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FOREWORD

EOPLE who analyze algorithms have double happiness. First of all

they experience the sheer beauty of elegant mathematical patterns
that surround elegant computational procedures. Then they receive a prac-
tical payoff when their theories make it possible to get other jobs done
- more quickly and more economically.

Mathematical models have been a crucial inspiration for all scientific
activity, even though they are only approximate idealizations of real-world
phenomena. Inside a computer, such models are more relevant than ever
before, because computer programs create artificial worlds in which math-
ematical models often apply precisely. I think that’s why I got hooked on
analysis of algorithms when I was a graduate student, and why the subject
has been my main life’s work ever since.

Until recently, however, analysis of algorithms has largely remained
the preserve of graduate students and post-graduate researchers. Its con-
cepts are not really esoteric or difficult, but they are relatively new, so
it has taken awhile to sort out the best ways of learning them and using
them.

) Now, after more than 30 years of development, algorithmic analysis

has matured to the point where it is ready to take its place in the standard
computer science curriculum. The appearance of this long-awaited text-
book by Sedgewick and Flajolet is therefore most welcome. Its authors
are not only worldwide leaders of the field, they also are masters of expo-
sition. I am sure that every serious computer scientist will find this book
rewarding in many ways.

D. E. Knuth



PREFACE

HIS book is intended to be a thorough overview of the primary tech-

niques used in the mathematical analysis of algorithms. The mate-
rial covered draws from classical mathematical topics, including discrete
mathematics, elementary real analysis, and combinatorics, as well as from
classical computer science topics, including algorithms and data structures.
The focus is on “average-case” or “probabilistic” analysis, though the basic
mathematical tools required for “worst-case” or “complexity” analysis are
covered as well.

We assume that the reader has some familiarity with basic concepts
in both computer science and real analysis. In a nutshell, the reader should
be able to both write programs and prove theorems; otherwise, the book is
intended to be self-contained. Ample references to preparatory material
in the literature are also provided. A planned companion volume will
cover more advanced techniques. Together, the books are intended to
cover the main techniques and to provide access to the growing research
literature on the analysis of algorithms.

The book is meant to be used as a textbook in a junior- or senior-level
course on “Mathematical Analysis of Algorithms.” It might also be useful
in a course in discrete mathematics for computer scientists, since it covers
basic techniques in discrete mathematics as well as combinatorics and ba-
sic properties of important discrete structures within a familiar context for
computer science students. It is traditional to have somewhat broader cov-
erage in such courses, but many instructors may find the approach here a
useful way to engage students in a substantial portion of the material. The
book also can be used to introduce students in mathematics and applied
mathematics to principles from computer science related to algorithms and
data structures.

Supplemented by papers from the literature, the book can serve as
the basis for an introductory graduate course on the analysis of algorithms,
or as a reference or basis for self-study by researchers in mathematics or
computer science who want access to the literature in this field. It also
might be of use to students and researchers in combinatorics and discrete
mathematics, as a source of applications and techniques.

Despite the large literature on the mathematical analysis of algo-
rithms, basic information on methods and models in widespread use has
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not been directly accessible to students and researchers in the field. This
book aims to address this situation, bringing together a body of material
- intended to provide the reader with both an appreciation for the chal-
lenges of the field and the requisite background for learning the advanced
tools being developed to meet these challenges.

Preparation. Mathematical maturity equivalent to one or two years’ study
at the college level is assumed. Basic courses in combinatorics and dis-
crete mathematics may provide useful background (and may overlap with
some material in the book), as would courses in real analysis, numerical
methods, or elementary number theory. We draw on all of these areas, but
summarize the necessary material here, with reference to standard texts
for people who want more information.

Programming experience equivalent to one or two semesters’ study
at the college level, including elementary data structures, is assumed. We
do not dwell on programming and implementation issues, but algorithms
and data structures are the central object of our studies. Again, our treat-
ment is complete in the sense that we summarize basic information, with
reference to standard texts and primary sources.

Access to a computer system for mathematical manipulation, such
as MAPLE or Mathematica, is highly recommended. These systems can
relieve one from tedious calculations when checking material in the text
or solving exercises.

