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PREFACE

Calculus Is to calculate (with a restricted class of functions)
and we think this objectlive should be kept In mind. We believe that
the student (whom we often refer to as "S") needs much famlllarity
with speclal functions before general discussion of |imits (and
deeper analysls) has meaning. It seems to us that calculus comes
before analysis and we have tried to write a book that would both de-
velop S's power to calculate and bring him to understand some of the
processes of analysis via examples. By the end of the course Swill
be rather good at |Imits, and the level of sophistication rises as S
progresses through the book. Thus one of the reasons for this manual,
which we hope will not be thought presumptuous, Is to explain to the
Inexperlienced Instructor the polnt of view we had In various places
---and to emphaslze what we régard as the essentlal parts.

Naturally, there Is much we could have sald in the text but
which we left out for fear of obscuring the méln argument. So It
happené that some of this extra material we have put In this manual.
Sometimes what we write In the manual Is only to acquaint the In-
structor with the kind of thoughts that bothered us, or with those
subtletles that we wished to avold. In other places this extra ma-
terial may be found Interesting to use In class.

Thus the comments in this manual are both of a pedagoglical and
a mathematical nature. We apologize to the Instructor If our re-

marks seem at times gratultous or patronizing. It Is not our Intent
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to be so. The manual Is meant to be helpful, not Irritating. A

rather complete solutions manual Is also avallable.



Part |

DIFFERENTIAL CALCULUS

tn this Part, Chapters I, ... , 8, we are concerned with deri-
vatives of functions of one variable. Our principal objectives are
(a) to develop skill in finding derivatives and (b) to acquaint §
with the simplest applications, and so give him a feeling of power.
There is little padding and all chapters should be taken up at
least In part. We regard everything as necessary with the ex-
ception of Section 4, Chapter 3, Sections 7, 8, 9, Chapter 6, and
Section 4, Chapter 8.

There is an abundance of problems and we feel that at least

half of them, in this part, should be done by all students.



Chapter |

THE DERIVATIVE

| The Problem of Tangents.

We do not fuss with a formal definition of lImit nor do we
prove theorems about I|Imlts that seem obvious to students. It Is
our experlence that the simple lImlit+s we need are readlly handled

by Inspection. For example |im (x2 - x) presents no problem.
X + 2

To glve an ¢ - § proof that this IImit Is 2 sirikes most students
as '"busy work." All that Is needed Is some attention to notation.

This Is not the time to refer to Appendix C. Later on, good
students can beneflt from reading it over, but it Is not (in our
opinlon) part of the course. It should not Intrude upon class
time.

Discusslon of the fligures on page 4 can be used to get students
to generate the definition of the tangent line. It may be necessary
to remind students about inclination of lines. There will be a tan-
gent line If the Inclination of the secant Iine has a IImit. Then
vertical tangents are possible, though they have no slope.

Students need to see that Ax can be positive or negatlve.

The examples and problems are standard. |t Is deslirable that S
sketch the graphs of the functions. Then Inspection of the graph and
comparison with the slope m of the tangent Is frultful. It Is es-
sentlal that S compute m from the definition. If S has had some cal-
culus he will want to write the slope without applying the defini-

tion.



2 The Derlvative.

This 1s standard materlal. S is to compute the derlvative di-
rectly from the definition. As In Section | It Is beneficlal fo draw
plctures with Ax < 0 as well as ax > 0.

Some attention should be glven to the word "operator." The
derivative operator Is a function whose domaln is the set of differ-
entlable functlons. |+ maps differentiable functions Into functlions.
The graphical construction of f' from f on page |0 affords the first
chance to observe (without proof)‘fhaf If f'(x) > 0 on an Interval
then f is Increasing In that interval. v

Problems |, ... , 9 are worth doing In class, or having S pre-
sent. Problem 13(d), rather surprisingly, glves students trouble.
Problem 23 deserves attentlion In class, if assigned. For x # 0
t+he derivative Is easlly obtalned treating the cases x > 0 and x < 0

separately. S should try to compute the derivative at x = 0. The

difference quotient Is

£00 + Ax) - £(0)  |ax|
Ax T AN

: 'and 'I'h%lmlf does not exlst.

i o
B

3 The Fundamental Lemma.

Much use 1s made of the Fundamental Lemma (FL). Not only is It
used here and’In Chapter 2, but Its analogue is essentlal for functions
of several variables. See Chapter 4.

