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Abstract

This book aims to systematically introduce a series of works by the author and his
collaborators in the field of inequality-proving mechanization during the past ten years.
Realization of these ideas in a self-developed software SCHUROL1 is also demonstrated.
SCHUROL1 is built upon the principle and algorithm of “partition—-decreasing-dimension—
decreasing-degree—synthesis” as proposed by the author and has the abilit.;y of automatic
discovery. It is applicable for determining the positive semi-definiteness of a general al-
gebraic expression, even polynomials with arbitrary dimension and arbitrary degree, as
well as optimization problems. It can be implemented with great efficiency and speed
especially for symmetric inequalities and the proving processes are in general readable.
Reading the book combined with the software SCHURO1 can significantly improve the
readers’ understanding of the mechanical proving processes of inequalities and the un-
derlying theoretical basis.
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T HNIAERILS N, RIEBEEN REMBEEZREBEE CRREHER LK
R RIEAEHER,  RIELHE X" AR H— M ETTFEEAN—IESN|AE
RAF TR
1.1 #5Z5H X

THEEATE

Anm ={p= (p1,p2, " ,Pn) EN" ip1 +p2+ -+ + pn =m}

EXLLL(E) FREHh: X" - RE(X™ LA)ERBnTtm KA, R

h(zx) = Z apz’

PEAR,m
Hirz = (21,72, - ,za) € X" Ta, € REBTNz? = 21 252 - 2B I REL
id
Rpm={h:X" 2 R:h(z)= Y ayz’}

PE€EAnR,m

EX1.1.2(BWMR) HeEHS : X" - REX" L)L R Bnstmk 2K, o R

f@) =3 hi=)

i=0
Hrpz = (2:1,1:2,--- ,Zn) € X"mhi ERqi,i=0,1,+-- ,m.

A5 AT A2 AT 5 T 945515 0 20 0 4 5 TR
Bl FIEEMANEN '

B p(n,m) = (n+:—1)

‘

TRA T mA:
BELLL(BMNRT) HEEHL € Ro,m, LFEET € XP™ g € RP™™ (1]
h(z) = g'z
XHg RgMFEME.
1.2 AR EAXRLET



EX1.2.1(XFRE) X" LR TR f () XTI, R
f(o(z)) = f()(Vo € Sn)
KBS, Rn X FHEEXNHRE R (TR).

SRR B0 75 IR 2 U T AR A SRR BY. SE R B Tem UK FREL 1 444 T B X 2 B2 S, m TE
3 HIINE S IR S, T B S ) B 22 (6], LA HE 9 dim (S m ).

id
[a1,a2,"‘ 7an] 2 z‘i‘lISQ
n! g€ESn
(a1,a2,--- ,an € N,Tﬁ),iﬁ*ﬁ@ﬁﬂ%ﬁlﬁ&?&%‘fﬁﬁﬁ.Eﬁxﬁﬁﬁﬁiﬁﬁiﬂ
012022"‘?‘%
FRGFE, b, -+ ,t, € NfERE
ar=ti+t2+--+itn
az =ty +t3+-+1in
Gn =1n
HiCAETE
ti+2+---+ntp,=m
(IF SRR A, m, WU 2
aytaz2+---+an=ma 2a2 2 2an
. KRRz 252 - 2o BB ER A Q0 m | TRA
EH1.2.1 LEEFEAS, . H—HER

Bnm = {[a1,a2, - ,an]lar + a2+ - +an =m,a1 > a2 > -+ > an}

HAEH
dim(S,.',,.) = |Qn,m|

RIMNELE Bdim(Sp m) % T B Em 3 on 3 5B B8 TEF 40 7 57T LUR I F 89
AR R BRI

+oo - .- y
'g)dlm(sn,m)x = (1 — I)(l _ 12), . (1 = .’l:")



(X EH5Edim(Sn,0) = 1).

f1.2.1 (1)8#EA

> f:=mn— > 1/product(1 — z*,i = 1..n); > taylor(f(3),z = 0..11);
fith

14+ 15242527 + 3% 2% +4x 2% + 55 2° + T+ 28 + 827 + 10528 +12%2° + 1452'° 4+ O(2?)
AT BT &1dim(S3,1), dim(Ss,2), - - - ,dim(Ss,10) 25 41,2, - -+, 14.

