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Preface

This book is based on the study of a sophisticated radar tracking system, the
Altair radar, which uses Kalman filtering to perform optimal long-range
tracking of ballistic missile warheads. This engineering example provides a
means for explaining Kalman filter theory in a relatively simple manner as
well as many other technical issues that are critical to the design of a modern
optimal radar tracking system.

To give the background needed to understand the study of Altair, the book
presents simplified explanations of the following;:

Feedback control.

Modulation and demodulation of signals.

Digital sampled-data systems.

Digital computer simulation.

Statistical analysis of random signals.

Detection and tracking processes in a radar system.

These discussions start at an elementary level and develop the concepts in a
concrete manner.

The book is directed to all who are interested in target tracking, includ-
ing mathematicians. The reader is assumed to have a basic knowledge
of mathematics (including the Laplace transform), physics, and AC circuit
analysis.

For security reasons, certain details of the Altair radar system are replaced
with a comparable radar model. The calculations applied to the model are the
same as those that have been used to analyze the performance of the Altair
radar, and so the reader is presented with the equivalent of a direct study of
Altair. The Kalman filter tracking equations that are given are implemented in
Altair, but the radar parameters and some of the tracking coordinate transfor-
mation equations are different.

The Altair radar antenna, shown in the frontispiece, is physically very
impressive. It has a huge steerable parabolic dish, 150 ft in diameter, which
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Xiv PREFACE

operates simultaneously at VHF and UHF. This radar is located in the
Kwajalein Atoll of the Marshall Islands, 2100 miles west and south of Hawaii.
It performs long-range tracking of warheads from ballistic missiles launched at
Vandenburg Air Force Base in California and dropped into the lagoon of the
atoll.

Although this book deals directly with radar tracking technology, the basic
principles apply to any target-tracking system. Hence, the book should also be
useful to individuals involved in other tracking applications that use optical
signals, sonar signals, RF telemetry signals, etc.

This study of Altair includes a considerable amount of detail concerning
the operation of a complex electronic system and thereby presents a study that
1s unusual in the unclassified literature. It gives a practical introduction to the
system analysis of modern sophisticated electronic equipment by illustrating
the multitude of analytical issues involved in its design.

ACKNOWLEDGMENT

I am grateful for the support provided by GTE Government Systems in
preparing this book.

The material presented in Chapter 8, on which this book is based, evolved
from work sponsored by the Ballistic Missile Defense Systems Command of
the U.S. Army, under technical direction of the Massachusetts Institute of
Technology, Lincoln Laboratory.

The cooperation of the U.S. Army in reviewing and approving this material
for publication is greatly appreciated. I am indebted to Mr. George Fangmann
of the GTE Altair Program Office for his assistance in achieving this approval.

I want to thank Analog Devices, Inc. for graciously providing the illustra-
tions for describing noise signals given in Figs 6.2-7 and 6.2-8.

