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MORREY TYPE SPACES AND MAXIMAL OPERATOR

Wu Xingling' Wu Zhijian®
(1. School of Science, GuiZhou University for Nationalities, Guiyang 550025
2. Department of Mathematics, The University of Alabama, Tuscaloosa, Alabama, USA 35487)

Abstract A Morrey type space is defined and the corresponding theorem of maximal

operator is established.
Key words Morrey type space; Hardy-Littlewood maximal function

1. Introduction

Let R" be the n-dimensional Euclidean space. For given x € R" and r >0, denote by B(x, r)
the ball of center x and radius r in R".
- ForO<p=<wand A €R, the Morrey space M(p,A) is the space of all functions f in L™ (R")
satisfying
A
WA mcpny =xeg}}}:>or PN toepeeryy <°-

The Weak Morrey space M* (p,A) is the space of all fe L:,“( R") such that

1 Ve =, 590 27 1 | ey < -
Here || f I wip(q) is defined as ‘
NN e =suprl fxe @ If(x) | >r} 1" <.
Clearly, M(p,0) =L,(R*), M(p,n) = L (R").
Morrey space M(p,A) is first introduced by Morrey in 1938 in [ 14]. It plays an important
role in the study of partial differential equations, especially the local behavior of the solutions of
elliptic partial differential equations. We refer the reader to the papers [1, 3, 15, 16 ]and the

references therein.

Forf € L7 (R"), its Hardy-Littlewood maximal function M(f) is defined as

M(H) (%) =supl B(x,0) 17" [y, 1A(y) 1y,
where |B(%,t) | is the volume of the ball B(x,t).
The following theorem is from [3].
Theorem 1.1. Suppose 0 <A <n.
(1)If1 <p< o, then M is bounded on M(p,A).
(2) M is bounded from M(1,1) to M* (1,A).
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In this paper, we consider a general Morrey type space M (p,A) and the related weak
Morrey type space My (1,4). Our main goal is to establish a theorem for the boundedness of the
maximal operator on these spaces. It is worth to note that the Morrey type space introduced in this
paper includes the space M, , introduced by Adams in [2], which has been studied and applied
by many researches (see for example, [13, 10, 11, 12, 4, 5, 8]). For example, the maximal

operator M is proved to be bounded on this space.

2. Morrey type space and some basic properties

Suppose (F, ||| ¢,),i = 1,2, and (F, ||-]| ;) are Banach spaces of certain complex-
valued measurable functions on (0, ® ). We are particularly interested in the following two
properties:

(1)F,F,CF, i.e., iffeF,, geF,, thenfgeF.

(I1) If F,F,CF, then the Holder inequality holds, i. e., the inequality

Il e= ISl rllglles

holds for all fe F, and g e F,.

Definition 2. 1. For 0 < p< and A € R, the Morrey type space My(p,A) is the space which

consists of all fe L™ (R") satisfying
_A
WA sepiory =f:1£ Wr e BN cocacenny 1 e
The weak Morrey type space M; (p,A ) is the space which consists of all fe Lf"( R") satisfying

_A_A
(P ME(p.A) zf;l'g. froe e | £l WL, (B(x,7)) I &
It is clear that if F = Lo (0, ), then |I*|| yony = 111l o0+

Lemma 2. 1. Suppose 1 <p<q<ow and F is a Banach space of certain complex-valued measurable

functions on (0,0 ). If feM.(q,A), then fe M(p,A +n(-z——1)) and

L1
(1) WA tpionenc -1 S0 1S W arpca,n).
Here v, is the volume of the unit ball in R".
Proof. By Holder inequality, we have

"f" Ly(B(x,r)) = "f" L(B(x,r)) 'B(-”‘J) |

o

L £ _
“{fl LB=eT? T

Using above inequality, together with the definition of the Morrey type space, we can drive the

LI
[

1
=P 'I" -
desired result.