Related books. Related texts include The Art of Computer Programming
by Knuth; Handbook of Algorithms and Data Structure by Gonnet and
Baeza-Yates; Algorithms by Sedgewick; Concrete Mathematics by Gra-
ham, Knuth and Patashnik; and Introduction to Algorithms by Cormen,
Leiserson, and Rivest. This book could be considered supplementary to
each of these, as examined below, in turn.

In spirit, this book is closest to the pioneering books by Knuth. Our
focus is on mathematical techniques of analysis, though, whereas Knuth’s
books are broad and encyclopedic in scope, with properties of algorithms
playing a primary role and methods of analysis a secondary role. This
book can serve as basic preparation for the advanced results covered and
referred to in Knuth’s books. - _

We also cover approaches and results in the analysis of algorithms
that have been developed since publication of Knuth’s books. Gonnet and
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Baeza-Yates’s Handbook is a thorough survey of such results, including a
comprehensive bibliography; it primarily presents results with reference
to derivations in the literature. Again, our book provides the basic prepa-
ration for access to this literature.

We also strive to keep the focus on covering algorithms of funda-
mental importance and interest, such as those described in Sedgewick’s
Algorithms, whereas Graham, Knuth, and Patashnik’s Concrete Mathe-
matics focuses almost entirely on mathematical techniques. This book
is intended to be a link between the basic mathematical techniques dis-
cussed in Graham, Knuth, and Patashnik and the basic algorithms covered
in Sedgewick.

Cormen, Leiserson, and Rivest’s Introduction to Algorithms is rep-
resentative of a number of books that provide access to the research lit-
erature on “design and analysis” of algorithms, which is normally based
on rough worst-case estimates of performance. When more precise results
are desired (presumably for the most important methods), more sophis-
ticated models and mathematical tools are required. Cormen, Leiserson,
and Rivest focus on design of algorithms (usually with the goal of bound-
ing worst-case performance), with analytic results used to help guide the
design. Our book, on the other hand, is supplementary to theirs and sim-
ilar books in that we focus on the analysis of algorithms, especially on
techniques that can be used to develop detailed results that could be used
to predict performance. In this process, we also consider relationships
to various classical mathematical tools. Chapter 1 is devoted entirely to
developing this context.

This book also lays the groundwork for a companion volume, Analytic
Combinatorics, a general treatment that places the material here in a
broader perspective and develops advanced methods and models that can
serve as the basis for new research, not only in average-case analysis of
algorithms but also in combinatorics. A higher level of mathematical ma-
turity is assumed for that volume, perhaps at the senior or beginning grad-
uate student level. Of course, careful study of this book is adequate prepa-
ration. It certainly has been our goal to make it sufficiently interesting that
some readers will be inspired to tackle more advanced material!

How to use this book. Readers of this book are likely to have rather
diverse backgrounds in discrete mathematics and computer science. With
this in mind, it is useful to be aware the basic structure of book: eight chap-
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ters in all, an introductory chapter followed by three chapte_rs emphasizing
mathematical methods, then four chapters emphasizing applications in the
analysis of algorithms:

INTRODUCTION
1. ANALYSIS OF ALGORITHMS

DISCRETE MATHEMATICAL METHODS
2. RECURRENCES
3. GENERATING FUNCTIONS
4. ASYMPTOTIC ANALYSIS

ALGORITHMS AND COMBINATORIAL STRUCTURES
5. TREES
6. PERMUTATIONS
7. STRINGS AND TRIES
8. WorpSs AND MAPs

Chapter 1 puts the material in the book into perspective, and will help
all readers understand the basic objectives of the book and the role of
the remaining chapters in meeting those objectives. Chapters 2 through
4 are more oriented towards mathematics, as they cover methods from
discrete mathematics, primarily focused on developing basic concepts and
techniques. Chapters 5 through 8 are more oriented towards computer
science, as they cover properties of combinatorial structures, their rela-
tionships to fundamental algorithms, and analytic results.

Though the book is intended to be self-contained, differences in em-
phasis are appropriate in teaching the material, depending on the back-
ground and experience of students and instructor. One approach, more
mathematically oriented, would be to emphasize the theorems and proofs
in the first part of the book, with applications drawn from Chapters 5
through 8. Another approach, more oriented towards computer science,
- would be to briefly cover the major mathematical tools in Chapters 2
through 4 and emphasize the algorithmic material in the second half of
the book. But our primary intention is that most students should be able
to learn new material from both. mathematics and computer science in an
interesting context by working carefully all the way through the book.

