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AN IDEAL POINT METHOD FOR
MULTIOBJECTIVE PROGRAMMING

Yine MEIQIAN

ABSTRACT

Let Fy(%), -+, F,(%) be m objectives, where x is an n-dimensional decision variable
vector. Let X, = {x€ E,|gj(#¥) >0,7j=1,--+,1} be a constraint set. For each F,(#)s
we have an ideal value F¥, We know that the optimal solution of the problem

(®) min > 4,[F;(#) — F}]°
T Sp ;
is an efficient solution of multiobjective programming min (Fy(%), -+, F,(2)), where 1,
xex

*++,, are weighted cocfficients. In this paper, we give a convergent algorithm to solve the
problem (P).
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Ba SPACES AND SOME ESTIMATES OF
LAPLACE OPERATOR

Ding Xiaxi Luo Prizau

INTRODUCTION

This paper is divided into two parts. In the first part, a new class of function spaces,
called Ba, is introduced, and some of its properties are- investigated..

This class of spaces contains the well-known classical Orlicz space, Orlicz-Sobolev - space
and so on, with many properties similar to those of Orlicz space, but they . possess more
contents. As the investigation is-based on the classical Lebesgue class Lp, our methods are
more natural and the results more concrete. We have applied this kind of spaces to the etror
estimates of difference methods and ‘to the calculus of  variations with strong nonlinearity. We
only concentrate on some basic propetties of the spaces Ba, such as separability, comipactness,
representation of linear functional, weak convergence, etc. for future applications.

In the second part we have obtained some 4 priori estimates of linear PDE in the new
spaces Ba. We establish these estimates for the Laplace operator in some classical domains
such as the whole space E, and the half space E},;. We have also got some results for the
1/4 space (In the case of plane it corresponds to the first quadrant). The boundaries of
these domains are characteristically not smooth, i.e. with angles. Recently this kind of
domains attract many authors,” for they have important applications in finite element method.
So we shall discuss them in a particular case, as they may be interesting in the theory of
finite element method. We find a certain discrete phenomenon in the a priofi estimates of
the angular domain. The estimates do not hold for some differentiable function spaces of
particular fractional order. |

To make them hold, we must add some auxiliaty conditions about the known data. B.
A. CononrukoB also found such phenomenon for the mixed problem of a heat equation. But
for the Laplace operator this phenomenon is important because it may influence the convergence
and error estimate of the finite element method.

—
I. Sepaces Ba, aB anp Ba

§ 1. Spaces Ba and aB
We introduce a new class of function spaces.

Let B = {By5***5B,,**} be a sequence of linear normed function spaces, 2 = {ay,
“¥+y @ms ***} be a sequence of non-negative numbers. @(z) = Sa,2™ is an integral

Received January 23, 1981.
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fumﬁon. For fé€ ﬂ B,,, we form the power sevies of

1 o) Z a5, @)

If I(f, @) has a non-zero' radius of convergence, we ‘say f€ BL(¢), or simply denote
BL($¢) = Ba= (B, a,). We also denote I(f, 1) by I(f).

The norm in Ba is defined by

"f”Ba =

inf {
I(f,a)<t L @

l}, (1.2)

“imply ‘denoted by ]

It is easy to prove that ||f|| satisies the three axioms of ‘norms.

Theorem 1. If B, are Banach function spaces and any fundamental sequence of B,
contains @ p. p. convergent subsequence, then Ba is also a Banach function space,

' Proof. We need only prove the completeness. Supﬁqse {fs} is a fundamental sequence
n Ba, i.e. for any € >0, there exists N(g), such that for #, ! > N(e), we have

“fn . fl" <e.

Evidently {f,} is also a fundamental sequence of each B,,. - So there exists a p. p. Convergent
subsequence {f"k}’ which'is not only a fundamental sequence of Ba, but also that of each
By

Now we have

»

i i [fo, = T, 17, ¥,

== .
: ‘ m=1 ”fﬂkl - f”kz”
For any & > 0, there exists K, such that for &y, k2 > K, ‘we have
ey, = o ] < e <'1.

Thetefore

2 amllfay, — ta, 150 < oy — 1, [ <6

m=1

Putting £, —> o0 on the left side we have

> i, — 1l <.
Hence

>} anly, — fl, <,
and |

fﬂk - fe Ba.
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‘And we get f€ Ba,

Now since, if %;, k3—> o0,

[y, = Sog ) = Wy = I < Moy, — o, 1250
we come to . :
"fﬂk‘ = f’lkz” —> Ay, <e, if k,—> 00,

For fixed N,

¥ o ey — a5

—— <

; ”fﬁk - ‘fn ”

Putting %k, — 0, we get
N fa,, — £lI5,
Z‘, g, ———— T <L,
kx

Again putting N — 00, we obtain
"f"h o f” < lk‘ <e.

This proves f"k =>f.

Because {f,,} is a subesequence of the fundamental sequence {f,},
fa=>1.

The theorem is proved.

Evidcndy if B, =L, then Ba = Orlicz space L($), which we denote by La, If
B,, = W!,, then Ba = W'L(¢$), which we denote by W'a,

If I(f,a) is an integral function of a, then we say f€ BE(¢). We denote BE(¢)
= 4B = (4,5 B,,)> where the space aB is a subspace of Ba.

