mark above and to the

right of a quantity (or letter), as in a’ or x’;
the mark used in denoting that a letter is
primed. See PRIME—prime as a symbol.

AC-CEPT'ANCE, adj. acceptance region.
See HYPOTHESIS —test of a hypothesis.

AC-CU MU-LAT'ED, adj. accumulated value.
Same as AMOUNT at simple or compound
interest. The accumulated value (or amount)
of an annuity at a given date is the sum of the
compound amounts of the annuity payments
to that date.

AC.CU'MU-LA'TION, adj., n. Same as
ACCUMULATED VALUE.

accumulation of discount on a bond. Writing
up the book value of a bond on each dividend
date by an amount equal to the interest on the.
investment (interest on book value at yield
rate) minus the dividend. See vaLUE—book
value.

accumulation factor. The name sometimes
given to the binomial (1 + ), or (1 +/), where
r, or I, is the rate of interest. The formula for
compound interest is 4 = P(1 +r)", where A
is the amount accumulated at the end of n
periods from an original principal P at a
rate r per period. See COMPOUND—compound
amount.

accumulation point. An accumulation point
of a set of points is a point P such that there
is at least one point of the set distinct from P
in any neighborhood of the given point; a
point which is the limit of a sequence of points
of the set (for spaces which satisfy the first
axiom of countability). An accumulation
point of a sequence is a point P such that, for
any integer n, each neighborhood of P contains
at least one term of the sequence after the nth
term; e.g., the sequence 1,4, 1,4, 1,4, 1,%,---
has two accumulation points, the numbers 0
and I (also see srQUENCE—accumulation point
of - a sequence). Syn. cluster point, limit
point, See BOLZANO —Bolzano-Weierstrass
theorem, CONDENSATION-condensation
point.

accumulation problem. The determination
of the amount when the principal, or pringi-
pals, interest rate, and time for which each
principal is invested are given.
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accumulation schedule of bond discount.” A
table showing the accumulation of bond
discounts on successive dates. Interest and
book values are usually listed also.

AC-CU'MU-LA'TOR, ». In a computing
machine, an adder or counter that augments
its stored number by each successive number
is receives.

AC’CU-RA-CY, n. Correctness, usually re-
ferring to numerical computations. The
accuracy of a table may mean either: (1) The
number of significant digits appearing in the
numbers in the table (e.g., in the mantissas of
a logarithm table); (2) the numbgr of correct
places in computations made with the table.
(This number of places varies with the form of
computation, since errors may repeatedly
combine so as to become of any size whatever.)

AC'CU-RATE, adj. Exact, precise, without
error. One speaks of an accurate statement
in the sense that it is correct or true and of an
accurate computation in the sense that it
contains no numerical error. Accurate to a
certain decimal place means that all digits
preceding and including the given place are
correct and the next place has been made
zero if less than 5 and 10 if greater than 5 (f it
is equal to 5, the most usual convention is to
call it zero or 10 as is necessary to leave the
last digit even). FE.g., 1.26 is accurate to two
places if obtained from 1.264 or 1.256 or 1.255.
See ROUNDING—rounding off,

AC'NODE, n. See roINT—isolated point.

A-COUS'TI-CAL, adj. acoustical property of
conics. See ELLIPSE—focal property of ellipse,
HYPERBOLA—focal property of hyperbola,
PARABOLA—focal property of parabola.

A’CRE, n. The unit commonly used in ‘the
United’ States in measuring land; contains
43,560 square feet, 4,840 square yards, or 160
squars rods.

AC'TION, 1. A concept in advanced dynam-
P

ics defined by the line integral 4 = ! mv-dr,
Py

called the action integral, where m is the mass
of the particle, v is its velocity, and dr is the
vector element of the arc of the trajectory
joining the points P, and P,. The dot in the
-integrand denotes the scalar product of the
momentum vector mv and dr. The action A

plays an important part in the development of
dynamics from variational principles. See
below, principle of least action.

law of action and reaction. The basic law
of mechanics asserting that two particles
interact so that the forces exerted by one on
another are equal in magnitude, act along the
line joining the particles, and are opposite in
direction. See NEwTON—Newton’s laws of
motion.

principle of least action. Of all curves
passing through two fixed points in the neigh-
borhood of the natural trajectory, and which
are traversed by the particle at a rate such that
for each (at every instant of time) the sum of
the kinetic and potential energies is a constant,
that one for which the action integral has an
extremal value is the natural trajectory of the
particle. See ACTION.

A-CUTE’, adj. acute angle. An angle nu-
merically smaller than a right angle (usually a
positive angle less than a right angle).

acute friangle. See TRIANGLE.

AD'DEND, n. One of a set of numbers to
be added, as 2 or 3 in the sum 24 3.

AD’DER, n. In a computing machine, any
arithmetic component that performs the
operation of addition of positive numbers.
An arithmetic component that performs the
operations of addition and subtraction is said
to be an algebraic adder. See ACCUMULA -
TOR, COUNTER.

