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Research on Cone Tooth Spherical
Gear Transmission of Robot Flexible Joint

Liu Zhiquan Li Guixian Li Huamin

Abstract: This paper studies the principles of cone tooth spherical gear transmission
of robot flexible joint, and also analyses and calculates the profile of convex tooth and con-
cave tooth.

Keywords: cone tooth spherical gear transmission

INTRODUCTION

Robot flexible wrist is the end of robot action. Its flexibility and movement range
greatly affect the robot performance as a whole. So experts and scholars working on robot
research both at home and abroad pay much attention to the research of robot flexible
wrist. The spherical gear transmission ( shown in Fig.l) invented by a Russian,
A. H. Kykaunu has been successfully applied to the robot wrist made in Norwegian Trallfa
Company—a wrist much welcomed internationally. Document [1] analysed the gear mes-
hing of the spherical gear transmission of this wrist. This wrist joint is in fact a space gear-
connecting rod mechanism. Its simple figure is shown as Fig. 2

In the two pairs of spherical gears. the gear ratio of one pair is 1. but the gear ratio of
another pair is not 1. It makes the transmission of variable gear ratio in the longitude direc-
tion. The tooth profile of these two pairs of gears is the rotation surface of involute (see al-
so [1] ) . To the spherical gear transmission whose gear ratio is not 1, because the sizes
of two pitch spheres are not the same, it is impossible to make sure their latitude arc
lengths (pitch) correspondingly equal when they make sure their longitude arc lengths
(pitch) equal. In order to realize the transition from one pitch sphere to another, the pitch
surface has to become stepping concentric sphere, and tooth profile will have some proper
modification. This inevitably affects the operation performance of gears. Document [ 2],
directed against the problems remaining in the spherical gear transmission whose gear ratio

is not 1, studied the quasi-ellipsoid gear transmission which used the smooth quasi-

« 1990 ASME Design Technical Mechanism Conference—21st Biennial Mechanism Conference. Chicago. Illinois.,
Sept. 16 -19. 1990. DE - Vol. 26, pp419 -422. EI. 1991020082933
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Fig. 1 Spherical gear transmission

ellipsoid pitch surface instead of stepping concentric sphere surface and also maked some
improvement on tooth profile. On the basis of analysing the principles of the spherical gear
transmission, this paper deals with that pair of spherical gear transmission whose gear
ratio is 1, presents a new kind of tooth profile i. e. cone tooth instead of the involute rota-
tion surface tooth profile which was adopted in the past, and studies this new kind of tooth

profile.

1 THE PRINCIPLES OF SPHERICAL GEAR TRANSMIS-
SION OF ROBOT FLEXIBLE JOINT

As shown in Fig. 2, 1-2 and 3-4 are respectively the two pairs of spherical gears. The
rest all belongs to the frame work. A, C. D are all the intersection points of cross-
shafts. The movements of the three degrees of freedom of flexible joint are the pitching
movement around shaft X . the yawing movement around shaft Y, and the rolling move-
ment around shaft Z. The so-called whole position bending is just the pitch-yaw compound
motion of all kinds in different positions. Its bending extent depends on the travel of the
cylinder pusher bars.

Take the two sphere crowns with different sphere centres as pitch surfaces; Take the
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sphere centres of these two sphere crowns respectively as two different rotation centres;
Distribute convex teeth and concave teeth which can mesh each other respectively on the
two spherical surfaces. This forms the spherical gear transmission, shown in Fig. 1.

In fact, the so-called rotation centres are intersection points of cross-shafts which are
vertical with each other of the frame work. It is just like spherical hinge. As far as the
spherical gear transmission whose gear ratio is 1 is concerned, the movement relation of
this set of space gear-connecting rod mechanism can be completely simplified as the move-
ment relation concerned in the epicyclic gear train (shown in Fig. 3) when the joint bends
in one certain position in the limitted space. because the bending movements ol the flexible

joint in all positions are all the same.