In the FL n Is a function of two variables, x and Ax; thls needs
to be mentloned In class but notation showing this has been avoided

as we find It leads to confusion. That Is, to write n(x,Ax) seems




3
to bother S. The students should compute n only In enough cases to
see what It Is (Problems 10, ... , 14). Computation of n can lend
meaning to the calculation of derivatives.

Continulty needs discussion In class. Then the Corollary on
page |4 discussed. Observe that there Is no e - § proof here. ks
would be Inappropriate at this stage. All that Is needed is to ob-
serve that by the FL

FX) - f(x) = flx + Ax) - f(x) = f'(x)Ax + nix
Then one simply remarks that as X +x f(x) » f(x). One must empha-
slze that the converse of the Corollary is false as the two flgures
at the bottom right of page 14 suggest.

The varlous notatlions for the derivative are learned while doing
the problems. Only the definition is to be used. Enough should be

assigned to begin the development of algebralc skills.

4 Rates; Veloclty; Rate of Change.

This Is standard materlal. The maln problems are lingulstic:
(1) Average rate of change needs Illustration, e.g., via automoblles.
(2) S needs to be coerced Into accepting that Instantaneous rate
of change Is a definltion.

Observe that here we use the Theorem on page |8 without proof.
Students accept thls without a quiver.

In Problems Il, ... , 16 S should follow the moving polnt on the
llne; Problem 18 can be used to comment on the various motions pos-

sible that conform to this same set of discrete data.



5 Antliderlivatives.
This brlef sectlion Is adequate for much of the early needs In

physics courses. At this stage S knows that Dt = |, D+2 = 2t,

3 - 3+2 and perhaps a few other cases. There Is no attempt here

Dt
to develop technique. After Chapter 2, when S has some skill In
finding derivatives, he will have no problems Iin finding the anti-
derlvatives he needs for elementary physics.

Do not (we think) use the term "Indefinlte Integral" now.

Two things are Important In this sectlon: (1) The definltlion
of antiderivative. (2) The theorem on page 2I.

In Example |, S Is asked to guess an antiderivative. There is
no rule to follow. Example 2 provides a rule.

Example 4 merits particular attention. If S can see that f!'
can predict f (by following ones nose, so to speak) then S has

grasped an Important method for the solution of differentlal equa-

ttons. Problems |, ... , 6 are simllar and usually easy for S.

Mathematical and Historlcal References.

Students of mathematics should read about mathematics and
mathematiclans as well as textbooks of mathematics. Bell In partic-
ular can stimulate Interest In even weak students. Apostle Is only
for the better student who wants proofs. Boyer Is probably a blt
erudite for most at this stage, but the pages referred to are quite
readable and relevant. Cajorl, Eves, Strulk are but three of many

hlstories avallable.




Chapter 2

THE TECHNIQUE OF DIFFERENTIATION

Three remarks may sufflce to convey our approach.

I. The chapter Is designed to develop technique---and this means
algebralc faclllity as well as faclility In the use of the formulas.
About half of the problems should be done by all students and weaker
students perhaps should do more. Sometimes the real meat of a prob-
lem Is In the algebralc simpllfication after differentlating. An-
swers to most problems are given and part of the game Is to get the
answer [n the form glven.

2. The complete Ilst of differentiatlon formulas Is developed.
We see no point In deferring the derivatives of the transcendental
functions untll later. In fact, we think that harmful.

3. The chaln rule, formula XX, occurs late and Is not really
needed untll much later. All the basic formulas are for derivatives

of composlite functions.

| The Dlfferentiation Formulas.

The entlire llst of differentlation formulas Is collected here
for easy reference. Note that we use the Lelbnlizlan, %;', notation
as It seems, at this stage, to be more transparent. The problems use
all notatlons.