AD-DI'TION, n. addition of angles, directed
line segments, integers, fractions, irrational
numbers, mixed numbers, matrices, and vectors.
See various headings under sum.

addition of complex numbers. See coM-
PLEX—complex numbers,

addition of decimals. The usual procedure
for adding decimals is to place digits with like
place value under one another, i.e., place
decimal points under decimal points, and add’
as with integers, putting the decimal point of
the sum directly below those of the addends.
See suM—sum of real numbers.

addition formulss of trigonometry. See
TRIGONOMETRY.

addition of series. See SERIES.

addition of similar terms in algebra. The
process of adding the coefficients of terms
which are alike as regards their other factors:
2x+3x = 5x, 3Ix*y—2x* = x?y and ax+bx
= {a+b)x. . See pisIMILAR—dissimilar terms.

addition of tensors. See TENSOR.

algebraic addition. See sum—algebraic sum,
sum of real numbers.
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arithmetic addition. See sum—-arithmetic
sum.

proportion by addition (and addition and
subtraction). See PROPORTION.

ADD'L-TIVE, adj. additive function,. A
function f which has the property that f(x+y)
is defined and equals f(x)+/(3) whenever
Sf(x) and f(y) are defined. A continuous
additive function is necessarily homogeneous.
A function f is subadditive or superadditive
according as

f(x1+x2) < fOx)+F(xa),

or
Flx1+x2) 2 f(x) +f(xa),

for all x;, xz, and x;+ x; in the domain of f
(this domain is usually taken to be an interval
of the form 0 < x < a).

additive inverse. See INVERSE—inverse of
an element.

additive set function. A function which
assigns a number $(X) to each set X of a
family F of sets is additive {or finitely add:twe)
if the union of any two membcrs of Fisa
member of F and

KXV Y) = HXI+KY)
for all disjoint members X and Y of F. The
function ¢ is countably additive (or completely

additive) if the union of any finite or countable
set of members of F is a member of Fand

#U X)) = 3 $(X)

for each finite or countable collection of sets

{X;} which are pairwise disjoint and belong to

F. If (L X)) < 3 $(X)), then ¢ is said to be
subadditive (it is then not necessary to assume
the sets are pairwise disjoint). See MEASURE—
measure of a set.

AD’I-A-BAT’IC, ad;. adiabatic curves. Curves
showing the relation between pressure and
.volume of substances which are assumed to
have adiabatic expansion and contraction.

adiabatic expamsion (or comtraction).
(Thermodynamics) A change in volume without
loss or gain of heat.

AD IN'FI-NI'TUM. Continuing without end
(according to some law); denoted by three
dots, as ---; used, principally, in writing
infinite series, infinite sequences, and infinite
products.

AD-JA'CENT, adj. sdjecent angles. Two
angles having a common side and common
vertex and lying on opposite sides of their

common side. In the figure, AOB and BOC
are adjacent angles.

4

AD-JOINED’, adj. adjoined number. See
FIELD——number field.

AD'JOINT, adj., n. adjoint of a differential
equation. For a homogeneous differential
equation

d da 1
L(.V) = Po dx"+p‘d n— 1+
d
+Pr-1 E-iﬂ)ny =0,
the adjoint is the differential equation

'l—l
L) = (- iy TEDy gy L2012

. d(Pn 1.)")
+ x ———=+pny = 0.

This relation is symmetric, L=0 being the
adjoint of L = 0. A function is a solution of
one of these equations if and only if it is an

integrating factor of the other. There is an
expression P(u, v) for which
dP(u v).

oL(u) — ul(v) =

P(u, v} is linear and homogeneous in u, u, - - -,
=Y andinvy, v, -, 0™V, Itis known as
the bilinear concomitant. An equation is self-
adjoint if Z{y) = £(y). E.g., Sturm-Liouville
differential equations and Legendre differential
equations are self-adjoint.

adjoint of a matrix. The rranspose of the
matrix obtained by replacing each element by
its cofactor; the matrix obtained by replacing
cach element a,, (in row r and column s) by
the cofactor of the element q,, (in row s and
column r). The adjoint is defined only for
square matrices. Sometimes (rarely) the
adjoint is called the adjugate, although
adjugate has also been used for the square

mamx_ of order (r) formed from a sguare

matrix of order n by arranging all rth-order
minors in some specified order. The Hermi-
tiarn conjugate matrix is frequently called the
adjoint matrix by writers on quantum
mechanics.

adjoint of a transformation. For a bounded
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linear transformation T which maps a Hilbert
space H into H (with domain of T equal to H),
there is a unique bounded linear transforma-
tion T*, the adjoint of T, such that the inner
products (Tx, y) and (x, T*y) are equal for
all x and y of H. It follows that | T} = [|T*].
Two linear transformations 7, and T3 are said
to be adjoiar if (T1x, y) = (x, T, y) for each x
in the domain of T; and y in the domain of
T,. If T is a linear transformation whose
domain is dense in"H, there is a unique trans-
formation T* (called the adjoint of T) such
that Tand T* are adjoint and, if S.is any other
transformation adjoint to 7, then the domain
of S is contained in the domain of 7* and S
and T* coincide on the domain of S. For a
finite dimensional space and a transformation
T which maps vectors x = (x3, xa, - - -, x,) into