Fig. 3 Gear transmission principle

According to the Willis method

— Wy { i

Wy T wpy ry
ih _wsl‘l_wll.‘ o — (wy, —wn) ey W TE (2)
o o' —wl' (w, —wy) — (wy, —wn) 3
Combine (1) and (2). we can obtain
. @y g ;
1111:_:l+121(1+11:<)
wp
e wi=[14+1,0+i) oy (3)

Formula (3) is the movement relation between the hand 4 and planet carier H.
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2 THE DISTRIBUTION OF TEETH

In the spherical gear transmission whose gear ratio is 1. the radii of two pitch spheres
are the same and convex teeth match concave teeth one by one, so the distributions of con-
vex teeth and concave teeth are all the same. In order to make the longitude pitch equal to
the latitude pitch as much as possible, we can use the geometrical condition of the
spherical equilateral triangle to distribute the teeth evenly on the pitch sphere. shown

in Fig. 4.

n

(a)

the second tooth ring

the first tooth ring

longitude pitch
Py Pnz

latitude pitch:

Pw Pw

(b)

Fig. 4 The distribution of teeth

Put a tooth in the centre of Fig. 4 (b); Distribute six teeth evenly on the first ring of
latitude and twelve on the second one. To one certain tooth on the pitch sphere. its tooth
profile equation will be established in the local space rectangular coordinate system. The
three directions of the coordinate axes in the local space rectangular coordinate system are
respectively the tanget line direction i of longitude, the tangent line direction j of latitude

and normal line direction k of the pitch surface.
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3 GEOMETRIC CALCULATION AND THE FLANK PRO-
FILE EQUAION FOR CONE CONVEX TEETH

The convex tooth is of cone shape with a full tooth height of H, and a profile angle of
a. Its axial cross section is shown as in Fig. 5. The dotted line indicates the pitch spherical
surface ) . Its radius is R. The flank profile of the cone convex tooth is indicated by line
ABCD in Fig. 5, of which AB is the addendum, and H is the distance from cone top to P
point on the pitch spherical surface. In order to prevent the possible interference in the
process of gear engagement, the addendum must be limitted within PK<<H -« sin’ a. We
take out a point F in the middle part of the tooth, and make PF=m, m is the module of

the gear. Referring to the formula for tooth thickness of the involute gear, we stipulate the

tooth thickness here (at F point) is %m — 20, that is EF = %m —0d, in which ¢ is the

circumferetial modification on a single side of the cone tooth (single side tooth thickness
decreasement) . The purpose of stipulating 8 is to prevent the addendum of the concave

tooth becoming sharp pointed. The geometrical calculation formula for each variables are

as follows

H == (%m — 8) cota —m
PK = Hsin® « 1)
PQ=H; —PK

AK = H - sina * cosa

In Fig. 5, the equation of the flank profile in AC side is
Xi=—(H —V)tan a
(5)
Yi=R4V
Here V is a variable parameter, the range of it is

—PQ<V<PK, at P point, V=0

Fig. 5 A cone - shaped convex tooth
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4 COORDINATE TRANSMISSION

As the above shows, the spherical gear transmission with the transmission ratio 1 is.
substantially. simmilar to the case in which two pitch surfaces of the same size roll against
one another in the limitted space. No matter which pair of the convex tooth and concave
tooth on the spherical surface is engaging, their transmission ratio is always equal to
1. Therefore each pair of the convex tooth and concave tooth on the spherical surface enga-

ges exactly in the same way. When the flank profile of convex tooth is a rotative sur-

face a cone surface, the flank profile of the concave tooth is also a rotative surface. So
it is typical to study the flank profile of any pair of a convex tooth and a concave tooth,
when they are engaging alone the longitudinal disection on the pitch curve surface. The en-
gagement of the convex tooth and concave tooth along the longitudinal direction of the
pitch surface is equivalent to the engagement of a pair of cylinder gear with a transmission
ratio 1. Therefore, we can make use of the solution for flank profile of the cylinder gear at
the engagement to obtain the tooth shape of the concave tooth.

