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Abstract

Several complex variables is an important branch of modern
mathematics. The subject started with the work of Poincaré, Har-
togs, E. Levi, E. Cartan, and others at the beginning of the 20th
century. Since then, it has attracted much attention. Among many
fundamental problems in Several Complex Variables is the biholo-
morphic equivalence problem for real submanifolds in a complex
manifold. Along these lines of research, much progress has been
made due to the important work of many leading mathematician-
s of their time, that include at least E. Cartan, Moser, Bishop,
Chern, Webster, etc. However, there are still many basic problems
left unsolved.

This thesis, based on my two joint papers with my advisor Pro-
fessor Xiaojun Huang completed in March 2007 [HY07] and Febru-
ary 2008 [HY08], will study the biholomorphic equivalent problem
for Bishop submanifolds in a complex space.

The first part of this dissertation consists of Chapter two and
Chapter three, which is to study the non-degenerate elliptic Bishop
surfaces with a vanishing Bishop invariant in C2. Our work here
can be viewed as the continuation of the celebrated work of Moser-
Webster [MW83] in 1983 and the late famous work of Moser [Mos85]
in 1985. Among many things, we will present a solution to a well-
known problem of Moser. The mathematics in this part is taken
from my joint paper with Professor Xiaojun Huang in [HYO7].

The second part of the thesis is the fourth chapter, which is
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to establish a result of Moser [Mos85] to higher dimensions. We
will show that a real analytic submanifold of codimension two with
a symmetric model is biholomorphic to the model if it is formally
equivalent to the model, by applying the KAM theory. The math-
ematics in this part is taken from my joint paper with Professor
Xiaojun Huang in [HYO08].

More precisely, the dissertation is organized as follows:

In the first chapter, we discuss some global and local biholomor-
phic equivalent problems in several complex variables. We will give
a through description of the history and new development of the
research on the Bishop surfaces. Next we discuss the new develop-
ment of the real submanifolds in C"**!(n > 2) with the codimension
at the complex tangent points greater than or equal to two.

In the second chapter, we derive a formal normal form for a
Bishop surface near a vanishing Bishop invariant, by introducing
a quite different weighting system. Next we obtain a complete set
of invariants under the action of the formal transformation group.
We show, in particular, that the modular space for Bishop sur-
faces with a vanishing Bishop invariant and with a fixed (finite)
Moser invariant s is an infinitely dimensional manifold in a Fréchet
space. This then immediately provides an answer, in the negative,
to Moser’s problem concerning the determination of a Bishop sur-
face with a vanishing Bishop invariant from a finite truncation of
its Taylor expansion. Furthermore, it can be combined with some
ideas of Poincaré [Po1907] to show that most Bishop surfaces with
A =0, s # oo are not holomorphically equivalent to algebraic sur-
faces.

In the third chapter, we discuss the complexification of the
surface under consideration, by making use of the Moser-Webster
[MW83] polarization and the Huang-Krantz [HK95] flatting theo-

rem. We then obtain a family of holomorphic discs attached to the
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Abstract

surface. Starting with these discs, we introduce a new hyperbolic
geometry. Based on the obtained geometry, we show that two Bish-
op surfaces with A = 0 and s < oo are biholomorphically equivalent
if and only if their formal normal forms are the same up to a trivial
rotation of the form: (z,w) — (e'%z,w) with €% = 1. Hence,
the formal normal form that we derive provides a solution to the
equivalence problem also in the holomorphic category. At last we
derived some equivalence properties of a family of Bishop surfaces.

In the fourth chapter, we generalize the work of Moser to the
higher dimensional case. For a certain codimension two CR singular
submanifold in C"*!(n > 2), we first derive a pseudo-normal form
for M near the origin, then use it to give a necessary and sufficient
condition when (M, 0) can be formally flattened. Finally we prove
that (M, 0) is holomorphically equivalent to the quadric (M, : w =
|22, 0) if and dnly if it can be formally transformed to (M, 0) by

using the famous KAM rapid iteration theorem.

Key words: Bishop surfaces, CR singular manifolds, Vanishing

Bishop invariant, Holomorphic equivalence, Normal forms.