GEORGE BIERNSON

Concord, Massachusetts
January 1990



P Ly (4

Contents

PREFACE xiii

1 INTRODUCTION 1

1.3

1.4

OVERVIEW OF BOOK, 1

BACKGROUND MATERIAL FOR UNDERSTANDING THE
ALTAIR DISCUSSION, 3

1.2.1 Feedback Control Theory, 3

1.2.2  Digital Signal Processing, 5

1.2.3 Analysis of Random Signals, 7

1.2.4 Radar Signal Processing, 7

THE ALTAIR RADAR, 8

1.3.1 General Discussion of the Altair Radar System, 8
1.3.2  Summary of the Kalman Filter, 10

1.3.3 Implementation of the Kalman Filter in Altair, 13
1.3.4 Time-Varying Filter Parameters, 14

NOTES ON SYMBOLISM AND TERMINOLOGY, 14

2 SUMMARY OF FEEDBACK CONTROL PRINCIPLES 15

2.1
2.2

2.3

SUMMARY OF CHAPTER, 15

DYNAMIC RESPONSE OF SECOND-ORDER LOWPASS
FILTER, 18

BASIC FEEDBACK RELATIONS, 28
2.3.1 The Effect of Feedback Control, 28

2.3.2 Relations between Frequency Response and Transient
Response, 33



vi CONTENTS

24

2:5

2.6

2.7

2.8

MAGNITUDE ASYMPTOTE PLOTS IN FEEDBACK CONTROL

ANALYSIS, 44

2.41 Logarithmic Units: The Decibel and Decilog, 44

2.4.2  Principle of Magnitude Asymptote Plot, 46

2.4.3 Simple Feedback Loops, 47

2.4.4 Effect of Integral Network, 52

2.4.5 Dominant Closed-Loop Poles, 62

EXPRESSING A LOOP TRANSFER FUNCTION IN TERMS OF

ITS ASYMPTOTIC GAIN CROSSOVER FREQUENCY w,., 65

APPROXIMATION OF FEEDBACK AND ERROR TRANSFER

FUNCTIONS G;, AND G,,, 74

2.6.1 Approximation Method, 74

2.6.2  Closed-Loop Poles of G, and G, 77

APPROXIMATION OF FEEDBACK LOOP RESPONSE TO

LOW-FREQUENCY INPUT, 79

2.7.1 Step and Ramp Responses of Loop with Single Integration at
Low Frequencies, 79

2.7.2  Approximating Feedback Loop by a Delay Line, 83

2.7.3 Integral Network to Reduce Low-Frequency Error, 86

2.7.4 Summary of Response to Low-Frequency Input, 96

ANALYSIS OF A OF MULTI-LOOP FEEDBACK CONTROL

SYSTEM, 97

2.8.1 Signal-Flow Diagrams of Ideal Opamp Circuits, 97

2.8.2 Signal-Flow Diagram for DC Servo Motor with
Inertia Load, 100

2.8.3 Signal-Flow Diagram of Stage-Positioning Servo, 105

2.8.4 Simplification of Signal-Flow Diagram, 109

2.8.5 Expressing Signal-Flow Diagram in Terms of the Asymptotic
Gain Crossover Frequencies, 117

3 TRACKING ERROR DUE TO TARGET MOTION 121

3.1
32

SUMMARY OF CHAPTER, 121

ERROR COEFFICIENTS FOR APPROXIMATING THE

LOW-FREQUENCY RESPONSE TO TARGET MOTION OF A

RADAR ANGLE-TRACKING SERVO, 122

3.2.1 Error-Coefficient Expansions For Feedback Loops with
Infinite Zero-Frequency Loop Gain, 122

3.2.2  Error-Coefficient Expansions For Feedback Loops with Finite
Zero-Frequency Loop Gain, 130

3.2.3 Error Coefficients for Five Radar Tracking Loops, 134

3.2.4  Angular Input and Derivatives for a Constant-Velocity Target
Course, 139

3.2.5 Calculation of Tracking Servo Error for a Constant-Velocity
Target Course, 142

3.2.6 Effect of Low-Frequency Triple Integration, 147



CONTENTS vii

3.3 GENERAL ANALYSIS OF THE RESPONSE TO ARBITRARY
AN INPUT, 151
3.31 Summary of Approach, 151
3.3.2 Response to a Step of a Derivative, 152
3.3.3 Feedback Loop Example, 155
3.3.4 Calculation of Response to Arbitrary Input, 163
3.3.5 Response to a Step of an Integral of the Input, 168
3.3.6 The Remainder Coefficient, 170
3.3.7 Calculation of Accuracy for Example, 174
3.3.8 The Remainder Transient, 179
3.3.9 Lower Error Bound for Unipolar Deviation, 182