Tx = (y1, 2+, ¥n) With y = > ayx, (for

1
each ), the adjoint of T is the transformation
for which T*x = (y1, ya, -, ys) With y, =

2. anx; and the matrices of the coefficients of

]
T and of T* are Hermitian conjugates of each
other. If Tis a bounded linear transformation
which maps a Banach space X into a Banach
space Y, and X* and Y* are the first conjugate
spaces of X and Y, then the adjoint of T is-the
linear transformation 7* which maps Y* into
X* and is such that T*(g) = f (for fand g
members of X* and Y*, respectively) if f is
the continuous linear functional defined by
f(x) = g[T(x)]. For two bounded linear
transformations T, and T, the adjoints of
Tx+ T; and T,-T, are T1‘+ Tz* and Tz* . T;‘,
respectively. If T has an inverse whose
domain is all of H (or 'Y), then (T*) ! =
(T-1)*. For Banach spaces, the adjoint T**
of T* is a mapping of X** into Y** which is
a norm-preserving extension of T (7 maps a
subset of X** which is isometric with X,
into Y**). For Hilbert space, T7** is identical
with Tif T is bounded with domain H; T** is
a linear extension of T otherwise. See SELF—
self-adjoint transformation.

adjoint space. See CONJUGATE—conjugate
space.

AD’JU-GATE, n. See apsoiNt—adjoint of a
matrix.

AD-MIS'SI-BLE, adj. admissible hypothesis.
See HYPOTHESIS.

AF-FINE’, adj. affine transformation. (1) A
transformation of the form

X =ax+by+6, Y = axx+bay+e,,

a; b1

W da bg

= ayba—azb, # 0.

(2) A transformation of the form given in
(1) except that the determinant of the coef-
ficients may or may not be zero (it is singu-
lar or nonsingular according as this determi-
nant.is zero or nonzero). The determinant
of the coefficients is denoted by A. The fol-
lowing' are important special cases of the
affine transformation, A # 0: (a) transla-
tions (x' = x +a,»' =y +b); (b) rotations
(x'=xcos +ysinf, y =-xsinf +y
cos 8Y; (c) stretchings and shrinkings (x’ = kx,
y' = ky), called transformations of similitude
or homothetic transformations; (d) reflec-
tions in the x-axis and y-axis, respectively
(x"=x,y"=-yorx'=-x,y" =y);(e) simple
elongations and compressions (x' = x, y' =ky
or x' =kx, ¥’ = y); (f) simple shear transfor-
mations (x' =x +ky, y' =y or x =x,
y' =kx +y). The affine transformation
carries parallel lines into parallel lines, finite
points into finite points, and leaves the line
at infinity fixed. An affine transformation
can always be factored into the product of
transformations belonging to the above
special cases. An homogeneous affine trans-
formation is an affine transformation in
which the constant terms are zero; an affine
transformation which does not contain a
translation as a factor. Its form is

X' = ax+byy, ¥y = a;x+b,y,
A= albg“‘agbl # 0.

An isogonal affine transformation is an affine
transformation which does not change the
size of angles. It has the form

’

X = aqx+by+ae,
Y = axx+bay+ca,

where either a; = 4, and a; = ~b, or —a;

= bg and as = b]_.

AGE, n. (Life Insurance) The age at issue is
the age of the insured at his birthday nearest
the policy date. The age year is a year in the
lives of a group of people of a certain age.
The age year /, refers to the year from x to
x+1, the year during which the group is x
years old.

AG’'GRE-GA'TION, n. signs of aggregation:
Parenthesis, (); bracket, [ ]; brace, {}; and
vinculum or bar, ——. Each means that the
terms enclosed are to be treated as a single
term. FE.g., 3(2—1+4) means 3 times 5, or
15. See various headings under DISTRIBUTIVE.
AGNESI, Maria Gaetana (1718-1799). Dis-
tinguished Italian mathematician. See
WITCH.
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AHLFORS, Lars Valerian (1907~ ).
Finnish-American mathematician and Fields
Medal recipient (1936). Research in com-
plex-variable theory and theory of quasicon-
formal mappings, with important contribu-
tions to Riemann surfaces and meromorphic
functions.

AHMES (RHYND or RHIND) PAPYRUS.
Probably the oldest mathematical book
known, written 2000 to 1800 B.C. and
copied by the Egyptian scribe Ahmes about
1650 B.€. See RHIND.

ALBERT, Abraham Adrian (1905-1972).
American algebraist. Made fundamental
contributions to the theory of Riemannian
matrices and to the structure theory of as-
sociative and nonassociative algebras, Jor-
dan algebras, quasigroups, and division
rings.