We say the space B, possesses the absolutcly continuous norm if

(i) For any measurable subset E, f€ B,. | Theni X(E){€ B,,, where X(E) is the
characteristic function of E, '

(ii) * For any given & > 0, there exists 8, such that for any measurable subset E,
" mes E << 8. Then

1XCE)flls,, < &.
Define - 2y
1|5z = I1XCEDf 3,

Now suppose all B,,s possess absolutely continuous norms, and moreover if |f;] < |fa],
we have [fillz,, << [If2llz,,

Then we are led to

Theorem 2. If f€ Ba, the necessary and sufficient condition for f€ aB is the exi-
stence of a sequence of bounded functions f, € aB, such that

If — fall =0,
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Praaf. l) If fe aB, Puttu. 18 :
fs f < n,

0, otherwise,

E, = {z|{(*) >n},

we have
N ©
IGUf = fal) = D) amla(f — £ 18, + D) amllaflfes = I + L.
\ m=1 m=N+1

Taking 1 >—2—, for sufficiently large N, we have I, << % As I, possesses only finite
- 3
tetms, from the absolute continuities of the norms of Bjs and the measurability of f, we get

L< %for:- n > ny, whete ng is §ufficicnt1y htgc, and thetefore

IGlf—f.D <1,

But because
IQlf—fal) +1 IQUf —1.]) #1
o
Alf —fal S 1 —1,1) + 1< 2.
And we induce

2
lif — £l <_1-< €.

So f can be approximately approached by bounded f,.
ii) If f is the Ba limit of bounded functions f, € 2B, then f€ aB.

In fact for any fixed 1 and sufficienty large 7, we Have

zllf—i.ll<s<%<1.

Then ‘3 :
=7 _&J_L—_fn_l_ e mlm"f —f,”?,,,
<lllf £ f..ll> | 2 = fm
amlIf — f.ll3,

=2 =
' IQ)f — fa)) < Allf — full < &

1G) = 1(Bt U= ) < L 1)) + 1024l — £.1))

< S1Qalf]) + e,

So I(Af) < 00, and we have f€ aB,
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§2. The Case of B,, = L,

In the following we shall consider the special case B, = Lebesgue class L,,, where
pm =1, and discuss properties of the space Ba.

1. Separabitity of the spaces aB

Suppose %(x) is. a bounded measurable function, |#(x)| < 4. Then by the theorem of
Luzin, we can find continuous functions #,(x) such ‘that |u,(%)] <<a and that u(x) —

#,(x) may be different from zero only on the sets G,C G, where mesG, < —}‘-

¢

Then we get

I(“ — Ug a) e Z a,,,(”u T “””’m)mam = Z am(”u 73 uﬁ”Pm(G))mam

Gn
2. n

/om ‘
_1_)” (2aa)™
n

A

=>4, (S | — u,|#mdx )M/pm a" < > a, (mes Gn)m/ﬂm(Za)"t;m !
(

«©

N 1 m/ Dy : .
= Z Gm (—) (2aa)™ + Z 4,(2a80)™ = I + I,.
n

m=1 , : f m=N+1

-

For any given & > 0 there exists Ny, When N > N;, we have I, < % Then fixing
N and making » sufficiently large, we get I; << —;—. So

I(u — 44,5 @) >0, Va, when n—> o0,

i.e. for any € >0, there exists N, such that when » > N,

|l — u,ll < &, (Taking G = %)

Hence we have
lu — u,ll — 0,

In other words, continuous functions are dense everywhere in @B, Because every continuous

function #(#) can be uniformly approximated by polynomials with rational coefficients, - these
polynomials are densc in @B, So aB is separable.

2. Inequality
Denote by II(aB, r) the functions u(%) € aB such that
d(u, aB) = inf ||u — w| < r.
we€aB
Then we have
~
N(aB, 1)CBacll(aB, 1),

where

Ba = {f|f¢€ Ba, 1(f) < o0},
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Proof. Suppose u(x) € Ba and [lu — || <1 for up€ aB. Then there exists @ >0
such that |l# — %|| <1 — @, Because the space 2B is linear,
* uy(x) € aBC Ba,
a \
Therefore

oo N\
oz ul oy, St Re
i 1 == 1 s

bA ;
From the convexity of Ba, we see

w) = (1 — ) LDl o 2 6 ¢ b,

The left half of the inequality is proved.

7N s
Now take # € Ba, then there exists a bounded function #,(x) € 2B such that

I(u—us)<e,
‘I<“—“E)< 1 & 5
1+e6 1.+ 6 1+

le — uell < 1 + &,

Hence we have ;
'd(u; aB) = inf flu —wl < lu —ul <1 +e.
But € is arbitrary, so .
d(u, aB) <
The nght half of the inequatity is proved.
' 3. The absolute continuity of norms of the space aB
Suppose #(x) € aB, For any € >0, there exists a bounded function #; () such that
€
e —u|l < 5
Then we have
lax(GOIl < Nl = mll + 2lix(GOl»

where X(Gy) denotes the characteristic function of G1CG Without loss  of gcncrahty we
can suppose mes G; <1, 1

1(X(Gy), a) = Z a,, (mes Gl)"’/l’m;"'

N 4 ‘ O -
- < D) ap(mes G)emam S g am,

m=1 { - m=N+1

From this, fot any fixed @ >0, given small &, there exists 8, when mesG, <&, I(X

(,Gl)’ a) <<e. Then for any & >0, there exists &, such that when mesG; < §, we
have : : c

€
Callx(Gyll < 37