4 MODULATION AND DEMODULATION OF SIGNALS 185

4.1 SUMMARY OF CHAPTER, 185
42 AMPLITUDE MODULATION AND DEMODULATION, 186
4.2.1 Analysis of Ideal Amplitude Modulation and Demodulation
Processes, 186
4.2.2 Practical AC Modulators, 190
4.2.3 Practical AC Demodulators, 194
4.3 EFFECT OF CARRIER-FREQUENCY (AC) NETWORKS ON
THE SIGNAL-FREQUENCY RESPONSE, 197
4.3.1 Equivalent Signal-Frequency Transfer Function for
Carrier-Frequency (AC) Network, 197
4.3.2 Signal-Frequency to Carrier-Frequency Transformation, 199
4.3.3 Application of AC Modulation Principles to Signal Processing
in Communication Systems, 206
4.3.4 Exact Effect of Amplitude Modulation and
Demodulation, 207

5 SAMPLED DATA AND COMPUTER SIMULATION 209

51 SUMMARY OF CHAPTER, 209
5.2 SAMPLED-DATA MODULATION AND
DEMODULATION, 211
5.2.1 Spectrum of Sampled Signal, 211
5.2.2 Ideal Demodulation of Sampled Signal, 215
5.2.3 Simple-Hold Circuit for Demodulation of Sampled Data, 219
5.2.4 Linear-Interpolator Hold Circuit, 222
5.2.5 Oversampling, 226
5.2.6 First-Order Hold Circuit, 228
5.2.7 Polynomial-Fit Demodulation of Sample Data, 229
5.3 DIGITAL COMPUTATION FOR SAMPLED-DATA FILTERING
AND SIMULATION, 230
5.3.1 Signal-Flow Diagram of Servo for Computer Simulation, 230
5.3.2 Algorithm for Sampled-Data Filter, 232



viii

54

2D

5.6

CONTENTS

5.3.3 Digital Serial Simulation of Servo, 239

5.3.4 Results of Simulation, 249

PSEUDO-FREQUENCY CONCEPT FOR EVALUATING THE

DYNAMIC LIMITATIONS OF SAMPLED-DATA

ALGORITHMS, 251

5.4.1 Definition of Pseudo Frequency W, 251

5.4.2  Accuracy of Sampled-Data Simulation of a Feedback Loop,
258

5.4.3 Map of Complex Pseudo-Frequency p-Plane onto s-Plane,
259

5.4.4  Application of Pseudo Frequency in Design of a Sampled-Data
Feedback Loop, 263

5.4.5 Required Sampling Rate for Simulating Factors with Low
Damping, 267

GENERALIZED APPROACHES TO SIMULATION, 271

5.5.1 ELF Transmitter Network, 271

5.5.2  State Variables and State Equations, 274

5.5.3 Runge-Kutta Integration Routine for Simulating Dynamic
Systems, 277

5.5.4 Matrix Representation of State Equations, 282

5.5.5 Expressing Transfer Functions in Terms of Integrations, 287

5.5.6 Application of Serial-Simulation Procedure to ELF
Transmitter Network, 289

APPROXIMATE EFFECT OF SAMPLING WITHIN A

CONTINUOUS-DATA FEEDBACK LOOP, 293

RESPONSE TO A RANDOM SIGNAL 297

6.1
6.2

6.3

6.4

SUMMARY OF CHAPTER, 297

CHARACTERISTICS OF RECEIVER NOISE SIGNALS, 298
6.2.1 Thermal (or Johnson) Noise, 298

6.2.2 Noise-Bandwidth Examples, 302

6.2.3 Shot (or Schottky) Noise, 307

6.2.4 Other Types of Noise, 312

6.2.5 Application to Error Components of a Control System, 313
6.2.6 Relation between Rise Time and Noise Bandwidth, 315
BASIC MATHEMATICAL TOOLS FOR STATISTICAL
ANALYSIS OF SIGNALS, 317