Lemma 2.2. ( Holder inequality) Suppose F,F,,F, are Banach spaces of certain complex-valued
measurable functions on (0,% ), and satisfy properties (I) and (II). Suppose 0 <p, p,, p=<o,

-4.
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Ay A
AALA eRY, and—l"=i'+L,_A_=_l+'_2- IffEMFl(pl A1) a"'dgEMFz(Pz,/\z)y then fg €
P P P2 P P P

M.(p,A) and

Il fg Il He(p ) = (Al Mg (p1,A1) Il gl My (p2ada)
Proof. By Hélder inequality, we have

It fz I L(B(x) = AN Ly, (B(z,1)) gl Lyy(B(x.1))"

Therefore

A
18 1 wrar = 352 [ 7% 1 W o |+

A d
Sfrlg “ rinre | f Ly, (B(x,n) &l Ly, (B(z.1)) ” F

AL A2
= sup “ ro LA g, e “ P “ r || g || o,y meem) I P

= “f“ M (p1.ay) ” 4 ” Mpy(p2,A2)°
3. Maximal operator on M,(p,A)

The following theorem is inspired by the work of V. I. Burenkov and H. V. Guliyev [4],
where the boundedness of the maximal operator on the local Morrey type space are investigated.
Theorem 3.1. Suppose 1 <p < © ,A <n, and F is a Banach space of certain complex-valued
measurable functions on (0,0 ).

(1) If 1 <p <o, then the maximal operator M is bounded on the Morrey type space M.(p,A),

i. e., there exists a constant C >0 such that

1D Lo SC 1N o
holds for all fe M (p,A).
(2) The maximal operator M is bounded from the Morrey type space M.(1,)) to the weak
Morrey type space My (1,1), i. e., there exists a constant C >0 such that
1) W0 <C I g
holds for all fe M;(1,A).
Proof. For fixed ue R" and r >0, denote
R,(u,r) =B(u, 2r) and R,(u,r) = B(u, 2*'r) \B(u, 2r),j = 1,2,
For k=0, let
f(x), fxeR,(u,r),

T x) =
e () (%) {o, ifxeR, (u,r).

Clearly f(x) =éo]‘f‘u(f) (x),VxeR", and

" M(.f) " L,(B(u,r)) Sl;:"o " M( Tt,r(_f)) “ LP(B(u,r))'
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We estimate || M(T, (1)) | 1,8y first. We need the well-known Fefferman-Stein maximal
inequality (see for example [9]), which states that there exists a constant € >0, such that
1M g <C LN o
holes for all fe L,(R").
Using the above inequality, we have
I M(T,(N) | L = [ M( .| L,(R")
=CIT 0 1
=C|fIl Ly(B(u,2r))*
Here, C >0 is independent of ue R", r >0 and fe L,(R").
We now estimate || M( T:‘,,(f)) I ,cB(u,r for all k=1. For given x € B(u, r), let
t,=inf{2: B(x,t) N B(u,2**'r) #0).

It is clear that 1, >2"7. Hence we have

M(T%, () (%) =supl B(x,8) 1 ™" o,y 1T5,(D (9) 1dy

<IB(x,t) 17" [ LT () (3) ldy

<C(2*r) ™ [ 1T, () (y) ldy
(Hoolder) <C(2'r) ™ || £ ||  (aguzt1yy-

Combining estimates above, we obtain

_A
roe [ M) Ly(B(x,1))
o, A
=C Zr7r | M(TL D) |l tcatum

_4 A2 k-
=Crr | fl L(B(s2)) T Cr ’kg:o(z ) A L(B(u,2k+1r)) 5
which is
Y LN S §
r o WMD) | iscunny Sckgo(z 2) T T Lsasemn) -

Applying the norm ||+ || ; to both side of above inequality, we have
A 2 am=d _A
D MO e |r =€ E@F 1 @0 F 171 Loy |5

ol BZA . _
<C 3 (27) SN stpiony
=C "f” Mp(p,A)°

The series above converges because of A <n.
Similarly, we can prove the (2).
In Theorem 3.1, if we choose F=L_(0,% ), we obtain Theorem 1. 1.
. 6 L]
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T EViews L& ARMA BRRIAGIED