%_

]

=

=
1.1
1.2

ot

2.1
2.2

2.3

i

3.1

3.2

3.3

=
8

4.1
4.2

PRI cosnswimimrnesme s i A MR R I TR E S T b e e mm e 1
— RO R B UK SR e 1
AT ETTAE oo 7

HABiH%k Bishop A £/ Bishop HimE#Y

FETNTHIE. v e womn i mie e re w6 v 8 B B g S 14
ST ABTF 490 75 140 2 B M — A e 14
HAWH K Bishop A2E&E 1 Bishop i )58
e o 7 W N2 i - U O S P PR P P 32
HE K Bishop N2 & 1 Bishop i HI4L
BEENMME 39

BBl Bishop A& 24/ Bishop HiHEAY

SR TUATRIZ S ZEITER oo 45
HAAVH % Bishop A& Bishop i L1
LB TP oo vsmsasmrmssmoncasastis@amimnsmindin. 45
HAA VK Bishop N2 &) Bishop [ 145
LT = L PP 53
—JHFRK Bishop M 1) — 2SR v 59

—KREKH 2 BERENT P2 REmE

CR BRI svrvivrscinsminsnimssmesiaininsioimraas 68
— S I B 68
—RRYEHN 2 19 CR AT AR IERAL .- 69



LRI E LRI T AT

4.3 KT B R el ERAL 80
4.4 TEEHPIMEEIER - oo 87
SBEETT TR v v vowsms ot w s stnsie s ms oo m s oo e o @ W BT 6 S R4S 99
-, R 104



1.1 —ueEAR o By 30 S04 19) 20 649 BF 50488 L

FEARH, BAVEVIR —LH4H CR At il i i) 5 &8 55 0 )
B M2 C AN FRE, p g M R—m, BillE
X CR(p) & M 7 p &5y CR 4%, Wmi2ii, =& 1°VM e
A p HiFH CR =, WRXNTAEEM q(e M) = p, #H

CR(q) = CR(p);
A&, p A CR &FRSE. A2 ELREBLH, BRI ZF
(M,p),(M',p") BEBEM, WR p,p WAL M, M P EH—
My U, U, LE—NNU B U LM F, w2
F(p)=p.

WFFCIX R IR R, FAT1S 2 e B i A X — [ e s e el
A, Uik, mhfE CR A CR &5 A0 U R e fE7E 1R
K ER.

1. —EEBEAZMRIN CR RH B EIEMN B

Poincaré. Cartan H5EHFHR T CR HE ] I REBSE M ) @l H
fE 20 tH204], Poincaré 7£ [Po1907] *FiEH] T WA S — 45k
[ A A A5, AT 31 T 5 SR AR R 08 3R 2 R e
HEAANFEMIE, RN —AMUEUEH T 2 2485 508+ X 80
ARG ) B e, R, fiEREES] C(n > 2) XN
BE5H 5K RIE 4K, BIARE CR 45/ 8%, Xt
REAN PR EE I XA CR S544 1 =5 2540 1) BUR B 9354

1



IRMELRM FHLETEE

X 3 AR S ) 8. 5 b, C. Fefferman(™ F1 Bochner (£
. [Ho73] 5k [Kr82]) fEAth A2 4 i TAE, B T BN B8
T SR ATA IR XAR AE A 1) 2 BACA AL 2 CR &0y, it
—35, Pinchuk®™! FI Lewy®77 {F 8 T G0 5 iR B AN X 38 1 i 7
ST SERRHTI, T DX S T0] (1 4 0 S5 A BRI T AR 2 4 8 X sk fr — A
B A, Webster 71 [Web77] 4G 2] T AHMN I — MOEEE R, A
VF2at— IS T X3 5] CR P BT AE v e DX 3R 1 X4
AEM TP IEE IR BRI MG, GNBRIEEE TS [CJ6),
[HJ98], siZidtCE [BEROOD), [IK99] A EAi1)a it Z 2% k.

IR A A )R R R S, E 5, YT CR B
R —REZ M, B Levi ARBAL M LM I THI1E T, Chern-
Moser fE3 % 1] [CM74] —3CH 45 T X 28 dh i i IE LAY, 75 3
TEMEeAZE (K T/ES N [Cad2al, [Ca32b], [Ta62],
[Ta67]). 7E5E — BB ES, BAHERMNEHWIERE S
[CM74] P HIIERIBLGEATRLL, F58 b, XL F R A a) 7 7E — 22k
Bz ab (PEIVE 2.2.1800F 4.2.1 (1)) RAEXHE, A1 LERE
AUE—F Chern-Moser ¥ if.

B M h Cv oA — A Levi JEIB 4k 1 SC 8 A 4 il i,
po € M. i — DXL R, po HWLE] 0 5, HAEAKF (z,w) €
C*"xC F, M 1E0 fFHzah FalE X:

Im(w) = 2Bz* + F(z,z,Re(w)), (1.1.1)

XH () X785 Hermit % &, B z* =2', B 2 XA Harm
p MICA 1, Gl ¢g=n—p NITA -1, F(z,2 Re(w)) &%
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