6.3.1 The Convolution Integral, 317

6.3.2 Correlation Functions, 320

6.3.3 Spectral Densities, 325

6.3.4 Calculation of Noise Bandwidth, 327

STATISTICAL ANALYSIS OF TRACKING ERROR DUE TO
WIND TORQUE, 329

6.4.1 General Analysis, 329

6.4.2 Tracking Error of a Satellite Communication Antenna, 336



CONTENTS ix

7 TARGET DETECTION AND TRACKING IN A TRACKING
RADAR 339

7.1 SUMMARY OF CHAPTER, 339
7.2 ERROR IN A RADAR TRACKING SYSTEM DUE TO
RECEIVER NOISE, 340
7.2.1 Transmission Path Loss of Radar Example, 340
7.2.2 Calculating the RMS Range-Tracking Noise Error for a Single
Radar Pulse, 344
7.2.3 Response of Range-Tracking Feedback Loop, 351
7.2.4 Measurement of Angular Tracking Error, 354
7.2.5 Equations for RMS Angle-Tracking Noise Error, 362
7.2.6 Calculation of Angle-Tracking Errors for a Monopulse
Example, 364
7.3 ANALYSIS OF DETECTION PROCESSES IN A TRACKING
RADAR SYSTEM, 369
7.3.1 The Radar Transmission Equation, 369
7.3.2 Optimum Filtering of Radar Signal, 374
7.3.3 Detection of Target, 381
7.3.4 Target Search in Range and Angle, 388
7.4 ANALYSIS OF RANGE TRACKING, 390
7.4.1 Early-Late Gate to Measure Range Error, 391
7.4.2 Range-Tracking Error with Wide IF Bandwidth, 394
7.4.3 Range-Tracking Error with Narrow IF Bandwidth, 396
7.4.4 Calculation of Range-tracking errors, 398
7.5 ANALYSIS OF ANGLE TRACKING, 403
7.5.1 Angle Tracking Coordinates, 403
7.5.2 Measurement of Angular Tracking Error, 404
7.5.3 General Equation for Monopulse Angle-Tracking Noise
Error, 414
7.5.4 Tracking Error Expressions Given by Barton and Ward, 418
7.5.5 Computation of Angular Tracking Errors for Monopulse
Radar, 421
7.5.6 Angle Tracking in Two Axes, 425
7.5.7 Other Sources of Angular Tracking Error, 428
7.6 OTHER TYPES OF RADAR SIGNALS, 429

8 KALMAN OPTIMAL FILTERING APPLIED TO THE ALTAIR
RADAR TRACKING SYSTEM 431

8.1 INTRODUCTION TO OPTIMAL RADAR TRACKING
SYSTEMS, 431
8.1.1 General Discussion of Optimal Radar Tracking, 431
8.1.2 Description of Altair Radar, 433
8.1.3 Model to Illustrate Radar Signal Calculations for an
Altair-Type Radar, 436