ALBERTI, Leone Battista (1404-1472).
Italian mathematician and architect. Wrote
on art, discussing perspective and raising
questions that pointed toward the develop-
ment of projective geometry.

A'LEPH, n. The first letter of the Hebrew
alphabet, written X.

aleph-null or aleph-zero. The cardinal num-
ber of countably infinite sets, written R,.  See
CARDINAL—cardinal number.

ALEXANDER, James Waddell (1888-
1971). American algebraic topologist who
did research in complex-variable theory,
homology and ring theory, fixed points, and
the theory of knots.

Alexander’s subbase theorem. A topologi-
cal space is compact if and only if there is a
subbase S for its topology which has the
property that, whenever the union of a col-
lection of members of § contains X, then X
is contained in the union of a finite number
of members of this collection.

AL‘GE-BRA, n. (1) A generalization of
arithmetic. E.g., the arithmetic facts that
24242 =3x%x2, 4+4+4 =3x4, eic, are
all special cases of the (general) algebraic
statement that x+x+x = 3x, where x is any
number. Letters denoting any number, or
any one of a certain set of numbers, such as
all real numbers, are related by laws that hold
for any numbers in the set; e.g., x+x = 2xfor
all x (all numbers).. On the other hand, con-
ditions may be imposed upon a letter, repre-
senting any one of a set, so that it can take on
but one value, as in the study of equations:
eg., if 2x+1 = 9, then x is restricted to 4.

Equations are met in arithmetic, although
not so named. For instance, in percentage
one has to find one of the unknowns in the
equation, interest = principal xrate, or I =
pxr, when the other two are given. (2) A
system of logic expressed in algebraic symbols,.
or a Boolean algebra (see BOOLEAN). (3) See
below, algebra over a field. i

algebra over a field. An algebra (or linear
algebra) over a field Fis a ring R that is also
a vector space with members of F as scalars
and satisfies (ax)(by) = (ab)Xxy) for all scalars
a and b and all members x and y of R. The
dimension of the vector space is the order of
R. The algebra is a commutative algebra, or
an algebra with unit element, according as the
ring is a commutative ring, or a ring with unit
clement. A division algebra is an algebra
that is also a division ring. A simple algebra
is an algebra that is a simple ring. The set of
real numbers is a commutative division
algebra over the field of rational numbers; for
my positive integer #, the set of all square
matrices of order n with complex numbers (or
real numbers) as elements is an algebra (non-
commutative) over the field of real numbers:
Any algebra consisting of all » by n matrices
with clements in a given field is a simple
algebra. An algebra of order n with a unit
element is isomorphic to an algebra of n by n
square matrices, : :

algebra of propesitions. See BoorLE—Bool-
2an algebra.

algebra of subsets. An algebra of subsets of
a set X is a class of subsets of X which contains
the complement of each of its members and the
union of any two of its members (or the inter-
section of any two of its members). It is called
a o-algebra if it also contains the union of any
sequence of its members. An algebra of
subsets is a Boolean algebra relative to the
operations of union and intersection. A ring
of subsets of a set X is an algebra of subsets of
X if and only if it contains X as a member.
For any class C of subsets of a set X, the
intersection of all algebras (or o-algebras)
which contain C is the smallest algebra (o-
algebra) which contains C and is said to be
the algebra (o-algebra) generated by C. For
the real line (or n-dimensional space) examples
of o-algebras are the system of all measurable
sets, the system of all Borel sets, and the
system of all sets having the property of
Baire. See RING—ring of sets.

Banach algebra. An algebra over the field
of real numbers (or ‘complex numbers) which
is also a real (or complex) Banach space for
which . xy* < ix!. iy} forall xand y. Itis
called a real or a complex Banach algebra
according as the field is the real or the complex
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number field. The set of all functions which
are continuous on the closed interval {0, 1]is a
Banach algebra over the field of real numbers if
" | £|| is defined to be the largest value of | f(x)] for

0 < x < 1. Syn normed vector ring.

Boolean algebra, See BOOLE.

fundamental theorem of algebra. See
FUNDAMENTAL—fundamental  theorem  of
algebra. i

measure algebra. See MEASURE—measure
ring and measure algebra.