The problems require, almost exclusively, only formu[as Pii e 0 43
IV, and the speclal case of VI. Though the problems are trivial,
effort should be made to get S to write the answer In "simplifled

form" In as few steps as possible.
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Problems 24, ... , 28 form a sequence. In 25, 26 the general
power formula VI can be avolded. Problems 29, ... , 3l require VII
unless negative exponents are used In which case VI [s needed. In
Problem 42 we found that students often didn't know what a polynomial

was and also did not Iike to call constant functlons polynomials.

2 Derlvatives of Products, Powers, and Quotients.

The derlvation of formula V occurs as Problem 60 and we think
should be assigned. S can follow the pattern of the proof of VilI.

The proof of VI Is for the case where n Is a positive Integer.
However, we use VI for n arbltrary. A proof for arbitrary n occurs
In Section 4. It Is a good problem to assign to good students a proof
of VI for n a rational number. This to follow assignment of Problem
62.

In some problems algebralc simpliflication before differentiating
can result In easier work, for example In Problems 6, 7, 8, 12, 19,
37, 56. Problem 10 follows from Problem 9 by replacing a by -a.

Problems 35, 36 are palred. See also 58.

Problems 53, 54, 55 are related.

Problem 57 can be used for oral work In class. S should prac-
t+1ice economlcal exposltion.

In Problem 63 one gets the derlvatives automatically If one uses

lu] = A2. Thus, In (b),
|

|
4 |x2-9| = & [2-9)2F = 5[4 - 921 2 (2)63-9) (2x) = o
xX*=9

2x(x2-9)

e
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3 Derivatives of Logarithmic Functions.

We assume that S [s famillar with exponential and logarithmic
functions. Reference to Appendix A, page 498 may be helpful.

There are serlous difflculties assoclated with a rigorous
treatment of these functions, difficulties which are usually glossed
over In pre-calculus mathematics, and which are not mentioned here
elther. The steps and dlfficulties are as follows.

I. a* for x an Integer Is defined as In elementary algebra and
the laws of exponents then proved by Induction.

2. a% for x rational, x = p/q with p,q Integers and q > 0, Is
deflned by aX = (93)p. The laws of exponents for ratlonal exponents
are then easlly establlished, as is the Increasing character of aX
for a > |.

3. aX for irrational x Is defined as the |Iimit of ar, for r
ratlional, as r » x.

Now there are many non-trivial things to prove: (a) The I Imlt
In (3) exists. (b) The Iaws’of exponents. (c) The continulty of
the exponential functlon. Each of these requires a careful € - §
proof. These difflcultles are to be avolded at this level. More -
relevant for teaching 1s the fact that the student does not see the
problems. He has an Intultion how a" behaves and can sketch Its
graph.

Once the exponential function, exp,» has been defined and Its

propertlies noted, the properties of Its Inverse, Ioga, are easy to



establlsh.

The development In the text presumes the above background, which
Is sketched In Appendix A. |t [s our experlence that students are
already famiitar enough with these functlons and are ready to use
thelr propertles In finding their derivatlves.

There Is another approach to exponential and logarithmic func-
tlons that has been used In some calculus texts. This alternative
approach avoids the difficulties (a), (b), and (c) above by defining
the logarithm function as an integral and then obtaining the proper-
ties of this function from properties of the definite integral.

Then the exponential function is defined as the inverse of the log-
arithm function. |t is our belief that this sophisticated approach

Is too elegant for most students and is hard to motivate, and besldes
some of the proofs are not easy. But more important, it seems to us,
ls'ThaT with this approach one cannot finish the basic differentiation
formulas until after the definite Integral has been studied. It is
enough for S, now, to master the concept of differentiation without
being distracted by the more difficult concept of the definite inte-
gral. In brief outline the steps in this alternative approach are as
follows:

(i) Deflne a function L by

X

dt+
Lx) = | Y for x > 0
|

d
Then E;‘L(x) = i', so L is Increasing and continuous.
(11) Prove the "laws of logarithms" for L.

3
!
|
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(ti1) Prove that the range of L Is the entire real line.

(iv) Define E as the inverse of L, E = L-I.

(v) Deflne e by L(e) = I. Then prove E(n) = e" for n an
Integer, and further that E(r) = e" 1f r Is rational.

There are stil| a few matters to be cleared up but the essentials
are now done.