Students with a strong computer science background are likely to
have seen many of the algorithms and data structures from the second halif
of the book but not much of the mathematical material at the beginning;
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students with a strong background in mathematics are likely to find the
mathematical material familiar but perhaps not the algorithms and data
structures. A course covering all of the material in the book could help
either group of students fill in gaps in their background while building
upon knowledge they already have. ‘

Supplementing the text are lists of references (at the end of each
chapter) and several hundred exercises (interspersed throughout the text),
to encourage readers to consider the material in the text in more depth
and to examine original sources.

Our experience in teaching this material has shown that there are
numerous opportunities for instructors to supplement lecture and read-
ing material with computation-based laboratories and homework assign-
ments. The material covered here is an ideal framework for students to
develop expertise in a symbolic manipulation system such as Mathematica
or MAPLE. Also, the experience of validating the mathematical studies by
comparing them against empirical studies can be very valuable for many
students.

Acknowledgments. We are very grateful to INRIA, Princeton University,
and the National Science Foundation, which have provided the primary
support for us to work on this book. Other support has been provided
by Brown University, European Community (Alcom Project), Institute
for Defense Analyses, Ministére de la Recherche et de la Technologie,
Stanford University, Université Libre de Bruxelles, and Xerox Palo Alto
Research Center. This book has been many years in the making, so a com-
prehensive list of people and organizations that have contributed support
would be prohibitively long, and we apologize for any omissions.

Don Knuth’s influence on our work has been extremely important,
as is obvious from the text.

Students in Princeton, Paris, and Providence have provided helpful
feedback in courses taught from early versions of this material over the
years. We would also like to thank Philippe Dumas; Mordecai Golin and
his students San Kuen Chan, Ka Po Lam, Ngok Hing Leung, Derek Ka-
Cheong Lueng, and King Shan Lui; and three anonymous reviewers for
their detailed comments on the manuscript.

Corfu R. S.
September 1995 Ph. F.
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NOTATION

floor function

largest integer less than or equal to =
ceiling function

smallest integer greater than or equal to z

fractional part
z - |z

binary logarithm
loga N

natural logarithm
log, N

binomial coefficient
number of ways to choose k out of n items

Stirling number of the first kind
number of permutations of n elements that have k cycles

Stirling number of the second kind
number of ways to partition n elements-into k nonempty subsets

golden ratio
(1++5)/2=1.61803---
Euler’s constant
87721 .-

Stirling’s constant
v2m = 2.50662- - -



CHAPTER ONE

ANALYSIS OF ALGORITHMS

ATHEMATICAL studies of the properties of computer algorithms

have spanned a broad spectrum, from general complexity studies to
specific analytic results. In this chapter, we discuss representative examples
of various approaches to studying algorithms. At the same time, these
examples allow us to present various classical results from a fundamental
and representative problem domain: the study of sorting algorithms.

First, we will consider the general motivations for algorithmic analy-
sis, and relationships among various approaches to studying performance
characteristics of algorithms. Next, we discuss computational complexity
and consider as an example Mergesort, an “optimal” algorithm for sorting.
Following that, we will examine the major components of a full analysis
for a sorting algorithm of fundamental practical importance, Quicksort.
This includes the study of various improvements to the basic Quicksort
algorithm, as well as some examples illustrating how the analysis can help
one adjust parameters to improve performance.

This chapter is intended to place our field of study into context among
related fields and to set the stage for the rest of the book. In Chapters 2
through 4, our plan is to introduce the basic mathematical concepts needed
for the analysis of fundamental algorithms. In Chapters 5 through 8, we
consider basic combinatorial properties of fundamental algorithms and
data structures. Since there is a close relationship between fundamental
methods used in computer science and classical mathematical analysis, we
simultaneously consider some introductory material from both areas in
this book.

1.1 Why Analyze an Algorithm? There are several answers to this basic
question, depending on context: the intended use of the algorithm, the
importance of the algorithm in relationship to others from both practical
and theoretical standpoints, and the difficulty of analysis and accuracy of
the answer required.

The most straightforward reason for analyzing an algorithm is to
discover its characteristics in order to evaluate its suitability for various
applications or compare it with other algorithms for the same application.