AL’GE-BRAIC, adj. algebraic adder. See
ADDER.

algebraic addition. See sum—algebraic sum, |

sum of real numbers.

algebraic curve. See CURVE.

algebraic deviation. See DEVIATION.

algebraic expression, equation, function,
operation, etc, Anexpression, etc., containing
or using only algebraic symbols and opera-
tions, such as 2x+3, x2+2x+4, or V2—x+y
=3, Algebraic operations are the operations
of addition, subtraction, multiplication, divi-
sion, extraction of roots, and raising to integral
or fractional powers. A rational algebraic
expression is an expression that can be written
as a quotient of polynomials. An irrational
algebraic expression is one that is not rational,
as Vx+4. See FuNCTION—algebraic func-
tion and various headings under RATIONAL.

algebraic extension of a field. See EXTEN-
SION.

algebraic hypersurface. See HYPERSURFACE,

algebraic multiplication. See MULTIPLI-
CATION.

algebraic number. (1) Any ordinary positive
or negative number; any real directed num-
ber. (2) Any number which is a root of a
polynomial equation with rational coefficients;
the degree of the polynomial is said to bé the
degree of the algebraic number «, and the
equation is the minimal equation of «, if ¢ is
not a root of such an equation of lower degree.
An algebraic integer is an algebraic number
which satisfies some monic equation,

Xt ta x4 - 4at =0,

with ‘integers as coefficients. The minimal
equation of an algebraic integer is also monic.
A rational number is an algebraic integer if
and only if it is an ordinary integer. The
set of all algebraic numbers is an integral
domain (see pomMaIN—integral domain). (3)
Let F* be a field and F a subfield of F*. A
member ¢ of F* is algebraic with respect to
Fif cis a zero of a polynomial with coefficients
in F; otherwise, c is transcendental with respect
to F.

algebraic operations. Addition, subtraction,

- multiplication, division; evolution and involu-

tion {extracting roots and raising to powers).

algebraic proofs and solutions. Proofs and
solutions which use algebraic symbols and no
operations other than those which are alge-
braic. See above, algebraic operations.

algebraic subtraction. See SUBTRACTION.

algebraic symbols. Letters representing
numbers, and the various operational symbols
indicating algebraic operations. Se¢ MATHE-
MATICAL SYMBOLS in the appendix.

algebraic variety. Let V be an n-dimen-
sional vector space with F the field of scalars.
An algebraic variety is a subset of V that is the
set of all points (xq,:--, x,) which satisfy a
finite set of polynomial equations fi(x), - - +, X»)
=0,k=1,2,---,m.

irrational algebraic surface. See IRRA-
TIONAL. o

AL-GE-BRA'IC-AL-LY, a. algebraically
complete field. A field F which has the
property that every polynomial equation with
coefficients in F has a root in F. The field of
algebraic numbers and the field of complex
numbers are algebraically complete. Every
field has an extension that is algebraically
complete. Syn. algebraically closed field.

AL’GO-RITHM, 1. Some special process of
solving a certain type of problem, particularly
a method that continually repeats some basic
process.

division algorithm. See DrvisioN.

Euclid’s algorithm. A method of finding
the greatest common divisor (G.C.D.) of two
numbers—one number is divided by the other,
then the second by the remainder, the first
remainder by the second remainder, the second
bgathe third, etc. When exact division is finally
reached, the last divisoris the greatest common
divisor of the given numbers (integers). In
algebra, the same process can be applied to
polynomials. -E.g., to find the greatest com-
mon divisor of 12 and 20, we have 20+ 12 is 1
with remainder 8; 12=8 is 1 with remainder
4; and 8+4 = 2; hence 4 is the G.C.D.

AL’TEN-A'TION, n. coefficient of alienation.
See CORRELATION—normal correlation.

A-LIGN'MENT, adj. alignment chart. Same
as NOMOGRAM.

AL'I-QUOT PART. Any exact divisor of &
quantity; any factor of a quantity; used
almost entirely when dealing with integers.
E.g., 2 and 3 are aliquot parts of 6.
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AL'MOST, adj. almost all and almost every- °

where. See MEASURE —measure z¢€ro.
almost periodic. See PERIODIC,

AL'PHA, n. The first letter in the Greek
alphabet: lower case, a; capital, A,

AL-TER'NANT, n. A determinant for which
there are n functions f, fz, - * +, fa (if the deter-
minant is of order r) and n quantities ry, ry, « - -,
r. for which the element in the ith column
and jth row is fi(r;) for each i and j (this
determinant with rows and columns inter-
changed is also called an alternant). The
Vandermonde determinant is an alternant (see
DETERMINANT).

AL'TER-NATE, adi. Two alternate angles
are angles on opposite sides- of a transversal
cutting two lines, each having one of the lines
for one of its sides. They are alternate
exterior angles if neither lies between the two
lines cut by the transversal. They are alternate
interior angles if both lie between the two lines.
See ANGLE—angles made by-a transversal.

AL-TER-NAT’ING, ad;. alternating function.
A function f of more than one variable for
which f(x;, x5, -+, x,) changes sign if two
of the variables are interchanged. If fis an
alternating multilinear function of n vectors
in an n-dimensional vector space and {e;, ez,
- v+, @,} is a basis for ¥V, then

f(v1! Y vﬂ) = det (vll)f(els Tty ell)l

n
where v, = > oye, and det (v,) is the deter-
i=1

minant with v, in the ith row and jth column.

alternating group. See GRoupP—alternating
group.

alternating series. A series whose terms
are alternately positive and negative, as

R et REER 2 G VA LT

An a)tcmﬁting series converges if each term
is numerically equal to or less than the pre-
ceding and if the nth term approaches zero as
n increases without limit. This is a sufficient,
but not a necessary set of conditions—the
term-by-term sum of any two convergent
series converges and, if one series has all
negative terms and the other all positive terms,
their indicated sum may be a convergent
alternating series and not have its terms
monotonically decreasing. The series

P=3+3-3+3-d+br o5t
is such a series. See NECESSARY—necessary
condition for convergence,

AL'TER-NA'TION, n. (1) In logic, the same
as DISJUNCTION.  (2) See PROPORTION.