In Fig. 6, 1 and 2 are two pitch circles with the same radius. P is the pitch point. The
centers of the two pitch circles are O, and O, respectively. The central distance is a =2R =
0,0,, the coordinate system X,0,Y, is fixed on gear 1; X,0.,Y, is fixed on gear 2,
XOY is a motionless coordinate system. The initial position of Y, Y, and Y coincides with
each other. X,0.,Y, is fixed with coordinate system X,0,Y,. O, is on pitch circle 2. In the
coordinate system X,0,Y,. the flank profile equation for concave tooth and its coordinate
value will be more direct. The radius of addendum circle of the concave tooth is R., (dotted

line in Fig. 6) . The relationship between those concerned coordinates are as follows

Y
A
2
R \

0,

‘»‘ YL-;‘. ¢
o L A
Y| V\ OE
= o

Y

P
X
B
[

0

Fig. 6 Definition of coordinate systems
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X X, cos¢ —sing 0 X,
Y |[=Mg * |Y, |=|sin¢ cosé =R = | ¥ (6)
1 1 0 0 1 1
X, X cos¢ —sing Rsing X
Y, |=My * |Y |=|sing cosp —Rcosp|*|Y (7
1 1 0 0 1 1
X, X, X,
Y, |=M, «|Y, |=M, M, *|Y,
1 1 1
cos2¢ —sin24  asing X;
=|sin2¢ cosZ¢ —acosd |- |Y, ' (8)
0 0 1 1
X, X, 1 0 0 X,
Y, |=M, - |Y, |[=|o —1 —R|-|Y, (9
1 1 0 0 1 L

S THE EQUATION FOR CONTACTING LINE AND THE
EQUATION FOR THE FLANK PROFILE OF THE CON-
CAVE TOOTH

The equation for contacting line

X=X, cos¢p—Y,sin¢ } —
Y=X,sin¢+Y, cos¢p —R
The equation for the flank profile of the concave tooth
Xg:ch0524>-Ylsin2¢—|—asin4>} T
Y,=X,sin2¢+Y,cos2¢—acos ¢

6 THE CALCULATION IN COORDINATES FOR THE
FLANK PROFILE OF THE CONCAVE TEETH

Take as a typical example the engagement of the left side flank of the central convex
tooth (the shadow part in Fig.6) and the corresponding flank profile of the central

concave tooth. According to the given shape of convex tooth, the shape of the concave
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tooth can be identified with the method of tooth shape normal line (see document [3] ) .

If the angle between axle X, and the tangent of convex tooth flank is ¥, then

Ay AV o
tan)’—-——dx‘/dv—cota 2

1
Cosq::E (X, cosy+Y,;siny) (13)
¢=§- (Y +¢) (14)

To get the coordinate of the flank profile of the concave tooth, the angle ¢ corre-
sponding to the start and end position in engagement must be determined.

Suppose the addendum sphere radius of spherical gear 2 where the concave tooth loca-
ted 1s

R.,=R-+2m—AR (15)

Here, AR is the decreased amount of the addendum sphere radius of concave
tooth. The purpose of setting AR is to prevent the addendum of the concave tooth
becoming sharp pointed (within the permittable range of overlapping) .

When the root of convex tooth contacts the addendum of concave tooth, it means that
a pair of teeth starts to be engaging; when the addendum of convex tooth contacts the root
of concave tooth. the pair of teeth is out of engagement.

As for the engagement of central convex tooth and central concave tooth, the position
at $=0 is the position of the two central teeth being out of engagement. This is determined
by the convex tooth shape (cone tooth) and the position of convex tooth relative to the
pitch surface 2.

It can be seen in Fig. 6 that the correponding anlge ¢ should be negative, when the
central convex tooth and central concave tooth are entering the engagement position. This
negative number can be obtained through solving the non-linear equation (16), in which ¢
is dealt with as an unknown number

X +Y:— (R¥2m—AR)? =0 (16)

Presume angle ¢ is ¢, when the central teeth begin to engage with one another, and
¢, when they begin to go out of engagement. Then within the engaging area (¢, ~ $ou) s
give ¢ a series values, ¢; (i=1, 2, ++, n) at a set step, a series of coordinate values of
concave — tooth flank profile can be worked out according to the following procedures

¢,

| formula(14) _ v
formula(12) Lformula(lB),(S) a
L = .

formula(5) formula(11) . formula(9) R
f———3(X ., ¥ )y » (X, Tl X, Y)

1 1 2 2 > & ¢

b,