In the text derivation of VIl which uses the Fundamental Lemma
the chalin rule, XX, has, In effect, been used without specific men-
tlon. We think this helps S to understand the chain rule when I+
occurs. The proof Is otherwise quite standard. Very good students
may beneflt from perusing Section | of Appendix D at this time.

Though the emphasis Is on natural logarithms, S may feel better
if he sees their relation to common logarithms: ‘log N = (log 10)
logloN ~2.303 I°g|0N°

The laws of logarithms are useful In Problems 4, 5, 6, 7, 8, 10,
13, 16, 18, 22, 24, 30, 33, 34, 35. Note the different domains in
9 and 10.

Problem 32 will be Important later for antiderivatives.

4 Exponential Functlons; Logarithmic Differentiation.

Students will need a word of explanation about the notation exp,.
It may suffice to say that we have Invented a special name for the
function gliven by ax, Just as we have a speclial name for the trigono-
metric function sin. The Inverse of exp, then Is denoted by log.,
so 952;1 = loga. The speclial case, eXpg» Is denoted simply by exp

and s called the exponential functlon. |If S Is confused by the
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notation it won't matter zs we use this notatlon very little and in-

troduce it only because S may encounter it later.

I+ is perhaps worth noting that

ﬁ exp, 9 loga = [dentity function on the positive reals

or

Iogax
a =x forxs>0

| Ioga o exp, = identity function on all reals

or

log a¥ = x for -m < X < =

The derivation of formula IX is handled via the chaln rule rather

than formula XX| for inverse functions. The same method is used for

the inverse trigonometric functions and could be used for deriving
XX1.

Example 2 Is to convince S that DeY Is adequate for all cases.
f There are very few problems DaY with a # e and these need not be as-
| signed.

Example 3 establishes, finally, the general power formula, VI,
and should be discussed in class.

The new formula of Example 4 will be used by some S in spite of
urging them to use logarithmic differentiation.
‘ Example 6 is relevant for Problems 41, ... , 46.
The problems need Iittle comment. Problems 29 and 30 should be

assigned together if at all, and then also Problem 47.

5 Derivatives of the Trigonometric Functions.

The graphical "derivation" of D sin = cos helps to convince S




that drawing pictures helps. A

The derivation of D sin = cos is standard. Observe that the
continulty of the sine and the cosine at 0 has been used when we
evaluate the limi+ of (4). These are presumed well-known from
trigonometry and the point is not belabored in the text.

'Formulas XIl, ... , XV should be derived by S.

The problems are mostly traditional. There are numerous op=
portunities to use frigonometric identities to get the answer given
in the text, and the problems are constructed to promcte this facll-
ity as well as skill in differentiating.

In some problems attention should be glven to the domaln of the
function, e.g., In 31 and in 49 as compared with 50.

In Problem 63 It is best if S uses a table with the argument
given In degrees, for that will tend to emphasize the convenience
of radian measure.

Problems 66, 67 can cause confusion. What Is intended, for

example, In 66, was for S to express tan 8 in terms of sin g:

sin ©
tan 6 WoTEE sin o/Vl - slnze = u/vl - u2 where u = sin g. Then

d u

S computes — =e=————7 .
du f o2

ately) some prior calculus do the fol lowing:

We have had students who have had (unfortun-

d tan ¢ = secze dg , d sin g = cos 6 d®

whence

d tan 6 _ 3

Naturally, this Is out of place at this stage, although correct.
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6 The Inverse Trigonometric Functlions.

Inverse functlons were encountered with exp, and log, but now It
seems more natural to emphasize the "inverse function language." S
should see that without restricting the domalns of sine, cosine, tan-
gent, and cotangent their inverse relations arcsin, arccos, arctan,
arccot are not functions (i.e., single valued). At this time it is
helpful to recall the example of the Inverse to

y = f(x) = x2

y

\ f(x)=x*

X
To get a unique Inverse one restricts the domain of f fo the non-

negative reals, x » 0. Then the unique Inverse Is the square root

functlion: x = vy , the principal value for the square root of y.

Note that we have no symbollc name for this function. We do not, as
might be natural, speak of the function "/ ."

The cholices for the principal values of the inverse sine, co-
sine, tangent, and cotangent are natural. It turns out that any

cholce for the Inverse secant or cosecant Is Inconvenient. Conse-