AL-TER'NA-TIVE, adj. alternative hypoth-
esis. See HYPOTHESIS —test of a hypothesis.

AL'TI-TUDE, n. A line segment indicating
the height of a figure in some sense (or the
length of such a line segment). See CONE,
CYLINDER, PARABOLIC—parabolic segment,
PARALLELOGRAM, PARALLELEPIPED,  PRISM,
PYRAMID, RECTANGLE, SEGMENT—spherical
segment, TRAPEZOID, TRIANGLE, ZONE.

altitude of a celestial point. Its angular
distance above, or below, the observer’s
horizon, measured along a great celestial circle
(vertical circle) passing through the point, the
zenith, and the nadir. The altitude is taken
positive when the object is above the horizon
and negitive when below. See figure under
HoUR—hour-angle and hour-circle.

AM-BIG'U-OUS, adj. Not uniquely deter-
minable. .

ambiguous case ian the solution of triangles.
For a plane triangle, the case in which two
sides and the angle opposite one of them is
given. One of the other angles is then found
by use of the law of sines; but there are always
two angles less than 180° corresponding to
any given value of the sine (unless the sine be
unity, in which case the angle is 90° and the
triangle is a right triangle). When the sine
gives two distinct values of the angle, two tri-
angles result if the side opposite is less than the
side adjacent to the given angle (assuming the
data are not such that there is no triangle
possible, a situation that may arise in any
case, ambiguous or nonambiguous). In the
figure, angle A and sides a and b are given
(a < b); triangles AB,;C and AB,C are both
solutions. If a = bsin A4, the right triangle
ABC is the unique solution.

A B:WB;

For a spherical triangle, the ambiguous case
is the case in which a side and the opposite
angle are given (the given parts may then be
either two sides and an angle opposite one
side, or two angles and the side opposite one
angle).

A-MER’[-CAN, adj." American experience
table of mortality. See MORTALITY. :
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AM’'LI.CA-BLE, adj. amicable numbers. Two
numbers, each of which is equal to the sum of
all the exact divisors of the other except the

number itself. * E.g., 220 and 284 are amicable :

numbers, for 220 has the exact divisors 1, 2, 4,
5, 10, 11, 20, 22, 44, 55 and 110, whose sum is
284; and 284 has the exact divisors 1, 2, 4, 71,
and 142, whose sum is 220.

A-MOR-TI-ZA'TION, n. amortization of a
debt. The discharge of the debt, including
interest, by periodic payments, usually equal,
which continue until the debt is paid without
any renewal of the contract. The mathe-
matical principles are the same as those used
for annuities.

amortization equation. An equation re-
lating the amount of an obligation to be
amortized, the interest rate, and the amount of
the period payments. See AMORTIZE.

amortization of a premium on a bond.
Writing down (decreasing) the book value of
the bond on each dividend date by an amount
equal to the difference between the dividend
and the interest on the investment (interest on
the book value at the yield rate). See vALUE—
book value.

amortization schedule. A table giving the
annual payment, the amount applied to
principal, the amount applied to interest, and
the balance of principal due. See AMORTIZE.

A-MOUNT’, n. amount of a sum of money at a
given date. The sum of the principal and
interest (simple or compound) to the date;
designated as amount at simple interest or
amount at compound interest (or . compound
amount), according as interest is simple or
compound. In practice, the word amount
without any qualification usually refers to
amount ai compound interest.

amount of an annuity. See ACCUMULATED—
accumulated value of an annuity at a given
‘date.

compound amount. See COMPOUND.
AM'PERE, n. A unit of measure of electric
current. The legal standard of current since
{950 is the absolute ampere, which is the
current in each of two long parallel wires which
carry equal currents and for which there is a
force of 2-10~7 newton per meter acting on
each wire. The legal standard of current
before 1950 was the international ampere,
which is the current which when passed
through a standard solution of silver nitrate
deposits silver at the rate of .001118 gram per

sec. One international ampere equals
0.999835 absolute ampere. See COULOMB,
OHM,

AM'PLI-TUDE, n. amplitude of a complex
number. The angle that the.vector represent-
ing the complex number makes with the
positive horizontal axis. E.g., the amplitude
of 2+2iis 45°. See pOLAR——polar form of a
complex number.

amplitude of a curve. Half the difference
between the greatest and the least values of the
ordinates of a periodic curve. The amplitud,
of y=sinxis 1;of y = 2sinxis 2, .

amplitude of a point. See POLAR-—polar
coordinates in the plane.

amplitude of simple harmonic motion,
HARMONIC—simple harmonic motion.