(2)AN ; e

>di=m—>1/72% (6% m? 436 xm + 47 + 9% (—1)™ + 16 * cos(2 * m * pi/3)) :
> simplify(subs(cos(2/3 * pi) = —1/2, sum(d(m) * 2™, m = 0..in finity))
—1/product(1 — z*,i = 1..3)); »

i 10 AT =T 0

6m? + 36m + 47 + 9(—1)™ + 16cos 22~

dim(s:g,m) = 72

A LR A ER SR

& 1: dim(S,, )RS E

n/m|1|2|3|4|5|6 |7 |8 9|10

-
(=N
()
w
(5]
(=]
©

11 | 15 | 18 | 23

7|10 | 13 | 18 | 23 | 30

v fren

7111 |14 | 20 | 26 | 35

10 112|3|5|7|11 |15 | 22| 30 | 42

EX1.2.2(Newton®EHM) Xk € Nz = (z1, -+ ,2,) € R™ ] k ik NewtonFEH (X
TR E LA
i =¥ k#0
=

Sk = Sk(n) = Sk(Bry+++ ;Tn) =
nk=0



FE122(MMBEEXEE) NHAES € Sum(n,m € N, F[E)0]HE—f) F xR
JNewtonFEAl
Sl(n)’52(n)7‘” 1Sd('n‘)

£ K, X Bd = min{n,m},H# HS1(n), S2(n),- - , Sa(n) R LR BMAFEET L
g, £ g(S1(n), Sa(n), -+ - , Sa(n)) = 0.

EIE1.2.3 EBBum = {S1(n)* S2(n)*2- - -Sa(m) |( A1, A2y~ -+, Aa) € Qnm P[]
B[]Sy, o i) —H I HHd = min{m, n}.

f1.2.2 (1)AEERS,  (n > 2)H—4HE +

Bz, = {S4(2),55(2)51(2), 52(2)*},n = 2
Bs.a = {54(3), S5(3)51(3), S2(3)%, 52(3)81(3)*},n =3
Ba.a = {Sa(n), Ss(n)S1(n), Sa(n)3, S2(n)S1 (n)*, S1(n)*},n > 4

(2) I EZE S, 5(n > 2) B — 4%

Bs s = {S5(2), 54(2)51(2)> S3(2)S2(2)},n =2

Bss = {55(3), 54(3)51(3), Sa(3)2(3), 55(3)51 (3%, S2(3)*$1(3)},m = 3

Bas = {S5(4), S4(4)51(4), S5(4)S2(4), 55(4)S: (4)%, Sa(4)2$1(4), S2(4)S1(4)%),
n=4

Buns = {Ss,5451,5352,835%,8251,5:57,57},n> 5

EX1.2.3(MFMHEFMA) id
ok = ok(n) = ' 3, T Tjp Tk
1<51 <j2<<jk<n
HIRZ NNV FRNHE A BREL <k <n

FIEL2AHREMABRAER) FEnsoxt #2500 AT ME— 2R An 1% 5t
METRo1, 02, ,0n FIZTH.

EI21.2.5(NewtonA3\) Newton® 1Sy, Sz, -+ , Sk S5VIFEXN R EHIKor, 02, -,
on Z[AH W T KA (Newton A 3)
Sk — Sk—101 + Sk—202 — -+ + (=1)* 181081 + (-1)*kor = 0,k < n
Sk — Sk—101 + Sk—202 — -+ + (=1)"Sk_non =0,k > n

EIE1.2.6(ZMAER) MMEEMn,meNy, A

m!

ER TR B
21:12:* * “ln-

(T1+z24 - +2z0)" = ¥,
i1 +ig+-+in=m
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EX1.2.4HIBESEPY) MRS, g € R[z1,z2,-- 2] ZIAHXRFOg24 UG A
#® C R" EfOgiOLMFRORf, g2 MBEARR FOIRHARN RE KPS € {>,<,>, <K, #,
=}

WH1.2.1 niu3RXFRELS, g(n > 3)ER™ LIEF(BIf = g)— M HIRI SER
q)ﬂ.3 = {tO C 3 (1:1:"' 11)’t1 = (1’0,"' 10)1t2 = (lyla"' $110)}
W 7R E 2,35, B A F ftoMin(n > 3) JL3RXFRALH AT R AN?S3(n) —
S1(n)?,nSs(n) — Si(n)Sa(n) ML S, TR f(to) — g(to) = 0FT 4

f— g =a1(n’S3(n) — S1(n)*) + a2(nSs(n) — S1(n)S2(n)), a1,a2 € R

n? -1 n—1 ar \ _ [ f(tr)—g(t1)
20’ —3n+1 n-1 as |\ f(t2) —g(t2)
Hepf(t) — g(t1) = f(t2) — g(t2) = 0,H