W EAE  RBEER KA
(SRR B 550025)

[#§ E]ATF EViews T H 5 ARMA A RE4MERERGWEER
[ %47 ]EViews ARMA ## % ARMA ##& SARIMA &

1 5 F

ZECHHEL R 400T) TR 1 2% 5 B A o, EViews SR BT BEFIARF, ARMA BHRVEE o
TEFRWHE R , 4 ARMA BARZ A RNRAIR, XAPWELZ LR, ENAH, B
SHERANBEA RSB, TESSHHREFERM EViews, X ARMA BRI HAT I
P, RIS R BB

2 #7F ARMA # # iz 42

AT FFF] X, ~ARMA(p,q) , THH ! 5 FHE™ #1 Box&Jenkins'® it4
X, —c-¢ X, —¢ X, , - _d)pXt-p =g, -be,_,-be,_, - —0&_, (2.1)
IR (L)X, =0(L)s,,®(2) =1 -¢z- 2 - -+ - ¢, 7 BEIABHR, Kt L WHRE
F LK, =X,,,0(2) =1 -z -2 — - ~ @ ABEHFHBAR, {s, IHARE ., IHR
WA — ML, B B B SRR 3 SRR — B, Bk B IR A,
WAFER—B, TiH, MRELSE EViews H BN _Fefliitk(OLS) B, 555 i,
A% EViews X T ma I
Moving average error specification. The ma specification may be added in an ls or tsls
specification to indicate a moving average error component. ma (1) indicates the first order
component, ma(2) indicates the second order component, and so on.
Examples
Is ml ¢ tb3 th3(-1) ma(1) ma(2)
regresses M1 on a constant, TB3, and TB3 lagged once with first order and second order moving
average error components.
EViews # B SCR48Y_ERBIFRiEAT4“1s ml ¢ th3 1h3(-1) ma(1) ma(2)” KZHFHRMR
T EE
ml,=c+cth3, +c,tb3,_, + 0,8, , +br&,_,

FRLA, h R 2 ek B RAR 2 X, ~ARMA(p ,q) , BT

x BMARERARSTE, TEARS KPS 1F(2011]2108 5,
. 8.
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X, =c+d X, +$X, , ++d, X, , +&,+0,5,_, +0,6, , + +0,6,_, (2.2)
X,=lc+d X, + X, , 4+, X, +0,e,_, +05, , +--+0,6,_,} +5,
HEREZMA () F L, BB EHIRXARMFTEA AR, MR 0(2) =1 +¢,z+¢,2" +---
+¢,2" . XFEMRR S —MESEEIAER, BT LATE EViews FP A OLS ffi+(2.2) XMfrd K

Is X ¢ ar(1) ar(2) -+ ar(p) ma(l) ma(2) -+ ma(q) (2.3)
XEE(2.3) ma(k) BPR(2.2)% 6,, ARERABERI(2.1),0(2.3) P ma(k) = -8,,
(2.3)MEBRIIRE 4, =X, —c 1G5 ARMA(p,q) BEE) , XREFMEXT T SCH RN

3 444 ARMA ef4# A ar(k) ,ma(k)

— R i, 7E EViews IS RMERIABRR y ~ 5, ,x,,--- 5, , H@GSWT
Ik y ¢ x % - x (3.1)

X, ~ARMA(p,q) , % q=0 IFRZ AR(p) % ,iBH X, ~AR(p) ., 4 AR(p) iy EViews
WwEIT

s X ¢ X(-1) X(-2) - X(-p) (3.2)
EViews 1, X( k)& X,_,. (3.2) ARFB-S LM E TR
Xo=c+d_ X, +, X, ,+ - +¢,_,X, _,,
7£ EViews #l4 AR(P) iR v LI A frd
Is X ¢ ar(1) ar(2) - ar(p) (3.3)