See

AN’A-LOG, adj. analog computer. See COM-
PUTER.

A-NAL'O-GY, n. A form of inference some-
times used in mathematics to set up new
theorems. It is reasoned that, if two or more
things agree in some respects, they will prob-
ably agree in others. Exact proofs must, of
course, be made t0 determine the validity of
any theorems set up by this method.

A-NAL'Y-SIS, 5. [pl. analyses). That part
of mathematics which uses, for the most part,
algebraic and calculus methods—as dis-
tinguished from such subjects as- synthetic
geometry, number theory, and group theory.
analysis of a problem. The exposition of
the principles involved; a listing, in mathe-
matical language, of the data given in the
statement of the problem, other related data, .
the end sought, and the steps to be taken.
analysis of variance. See VARIANCE.
analysis situs. The field of mathematics
now called ropology.
diophantine analysis. See DIOPHANTUS.
proof by analysis. Proceeding from the
thing to be proved to some known truth, as
opposed to synthesis which proceeds from the
true to that which is to be proved. The most
common method of proof by analysis is, in
fact, by analysis and synthesis, in that the steps
in the analysis are required to be reversible.
unitary analysis. A system of analysis that
proceeds from a given number of units to a
unit, then to the required number of units.
Consider the problem of finding the cost of
7 tons of hay if 24 tons cost $25.00. Analysis:
If 24 tons cost $25.00, 1 ron costs $.0.000.
Hence 7 tons cost $70.00.

AN-A-LYT'IC, adj. analytic continuation. 1f
fis given to be a single-valued analytic function
in adomain D, then possibly there is a function
F analytic in a domain of which D is a proper
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subdomain, and such that F(z) = f(z) n D.
If so, the function F is necessarily unique.

-1

The process of obtaining F from f is called
analytic continuation. E.g., the function f
defined by f(z) = 1+2z+2%+2%+ - - - is thereby
defined only for {z| < 1, the radius of con-
vergence of the series being 1 and the circle of
convergence having center at 0, The series
represents the function 1/(1 —2z), but if this
function is given a.new representation, say by
«© (n; i 1 A n

$ Lo Ly

n! 2

n=qQ

where the coefficients are determined from
the original series, the new circle of converg-
ence extends outside the old one (see the
figure). The given function f, usually given
as a power series (but not necessarily so), is
called a function-element of F. The analytic
continuation might well lead to a many-
sheeted Riemann surface of definition of F.
See MONOGENIC—monogenic analytic function.

analytic curve. A curve in n-dimensional
Euclidean space whiclr, in the neighborhood
of each of its points, admits a representation
of the form x; = x{¢t),j = 1,2,-+-, n, where
the x,(¢) are real analytic functions of the real

n
variable ¢. If in addition we have z (x)? # 0,
=1
the curve is said to be a regular analytic curve
and the parameter ¢ is a regular parameter for
the curve. For three-dimensional space, an
analytic curve is a curve which has a para-
metric representation x = -x(1), y = ¥t),
z = z(t), for which each of these functions is
an analytic function of the real variable ¢; it is
a regular analytic curve if dx/ds, dv/d: and

dz/dt do not vanish simultaneously. See
POINT—ordinary point of a curve.
analytic function of -a complex variable. A

single-valued function, f, or a multiple-valued
function considered as a single-valued function
on its Riemann surface, which is differentiable
at each point of its domain (a nonnull
connected open set) of definition D is analytic

-

in D. It can be shown that an analytic
function fof a complex variable has continuous
derivatives of all orders and can be expanded
as a Taylor series in a neighborhood of each
point z, of D:

() = 3 a)(z—zo)"
. tm0
A function is sometimes said to be analytic
in D if it is continuous in D and has a deriva-
tive at all except at most a finite number of
points of D. If fis differentiable at all points
of D, it is a regular function, or a regular
analytic function, or a holomorphic function, in
D. See CAUCHY—Cauchy-Riemann partial
differential equations, MONOGENIC.
analytic function of a real variable. A

function f is analytic at A if it can be repre-

sented by a Taylor's series in powers of (x~ k)
whose sum is equal to the value of the function
at each x in some neighborhood of A. The
function is said to be analytic in the interval
(a, b) if the above is true for every A in the
interval(q, b). See TAYLOR—Taylor’s theorem.

analytic geometry. See GEOMETRY—analytic
geometry.

analytic at apoint. A single-valued function
f of the complex variable z is analytie at the
point z, if there is a neighborhood N of 2z,
such that f is differentiable at every point of
N. Le., [is analytic at z, if it is analytic in a
neighborhood of z,. . Syn. holomorphic, re-
gular, or monogenic at a point. See above,
analytic function of a complex variable.