n%—1 n—1
Mm% -3n+1 n-1

A Wa; = az = O,Eﬂf = gﬁﬁﬁ%ﬂ:ﬂ‘ﬁﬁﬁﬁ

S

—(n—2)(n—1)*#0

BEL.2.2 100 hnTEmik(n > m)RHFRELF, gTER™ 11644 — /15 A 4, U AT
P4 = {to = (1,1,--- ,1),t1 = (1,0,--' ,O),tz = (1,1,0,--- ,0),
ts=(1,---,1,0),ta = (2,1,0,--- ,0)};

n5 = {tO = (1 1 1)7t1 = (1701 v0)1t2 1(171501 ’0)7

ts = (1,1,1,0,---,0),¢4a = (1,--- ,1,0),¢5 = (2,1,0,---,0),
to= (21,10, 0)):
"6_{t0_(11 1) tk—(lo )tZ—(l,l,O,"',O),

ts=(1,1,1,0,---,0),ta = (1,--- ,1,0),5 = (2,1,0,- - ,0),
‘ts=(2,1,1,o,--~,0),t7=(é,1,1,1,o,---,0),t8=(2,1,1,1,1,0,---,0),
to = (3,1,0,---,0),t10 = (3,1,1,0,--- ,0)};
Bz ={to= (L1, ,1),t1 = (1,0,-++ ,0),82 = (1,1,0,++~ ,0),
t3=(1,1,1,0,~-‘,0),t4=(1,1,1,1,0,~~,0),t5=(1,--~,1,0),
te = (2,1,0,-- ,0),tr = (2,1,1,0,--- ,0),¢s = (2,1,1,1,0, - , 0),
to = (2,1,1,1,1,0,---,0),t10 = (2,1,1,1,1,1,0,--- ,0),
tin = (3,1,0,---,0),t12 = (3,1,1,0,--- ,0),
tia =(3,1,1,1,0,--- ,0),t1q = (4,1,1,0,--- ,0)};



®ns={to=(1,1,---,1),t1 = (1,0,---,0),£; = (1,1,0,--- ,0),
ts=(1,1,1,0,---,0),t4 = (1,1,1,1,0,-- ,0),¢t5 = (1,--- ,1,0),

te =(2,1,0,---,0),t7 = (2,1,1,0,--- ,0),ts = (2,1,1,1,0,--- ,0),
to=(2,1,1,1,1,0,--- ,0),t10 = (2,1,1,1,1,1,0,--- ,0),
tin=(2,1,1,1,1,1,1,0,--- ,0),t12 = (2,1,1,1,1,1,1,1,0, -+ ,0),

tiz = (3,1,0,-+- ,0),t1a = (3,1,1,0,- - ,0), t15 = (3,1,1,1,0,-- - ,0),
tis = (4,1,1,0,--- ,0),t17 = (4,1,1,1,0,- ,0),

tis = (5,1,0,---,0),t10 = (5,1,1,0,- - ,0),

tao = (3,2,1,1,0,-+,0),t21 = (3,2,1,1,1,0,-+- ,0)};

no={to= (L1, ,1),t1 = (1,0, ,0),t2 = (1,1,0,- -+ ,0),

ts = (1,1,1,0,--- ,0),ta = (1,1,1,1,0,--- ,0),¢5 = (1,1,1,1,1,0,--- ,0),
te=(1,---,1,0),t7 = (2,1,0,--- ,0)}, s = (2,1,1,0, -+ ,0),

to = (2,1,1,1,0,+-,0),t20 = (2,1,1,1,1,0,--- ,0),
t11=(2,1,1,1,1,1,0,-- - ,0),t12 = (2,1,1,1,1,1,1,0,--- , 0),
t1s=(2,1,1,1,1,1,1,1,0,-- ,0), t2a = (2,1,1,1,1,1,1,1,0,--- ,0),

tis = (3,1,0,+--,0),t16 = (3,1,1,0,-+ ,0),t17 = (3,1,1,1,0,--- ,0),
tis = (3,1,1,1,1,0,--+ ,0),t10 = (3,1,1,1,1,1,0,:-- ,0),