(3.2) (3. 3) HHEBER, H2Y ¢ >0 B, BIRRIUAZRT ¢, KA, REEHR(3.2) —BEL 4
Fib, REEAH ma(k) R &, MERE, AMBLE—1 ARMA(3,2) ERIA, RBEM T RE
Is X ¢ ar(1) ar(2) ar(3) ma(l) ma(2) (3.4)
BME 2,048 EPKRARLI(3.2) 53.3)WEH,BIRIBAFI L4 E 1
[ ar(k) R, S ARMA BRI HEEW(3.4)FH, 3.3)XNERRAR/D Rk
(OLS)M3RZE X —c A —4 AR R, (3.4) AW L FH R AB/D L (OLS) XM X - ¢
£lA4—~ ARMA(2,2) 8 REEIN(1.2) 5| LB A&,

4 % ¥ ARMA # %

Frig5 2% ARMA B8, B8 — MRS, AR £ R A XM, 2—1 ARMA(p,q)
R, KB Bk A B 55 ARMA AR, B FHEP R b “ B EFHIAY ARMA 48
B RS R o EHSE SR IA A . Bk

Y, =XB8+® ' (L)O(L)s, (4.1)
Heb{, YRAWA, FRHLHR, B4 1)MEPRE(R3T) RAHXEN, BIREER —
4~ ARMA ## .

(I’(B)(Y; _Xtﬁ) =®(B)£z (4'2)
SMEEEMT -
=X L
{y. Btu, (4.3)
u, "'ARMA(Paq)

. 9.
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#(2.3) &SGR, BRI (4. 2) (AT T B0 T
bycxx - xar(l) - ar(p) ma(l) ma(2) - ma(q) (4.4)
B, Bt h EEE A REE S CDP RARBS, M T Wit et 1), 4

i = resid , R IEE B E Br ik BT R ZEAG 1T 2) X
1)InY, = —8. 865 +1. 7647InGDP, +1i,

P (<0.000) ( <0.000)
R? =0.9918,DW =0.23,T =42(Pr > F) <0. 000

2)i, = —0.0094 +1. 1792z, , -0.3574%,_,
P{H (0.5598) ( <0.000) (0.0205)
R =0.8113,DW =1.65,(Pr>F) <0.000
R EViews § ar(k) fil ma(k) BE XA E (4.4) K, 7E EViews ird 74 Afrd
Is Iny ¢ InGDP ar(1) ar(2)
BIRAd T v B AFRE ARMA 8,185,
InY, = —8. 87367 + 1. 7445InGDP, + 1. 1838i,_, —0. 35124, _,
P{H (<0.000) (<0.000) (<0.000) (<0.0273)
R? =0.9985,DW =1.6413,T =42 ,(Pr>F) <0. 000
MR, AT X ERZREEN , B~ R REBN . ME—-FHWEORERIRAREFL,,
REMEIRRE o, B9 ACF 5 PACF, SR €N, SRl B 1HZR 2K ARMA #8Y,

5 SARIMA # % ¥ 4 A sar(k) & sam(k)

LTS, FWHEFFIEE LK, L BEWHFFHET ARIMA R (seasonal
ARIMA model, SARIMA) , — 83530 LK BRI 2 45 302 71,
®,(L)Ap (L") (A%A]y,) =0,(L)By(L)e,
H2ZH(p,d,q) x(P,D,Q) FBFEHA, SARIMA MBI AAERR N “BHREAE" K
ARIMARERY , EViews B X EH &2 K sar(k) ,sma(k) , Hji0
Is dlog(y,1,12) ar(1) sar(12) ma(l) sma(12)
RARBMHHRBBVTEE( -¢,L) (1 -a,L?)AA, (log(¥)) = (1 +6,L) (1 +B,L?) 6, T

et
x, =dlog(y,1,12)
X, =P, + P, +0,8,_, +0p8,
6 & &

Eviews ff/D — TRk iR, BRIkt BH X #1780, i T EViews BB/ fliit
HEEFSRERRTBRAEE, A A4,

.10 »