analytic proof or solution. A proof or
solution which depends upon that sort of
procedure in mathematics called analysis;
a proof which consists, essentially, of algebraic
(rather than geometric) methods andfor of
methods based on limiting processes (such as
the methods of dltferentlal and integral
calculus).

analytic structure for a space. A covering
of a locally Euclidean space of dimension n by
a set of open sets each of which is homeo-
morphic to an open set in n-dimensional
Euclidean space £, and which are such that
whenever any two of these open sets overlap,
the coordinate transformation (in both direc-
tions) is given by analytic functions (le,
functions which can be expanded in power
series in some neighborhood of any point).
If peighborhoods U and V overlap and P is
in their intersection, then th+ homeomorphisms
of U and V with opent sets of n-dimensional
Euclidean space define coordinates (x;, xa,

**yXn) and (y1,y2,:+-,¥n) for P, and the
functions x, = x(y1, -, yx) and y, = ydx,

-, Xy) are the functions required to be
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analytic. The analytic structure is real or
complex according as the coordinates of
points in E, are taken as real or complex
numbers. See EUCLIDEAN—locally Euclid-
ean space, MANIFOLD.

g-point of an analytic function. An a-point
of the analytic function f(z) of the complex
variable z is a zero point of the analytic
function f(z)—a. The order of an a-point is
the order of the zero of f(z)-a at the point.
See zero—zero point of an analytic function
of a complex variable.

normal family of analytic functions,
NORMAL.

quasi-analytic function. For a sequence of
positive numbers {M,, M;, -} and a closed
interval [a, b] = I, the class of quasi-analytic
Sunctions is the set of all functions which
possess derivatives of all orders on I and
which are such that for each function f there
is @ constant k such that

If™(x)| < k"M, for n=1 and xel,

See

provided this set of functions has the property
that if fis a member of the set and f™(x,) = 0
for n= 0 and x,€l, then f(x) =0 on I
If M, = n!, or M, = n", then the correspond-
ing class of functions is precisely the class of
all analytic functions on /. Every function
which possesses derivatives of all orders on I
(e.g., e V** on [0,1]) is the sam of two
functions each of which belongs to a quasi-
analytic class. Even if the class defined by
M,,--- and I is not quasi-analytic, certain
subclasses are sometimes said to be quasi-
analytic if they do not contain a nonzero
function f for which f™(x¢) = 0 for n > 0 and
xp € I. Quasi-analyticity is one of the most
important properties of analytic functions,
but there exist classes of quasi-analytic
functions which contain nonanalytic functions.

singular point of an analytic "function.
See SINGULAR.

AN’A-LYT'I-CAL-LY, adj. Performed by
analysis, by analytic methods, as opposed to
synthetic methods.

AN’A-LY-TIC’I-TY, n. point of analyticity.
A point at which a function of the complex
variable z is analytic.

ANCHOR RING or TORUS. A surface in
the shape of a doughnut with a hole in it; a
surface generated by the rotation, in space, of
a circle about an axis in its plane but not
cutting the circle. If r is the ratlius of the
circle, k¥ the distance from the center to the
axis of revolution, in this case the z-axis, and

the equation of the generating circle is
(y—k»*+2% = r%, then the equation of the
anchor ring is

(VXY — kR 422 = r2

Its volume is 2#2kr? and the area of its surface
is dm3kr.

AN'GLE, n. A geometric angle (or simply
angle) is a set of points consisting of a point
P and two rays extending from P (sometimes
it is required that the rays do not lie along the
same straight line). The point P is the
vertex and the rays are the sides (or rays) of the
angle. Two geometric angles are equal if and
only if they are congruent. When the two
rays of an angle do not extend along the same
line in opposite directions from the vertex, the
set of points between the rays is the interior
of the angle. The exterior of an angle is the
set of all points in the plane that are not in the
union of the angle and its interior. A
directed angle, then a radian measure of the
angle for which one ray is designated as the
initial side and the other as the terminal side.
There are two commonly used signed measures
of directed angles. If a circle is drawn with
unit radius and center at the vertex of a
directed angle, then a radian measure of the
angle is the length of an arc that extends
counterclockwise along the circle from the
initial side to the terminal side of the angle,
or the negative of the length of an ar¢ that
extends clockwise along the circle from the
initial side to the terminal side. The arc may
wrap around the circle any number of times.
For example, if an angie has radian measure
4m, it also has radian measure 4 + 2, $mr + 4%,
etc., of 47 — 27, dm—4m, etc. Degree méasuge
of an angle is defined so that 360° corresponds
to radian measure of 2m [see SEXAGESIMAL—

loitial Position

sexagesimal measure of an angle]. A rotation
angle consists of a directed angle and a signed
measure of the aggle. The angle is a positive
angle or a megative angle according as the
measure is positive or negative. Equal rota-

tion angles are rotation angles that have the

same measure. Usually, angle means rotation
angle (e.g., see below, angle of depression,
angle of inclination, obtuse angle). A rotar