tao = (4,1,1,0,--+ ,0),t21 = (4,1,1,1,0,--- ,0),

tso = (4,1,1,1,1,0,--- ,0),t23 = (5,1,0,--- ,0), 24 = (5,1,1,0,--- ,0),
tss = (5,1,1,1,0,--- ,0),tas = (3,2,1,0,- - ,0), t27 = (3,2,1,1,0,-- - ,0),
tas = (3,2,1,1,1,0,--- ,0),t20 = (4,3,2,1,1,0,--- ,0)};
®n10={to=(1,1,---,1),¢1 = (1,0, ,0),t2 = (1,1,0,-- - ,0),
ts=(1,1,1,0,---,0),ta = (1,1,1,1,0,--- ,0),¢5 = (1,1,1,1,1,0,--- ,0),
te =(1,-+-,1,0),¢7 = (2,1,0,-++ ,0)}, 8 = (2,1,1,0, -+ ,0),

to =(2,1,1,1,0,--- ,0),t10 = (2,1,1,1,1,0,-- ,0), 13 = (2,1,1,1,1,1,0,--- ,0),
ti2 =(2,1,1,1,1,1,1,0,--+,0),t1s = (2,1,1,1,1,1,1,1,0,--- ,0),

=TI T L,L1,1,0, - ,0), tis = (21,1,1,1,1,1,1,1,1,0,-++ ,0),

tie = (3,1,0,-++ ,0),t17 = (3,1,1,0,-- - ,0),t1s = (3,1,1,1,0,--- ,0),

tio = (3,1,1,1,1,0,:-- ,0),%20 = (3,1,1,1,1,1,0,--- ,0),

tar = (3,1,1,1,1,1,1,0,--- ,0), 22 = (3,1,1,1,1,1,1,1,0,-- - ,0),

tas = (4,1,0,--- ,0),t24 = (4,1,1,0,-- - ,0), 25 = (4,1,1,1,0,--- ,0),

tos = (4,1,1,1,1,0,--- ,0),t27 = (4,1,1,1,1,1,0, --- ,0), tas = (5,1,1,0,---,0),
taeo = (5,1,1,1,0,- - ,0), ts0 = (6,1,0,--- ,0),t31 = (6,1,1,0,--- ,0),
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ts2 = (6,1,1,1,0, --- ,0), tas = (6, 1, 1, 1, 1,0, ---,0), t3a = (3,2,1,0,---,0),
tss = (3,2,1,1,0,---,0),t36 = (3,2,1,1,1,0, --- ,0),¢37 = (3,2,1,1,1,1,0,--- ,0),
tss = (4,3,2,1,0,---,0),t3 = (4,3,2,1,1,0,--- ,0),

tso = (5,4,3,2,0,--- ,0),ta1 = (5,4,3,2,1,0,--- ,0)}

SE 120 BLE A AT A L2, 16 7 3K CUE 5. 53 6 7E Schur S 4 4
4dispoints A LR Hnjtmik(n > m,m = 3,4, - , 10) X FRE f, g7ER™ LAEZE K — A H
53l B B B\

> dispoints(4); B> dispoints(mdisp(4),4);
BN i nonak B — A AR

®[n,4] = [[1,0,0,0,0..0], 1,1,0,0,0..0], [2,1,0,0,0..0], [1,1..1], [1,1..1,0]]
J{EFE R '

> dispoints([[1,0,0,0],[1,1,0,0], [1,1,1,0]],4);
B4 Hnoed R B 73— R AR

®[n, 4] = [[1,0,0,0,0..0}, [1,1,0,0,0..0}, [1,1,1,0,0..0], [1, 1..1],[1,1..1,0]]
LEE TP

> dispoints([[1,2,0,0], [2,1,0,0],[1,1,1,0],4);
i HH0.1X BRI & =2

(1,2,0,0,0..0],[2,1,0,0,0..0], [1,1,1,0,0..0], 1, 1..1], [1,1..1,0]]
H AR R TEAUT ) — 4K 5] . ‘
#1.2.3 iFH:

(1)24z1537374 = 351 (4)* — 6S2(4)S1(4)? + 8Sa(4)S1(4) + Sa(4)? — 654(4)
@) 3 (@i—2;)* = nSu(n) — 451(n)Ss(n) + 352(n)*(n > 2)

1<i<j<n

(3)n(S2(n)Sa(n) — Sa(n)?) — S1(n)*Sa(n) + 251(n)S2(n)Sa(n) — S2(n)* =
Z (zi — ;)% (x5 —zx)?(zk — 2:)%(n > 3)

1<i<j<k<n

WE SHEH: 4(z1, 72, T3, za) RIKELD 4,0 ) 21, ED

(xla 12,13’1‘4) = (ly 1? 17 1)) (17 01 05 0)1 (19 11 0)0)7 (1’ 13 1$ 0)1 (27 11 0:0)



