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§1.1 SHMERSE T

GBI IMAR S SR A BRAE T B SRR S BF 8 B L T B B0 o A s . BB SRR
—MEREERARR, R TIREOERN, A REXANEE . FLE, HEATLUR
R, ERRK.

§1.1.1 BRI

DB B — A T XA IR . Z R E N E, 2RO MR
SR R IL T 58K AFE, B T G. W. Leibniz (1695, 1697) #F1 L. Euler
(1730) —LLFMIHERES . AR &0 R R E L H 55BN $H).
1684 4F, EMBRAFFRRTHRBHML, HPHH THBESHNE X 5125, X4

ﬁ@%ﬁ%ﬁ%@ﬁ%. 11 4 J5, BRI 1695 4F, ¥k B $0A 589 0 A 350 ok 1A R 3 A JE 2K -

“n RAPBOE, 0=, XA SURAE A" AL IR 3 A 5

BIESR, 1695 49 H 30 H, AERELANE R T T IFZEZRAEME: “em 5
Sk, IRATLAXEER, AT - EREIF IR , PREFTLIXAERAE, W
RPN T A R A PO R 2, At A IE A i [ A4 3 6 K £ (]
. RAR T E NN R A28 11 MESk, SRfE R E R EREZ P rs . 3 20 it
i, RZBCFEFEXT B R R R T EZ M TIER, 3 P.S. Laplace
(1812), J.B.J. Fourier (1822), N.H. Abel (1823 - 1826), J. Liouville (1832 —
1873), B. Riemann (1847), H. Holmgren (1865 —1867), A.K. Griinwald (1867 -
1872), A. V. Letnikov (1868 —1872), P. A. Nekrassov (1888), A. Krug (1890), J.
Hadamard (1892), O. Heaviside (1892 -1912), S. Pincherle (1902), G. H. Hardy 5
J. E. Littlewood (1917 - 1928), H. Weyl (1917), P. Lévy (1923), A. Marchaud
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(1927), H.T. Davis (1924 —1936), E.R. Love (1938 —1996), A. Erdelyi (1939 -
1965), H. Kober (1940), D.V. Widder (1941), M. Riesz (1949); %54 .

B2, BB AR BRI . 3L 30 450Kk, fErl BRIl A A
WEPIRE . T REAEE 2 0 2= RSk i N 4 e, SO T RHIIEN B30 73 B9 T AR
BB RIS . EEBFEBIBE 1, 2012 4F Wolf 2453 3= L. Caffarelli #4355 fx it 5¢ L T
58U Laplacian 77 B A9 IE M PERE ' | %090 32560 . BGEAIER ZHEBEEX
LG FET IR R, W R BN AR FE Rk R 8. - B B2 | IR
S5l K SRR . @ TR . BiERIES . LY
M, BELERR . REY BEFF 2N A . SO, 1974 45, RSB
51 B PR 2 W AE K E ) New Haven K2 HFF. 21 H B. Ross &2, EEER A RBIFA
Y. &I 5 S0 Springer — Verlag H R, R Z K [R] 4558 i B2 K
B, SISO R AR, AR 5 A BRI AS A
FERERIB T A N 55 . 1984 4F, 55 R 43 BO 8RR 43 16 B 23 UUHE 0 A 2% 4% B2 387 BT 149
Strathclyde K2 HFF. LIRSSV Z W SCHR [200], SR AT 82 — 2
“A] AR B HE R S B LT R 1989 4E A = IR MBI 4 E bR AN FE H A
AR HAREZRIF, aWELESRCERSCER [222, 223] . B4R KENMHELS
WAT{ER% |84 . BF5c6 %70, K B. Oldham F11 J. Spanier M 1968 4EJF 14 4
FHAE 1974 ST 5B — ARSI T8 45, W [227] . E#E S skE 280
TWEFE B R o B L P EVEA [229 ~232 ], Hif Samko, Kilbas & Marichev
EHRHEBRMEER N EE . AN BAR S A 5 5082 3% 19 E B 248 Computers
and Mathematics with Applications [¥] =% % T Advance in Fractional Differential Equations
(1, I, I)P" SRk #az it B0, Hoop g SCR me T I A 412 3 50 1]
TES B 53 I BRI T 7 T ) R B AR . A R e AR A & 2 (O B B 1 4y
IR ', RN EE (%5 TREER /500 S 808 ™) s
W Ko B o I R IR LA R BUESK B . BN OB &k 2 T, © 48K Jour-
nal of Fractional Calculus ( 344 K. Nishmoto, HZ<, 1992 4E61F]), Fractional Calculus
and Applied Analysis ( £4% V. Kiryakova, {R£IIF]E, 1998 4E6IT]) . Hir—Hideik
Fractional Dynamic System 1% F 2013 4 H b .