X CONTENTS

8.2 BASIC DESCRIPTION OF A KALMAN FILTER REAL-TIME
TRACKING RADAR PROCESSOR, 450
8.2.1 Coordinates and Block Diagram of a Kalman-Filter Tracking
Model, 450
8.2.2  Characteristics of Tracking Filters for Smoothing Radar
Data, 456
8.2.3  Coordinate Conversion Equations for Radar Tracking
Model, 463
8.2.4  Prediction of Target Acceleration in Tracking Model, 471
8.2.5 Sampled-Data Effects, 475
8.2.6  Kalman Theory Aspects of Tracking Configuration, 482
8.3 DESCRIPTION OF KALMAN FILTER EQUATIONS, 482
8.3.1 Continuous Kalman Filter, 482
8.3.2  Sampled-Data (Discrete) Kalman Filter, 489
8.4 CALCULATION OF KALMAN-FILTER SMOOTHING GAINS
IN ALTAIR, 493
8.4.1 Equations for Target Model, 493
8.4.2  Calculation of Elements of Covariance Matrices, 496
8.4.3 Summary of Gain Subroutine Equations, 503
8.4.4 Simplified Form of Gain Subroutine Equations, 505
8.5 DERIVATION OF SIGNAL-FLOW DIAGRAMS FOR ALTAIR
KALMAN TRACKING FILTERS, 508
8.5.1 Basic Angle-tracker and Range-Tracker Filter Equations, 508
8.5.2  Laplace Transformers of Angle-Tracker Filter Equations, 511
8.5.3 Signal-Flow Diagram of Angle-Tracker Filter, 512
8.5.4  Laplace Transforms of Range-Tracker Filter Equations , 515
8.5.5 Signal-Flow Diagram of Range-Tracker Filter, 516
8.5.6  Implications of Signal-Flow Diagram Analysis, 518
8.6 RESPONSES OF OPTIMAL ALGORITHMS FOR SETTING
TRACKING FILTER GAINS, 519
8.6.1 Summary of Equations for Calculating Optimal Kalman Filter
Gains, 519
8.6.2  Simpler Optimal-Gain Algorithm Based on Remainder
Coefficient, 520
8.6.3 Responses of Optimal Algorithms for Setting Tracking Filter
Gains, 532
8.6.4 Remainder Coefficient Analysis for Triple-Integration
Loop, 540
8.7 SUMMARY OF KALMAN FILTERING, 542

APPENDICES

A. Equations Relating True and Pseudo Complex
Frequencies 545



CONTENTS
B. Integration of Runge — Kutta Polynomial
C. Summary of Matrix Formulas
D. Values for Noise-Bandwidth Integrals

E. Acceleration Remainder Coefficient for
Integral-Compensated Loop

F. Computation of Steady-State and Initial-Value Coefficients

REFERENCES
PROBLEMS
AUTHOR INDEX

SUBJECT INDEX

xi

551

553

561

563

567

569

573

583

585



Chapter 1

Introduction

Target tracking in modern radar systems is often very sophisticated, involving
several engineering disciplines. An effective system engineering approach to
this field requires a broad understanding of its many aspects. This should
include Kalman filter theory [8.1, 8.2], which has become an important
element in the design of tracking systems. However, the esoteric manner in
which this theory has been presented has placed it beyond the understanding
of many engineers engaged in target tracking.

One of the best ways to learn engineering is to study its application in a
practical setting. This book presents a design study of a sophisticated radar
tracking system, the Altair radar, which uses Kalman filtering to perform
optimal long-range tracking of ballistic missile warheads. A study of this
system provides an effective means of explaining Kalman filtering, along with
many other engineering issues of a complex radar tracking system.

Although this book deals directly with radar tracking technology, the basic
principles apply to any target-tracking system. Hence, the book should also be
useful to individuals involved in other tracking applications that use optical
signals, sonar signals, radio-frequency (RF) telemetry signals, etc.

1.1 OVERVIEW OF BOOK

The Altair radar, shown in the frontispiece, has a huge steerable parabolic
antenna, 150 ft in diameter, which operates simultaneously at very high
frequency (VHF) and ultrahigh frequency (UHF). This radar is located in the
Kwajalein Atoll of the Marshall Islands, 2100 miles west and south of Hawaii.
It tracks warheads from ballistic missiles launched at Vanderburg Air Force
Base in California and dropped into the lagoon of the atoll.

The study of Altair, which is presented in Chapter 8, gives a practical
explanation of the many engineering aspects of its tracking system. This
includes Kalman filter theory, feedback control, digital sampled-data theory,
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2 INTRODUCTION

and radar signal processing. It shows how these different principles are
integrated into a complex modern radar tracking system.

In order that the reader can comprehend this study of the Altair system,
background material is presented in Chapters 2—7. The book is directed to all
who are interested in target tracking, including the mathematician. The
discussions in Chapters 2-7 start at an elementary level and develop the
concepts in a concrete manner. The reader is assumed to have a basic
knowledge of mathematics (including the Laplace transform), physics, and AC
circuit analysis.