§1.1.2 Sr¥HRS

a(a>0) FrEE - X|4E/R (Riemann-Liouville) 4%l HE &K IR TE 4 1
Cauchy 22

Jo.f(t) = (n_l—l)!ﬁ(t—'r)"_'f('r)dfr, t >0, nelN, (1.1.1)
HAN R IEREE .
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¥ EAARXMIEREIRERELE, RO EEMH Gamma K¥. FTikn-1<
asn.

EX 111 pFEy: (0, ©)—R K a>0 F Riemann-Liouville 53 8F 4% LR
o —_ L a-1
Jo.y(1) = F(a)ﬁ(t =5)* y(s)ds (1. 1.2)

SR (0, o) AEX.
YERRNTE, X Jo, : =1 (THEHTF), B L. A(0) =f(¢) . MH, &X%:—0" i,
Joof (¢) WER J5.f (07) (WRAFLE); M8R, X—RIRATRER TS .
A AT HERN S B R G B PR R
BB =8, wpf=0, (1.1.3)
Hep & 73ctE 15, 15, =06, 1. BT L EHTRER LA

Jo.t F(y+1+a)t ’

PR (1.1.3), (1.1.4) BARE BN IESBN X E MRS HET . iIEHETFHA
MRHi A4, B Gamma pR%UFN Beta pRR )M

a>0, y>-1, ¢t>0. (1.1.4)

F(z)s= Lwe—"u"ldu, I'(z+1) =2zI'(z), Rei{z} >0; (1.1.5)
e (1 — ) tyitgy < L)T(g) _
B(p,q)-—J;(l w)’ " u'du = Tio ) = B(q,p), Reip,q} >0.
(1.1.6)
I FIE A B R R BT B B Rk B
D ()= -+ a>0, (1.1.7)

I'la)
SRR ¢+ R ¢ <O BIRBENE . o >0 BILHNCHE R 1 IR ARAs XTI
BAE FK U R B, P SR B B B
F(0) % g(8) 1= [f(t = r)a(r)dr = g(1) »f(0).

TR, B (1.1.2) # (1.1.7) 7%, a>0 BraBM B AIER €, (1) ff (1)
PR, B

Jo f(t) = @ (t) xf(t), a >0. Gl 128)
H—2, TR AT LIRS
D, (1) *Dy(t) = D, .(t), a, B>0, (1.1.9)

XA MM T LUK BRI (1.1.3) 1 (1.1.4) .
§ L1.3 SHESH
RN BB, ARAEIHE a(a> 0) BB S8 . 2RE EHARTH o

« %



- H -t 5T A2 AR B AP AR A

FH-a BUR . 48R, 5 R E B RIERR S IS AR S B — R =
BOELA B LR
iLn WS EFHRD, HfineN, T
D) =1, I'D"#1, neN, (1.1.10)
Bi, D" XX AE T RAR N (EARRAAH) M. FLE, B (1.1.1)
g

PR = f0) - SO0 650 (L11D)

PRI 2R DG, XF Jg, R Ze i
EN1.1.2 HEZEES: (0, o) — R a>0 K Riemann - Liouville 4340 S 80E X H

DLfCE) = DUI°f(1) = ;( dt)”f _Rs) g (1.1.12)

I' (n-a) (¢ =)«
REGEAMAmE (0, ») AEX.
MFEEX Dy, =T, =1, 518
D) =1, a=0, (1.1.13)
H

I'(y+1)
I'(y +1 —a) ’
FELLL XeHoE R (101.12) AlfSan PR . Ba=1.6, Ml n=2. HE4SE
Y& (1.1.2), X (L. 1.12) SRR EE S (1) Bn-a=2-1.6=0.4 BHH
4y . WRFREEES (1) Ba=1.6 MAISH, B50.4 )G, B8/ (r) BGHRE
AT 0.4 By g BB 2 By, T, AIROHESEP 2 BB 5T .

BARMERE (1.1.13), (1.1.14) BXFRMBCRIEBBNEFRKHET . BHR
(1.1.5) " Gamma FREUMFE ERTEER L, FIUAFELE (1.1.5) I (2) ELESH
FEIEBTIESR , PR WL Henrici ™ H 451 7 .

—MEBEBRFLRE, MR aeN, Xf (1) =1, Di fAFETE. FLE, Y4
y=00t, i (1.1.14) A[H

D"‘l—— = ;
o+ T —a)’ a=0, t>0 (1.1.15)

i’iaeNBﬂ‘, HHx0, -1, -2, ---f& Gamma BB S, FXBREFTE.

95 B U 5 —FhiE S, 2 H Caputo 7 20 42 60 4EAR A 5 1 76 3¢
DF"":’I/\E‘J Caputo 1 Mainardi'”"! ZE£8 MRS SR BRISHE 42 b B SR 443 fh 2 X (L[ 191]
HIPFE) .
EX 113 EZRES: (0, ©) —RH a>0 K Caputo HEB FHE XA

‘DEf()= BED ft) = T (n _a)f (tf(_")s()izmds, (1.1.16)

D5 t¥ = a>0, y>-1, ¢>0. (1.1.14)




F1F it

REEXMAWE (0, ) AENX.
XA E SO BB ESR BAREE (1. 1.12) BEH%, HER [ (1) axtaffl. 24
R TFCD;, i, BEBOX &R . — i,
Dy f(2) 3= DPIof(x) % B Df(s) =D, f(s), (1.1.17)
BRAERRE S (1) fEe=0"AbMIAT n -1 rREEETEF . FLLE, X (1.1.16) HH
BAARAEXD, Wt > 08, &

Dy f(t) =°D§ f(¢) + }Z ;?;————;]31“’(0*), (1.1.18)
HETREGABN S (1.1.14) R,
CATOEDY k,f“w )) = D). (1.1.19)

EXEW Caputo 7340 4L (1. 1. 16) T RB AR BB B APIME . f (¢)
WEHAE =0 Abi) n - 1 B ZHXERE —FEER B S8 . FEil, R
X—E X, XEERBHIT B R FIKRARETE, B
‘D1 =0, a>0. (1.1.20)
THEEATRE N AW BT (1.1.12) 5 (1.1.16) JHRKHXFH . H
(1.1.14) a4

D" =0, a>0, t>0. (1.1.21)
o(L.1.21) A1 (1.1.20) AIf84nF45ie, He >0,
MJU)=%£UM;ﬂ0=gU)+Zoft (1.1.22)
DLf(1) =°Dgg(t) e f(1) = g(t) + th (1.1.23)
ARPHREREK c, j=1, e, on BAEEER.

mﬁﬁﬁﬁﬁmﬁﬁ%%X,TQW?ﬁﬁ.

SIELL1°" mfyec (0, 1) NL [0, 1], WAEBESH R
Dg,y(t) =0

A ME—

- [Dakl (t)]t()akl

y(t) = ;; ra-b !

511121 i yec (0, 1) NL [0, 1], WSBE S FTR

‘D5, y(t) =0

A ME—fi
n-1 (k) (

y(t) = 25



S HE-RL FARDAE P AE R AL

FEEF (1.1.21) BER—EW D, XI5, ARG ST, KA
Jo.Dg ' =0, {BE D J =", a>0,t>0. (1.1.24)
XTI MEL, ETFEER a— (n-1)", a-n” REMKRREERRR. H
(1.1.12) A1 (1.1.16), FIFHFFS AT LIS 5145 3]

a— (n-1)*" =D8f(t) = D"Jf(¢+) = D"'f(1); {1.1.25)

a— (n-1)"= °DEf(t) = ID"Jf(z) = D'A(t) -1 (0%). (1.1.26)
a—n" =D f(1) - D" f(1); (1.1.27)

a—n" = “DLf(t) — D" f(1). (1.1.28)

5 S TR EE R, KRR EAINEENRE .
§1.1.4 HphgE X

B% T Riemann - Liouville /3% B #15> Fl Caputo 538 sy, A HiAth—2643 B
AR )€ X J5 ¥ . 7E Riemann (1847 4F) #EJ A2 s & ¢ =0 Y Cauchy B4R
(1.1.2) ZHj, Liouville (1832 4F) #EHFETEAEA R t= - .

EX1.1.4 EXfH o B Liouville 2325 Fr #1453 K

T f(1) == #a)fm (t =7)*'f(r)dr,a € R". (1.1.29)
EX 115 EXSfH a Bl Liouville 238 S8 D f(¢1) = D"J"2f(t) , BP

« _d 1 i f(r)dr
D, f(t) := dt"[F(n _a)L = T)"*'-"]' (1.1.30)

TEMAEBL T, RS (1) X1 - o BfRREA EHE n - 1 BHFEHECHE, 7718
D et} = F2D"Kt), (1.1.31)

X5 (1.1.17) AFH.
7, BEAG (1.1.2) WS TS 52

f(t) =0(t"),e >0,t—0", (1.1.32)
m (1.1.29) WS 5o 55042
ft) =0(C|t|™%),e >0,t >— . (1.1.33)

PRI AEMERE (1.1.32) A1 (1.1.33) @] LR %045 51 Riemann 2 pR B0 Liouville &
PR L ANFE SR JR T Riemann K%L, Heby> —1, ¢>0; 1 | ¢ |, Hfs>
a>0, t<O Flexp (ct), HHc>0, #BRE Liouville 2pi%k . *F IR, 7TLIES)

« -5 _ r(a _a) -8+a a -5 _ F(5+a) -6-a
J—w |tl - F(S) |t| ’D—m It' r(a) Itl ’ (1134)
Je e = c %", D% e" = c"e”. (1.1.35)
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