In Chapters 2-7, the reader is led by the hand through the following
material needed to comprehend the complex issues of a sophisticated optimal
radar-tracking system:

a. Chapter 2 summarizes the principles of feedback control, and Chapter 3
extends this with techniques for calculating the error of a tracking radar
due to target motion.

b. Chapter 4 discusses modulation, carrier-frequency filtering, and demodu-
lation of signals.

c. Chapter 5 presents the theory of digital sampled-data systems. This
includes the design of algorithms for digital filtering and digital com-
puter simulation. A simulation method is presented that allows a very
complex dynamic system to be modeled using BASIC computer language
on a personal computer. The state variable, state equation, and transi-
tion matrix are explained in a simple manner.

d. Chapter 6 describes the statistical analysis of system response to random
inputs, and applies this to receiver noise and wind gusts. Basic noise
theory is explained, including noise bandwidth, the Gaussian distribu-
tion, and correlation functions.

e. Chapter 7 analyzes the detection and tracking processes of a tracking
radar system. Radar performance is calculated for acquiring a target
signal, and for tracking the target in range and angle.

For security reasons, certain details of the Altair radar system are replaced
with a comparable radar model. The calculations applied to the model are
equivalent to those that have been used to analyze the performance of the
Altair radar. Hence, the reader is presented with the equivalent of a direct
study of Altair. The Kalman filter tracking equations that are given are the
same as those actually implemented in Altair, but the radar parameters and
some of the tracking coordinate transformation equations are different.

The following is a summary of the discussion of Altair given in Chapter 8:

a. In Section 8.1, a radar model is presented, which differs quantitatively
from Altair, but explains the radar aspects of the Altair tracking system.
Radar parameters are examined along with the equations from which
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they are derived. This model shows how Altair senses radar signal
strength to determine the measurement-noise covariance matrix used in
the Kalman filter equations.

b. Section 8.2 describes the basic structure of the target-tracking equations.
Radar tracking data are converted to rectangular coordinates, and
Kalman filtering is performed in terms of these converted signals.
Computations are included in the filters to account for predicted acceler-
ations of the target, caused by gravity, coriolis effects, and atmospheric
drag.

c. In Sections 8.3 and 8.4, the principle of the Kalman filter is explained in
physical terms. From the Kalman-filter matrix equations, algorithms are
derived that optimally adjust the smoothing parameters of the Altair
Kalman-filtering tracking system. This Altair example yields a simple yet
in-depth understanding of Kalman filter theory.

d. In Section 8.5, the tracking-filter equations of Altair are analyzed and
reduced to signal-flow diagram form by applying the sampled-data and
feedback-control principles developed earlier. This derivation shows that
the Kalman filter configuration is equivalent to a conventional tracking
system that filters the target information in terms of the coordinates of
the target. It is the equations for calculating the optimal smoothing
coeflicients of the tracking filters that are unique to Kalman filter theory.

e. In Section 8.6, Altair Kalman-filter responses are simulated, yielding
plots that show how this optimal tracking system performs while track-
ing a ballistic missile warhead. The plots characterize the acquisition
phase, the steady-state conditions during exoatmospheric flight, and the
strong transient that occurs when the warhead reenters the atmosphere.

Section 1.2 of this Introduction summarizes the background material pre-
sented in Chapters 2-7. Section 1.3 summarizes the discussion of the Altair
system given in Chapter 8.

1.2 BACKGROUND MATERIAL FOR UNDERSTANDING
THE ALTAIR DISCUSSION

1.2.1 Feedback Control Theory

Tracking is a feedback control process, and the Altair tracking system incor-
porates many feedback control loops. Feedback control is employed in the
servos that position the radar antenna, in the range-tracking circuitry that
keeps the range gate centered over the target pulse, and in the tracking-filter
equations implemented in the tracking computer, which smooth the radar data
and determine the trajectory of the target. Thus, feedback is the foundation of
target tracking, and so the book begins in Chapter 2 with a summary of the
principles of feedback control.



