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INTRODUCTION

In the year 1881 F. Schur (1) published a paper with the title:
“Ueber die durch collineare Grundgebilde erzeugten Curven und
Fliachen”, in which he considered some, linear systems of projec-
tively related pencils, sheaves and spaces of planes in three-dimen-
sional projective space, and the manifolds connected with these
systems. This investigation was more systematically continued by
Th. Reye (1) in an extensive series of publications, ‘“Ueber lineare
Mannigfaltigkeiten projectiver Ebenenbiischel und collinearer Biin-
del oder Rdume”. One of the consequences of this systematical
-research was a large number of problems, not all of which have beere .
solved to-day. Like F. Schur, Th. Reye obtained his results in a
purely synthetic way. Both investigators have confined their re-
searches to the space of dimension three. Concerning similar pro-
blems in spaces of higher dimension, Th. Reye declared:

“Die Geometrie van #» Dimensionen verdient meines Erachtens
diesen Namen nicht, sobald sie sich auf einen sogenannten Raum von
mehr als drei Dimensionen bezieht; sie entbehrt aller Vorziige der
Anschaulichkeit und sinnlichen Darstellung, welche die eigentliche
Geometrie auszeichnen.”

However, in recognizing this view, Th. Reye has not been able to
clarify completely the field defined by himself.

At the same time that F. Schur wrote the above-named paper,
G Veronese (1) published an important memoir about the more-
dimensional projective geometry, entitled: “Behandlung der projecti-
vischen Verhiltnisse der Rdume von verschiedener Dimensionen
durch das Princip des Projicirens und Schneidens”.

In Chapter V of this memoir, “Erzeugnisse durch collmea.re
Grundgebilde”’, G. Veronese formulates the general problem concern-
ing a linear system of projectively related stars of primes in a space
of arbitrary dimension.

The great importance of these investigations in connection with
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the problems in the space of three dimensions, may be seen from
the account preceding G. Veronese’s memoir, in which he writes:
“Um eine Configuration von n+ 1 Punkten, oder eine Curve, oder
eine 2-dimensionale Fliche, die gewisse Singularititen besitzt, im
gewdhnlichen Raume Rj zu studieren, ist es in vielen Fillen niitz-
lich, zuvorderst eine Configuration oder ein Gebilde 1** oder 2
Dimension in dem #-dimensionalen Raume R, zu suchen, aus wel-
chem mittelst geeigneten Projicirens oder Schneidens das gegebene
Gebilde in eindeutiger Weise entsteht. Und zugleich kann man nicht
nur jene Configuration, Curve oder Fliche, sondern auch eine Classe
dieser Gebilde studiren, welche simmtlich mittelst des Projicirens
oder Schneidens aus jenem Gebilde im Raume R, hervorgehen.
Dieses Gebilde in R, ist immer einfacher als das gegebene in Rj und
lasst sich daher besser behandeln”.

The present investigation concerning the geometry of aggregates
has been brought about thanks to the suggestions made by my
tutor J. C. H. Gerretsen. He drew my attention to his general
“theory about linear sets of aggregates im a space .of arbitrary
dimension (J. C. H. Gerretsen (1)), containing the investigation '
begun by F. Schur and Th. Reye, and using the mathematical
apparatus constructed by C. Segre in his paper “Sulle varieta che
rappresentano le coppie di due piani o spazi” (C. Segre (1)). The
notation and terminology which are used in this dissertation were
also proposed by J. C. H. Gerretsen. _

T. G. Room’s (1) book, “The Geometry of Determinantal Loci”
has also been very useful to this present investigation. Chapters ITI
and IV of this book in particular have influenced the direction of
this investigation. However, instead of the purely analytic method
of T. Room, I have chosen a simpler miscellaneous synthetic-analytic
method such as that used by G. Veronese and C. Segre in their °
previously mentioned papers. In this respect my exposition differs
from that of Gerretsen, who has based the theory on the properties
of correlations.

* A summary of this dissertation now follows.

Some fundamental ideas in more-dimensional projective geome--
" try are formulated in a preliminary chapter.

After a discussion.about the Segre manifold, which is the represen-
tation of the two-fold projective space, a generalisétion' of this is
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given in Chapter I. This generalisation which is the so-called cova-
riantly generated point-manifold [m; n]s 4n a space Sg, where

= (m + 1) (n + 1)— 1, is defined both analytically and synthe-
tically. If a general point (2) of Sg has the homogeneous coordinate-
vector

(200 - - +» Zoms 2105+« +» 21005 - Zmo, .y Zmn),

then [m; nln con51sts of such pomts whlch satlsfy the condition that
the (m + 1) X (» + 1)-matrix [zy] is of rank < & + 1.

This manifold can be generated synthetically by means of # + 1
projectively related subspaces Sy of Sg, which are in mutually
independent p051t10n B

If we take the joins of corresponding subspaces Sy, of the Sy, then
we get a so-called covariant series [m|n], of linear spaces. The set
of points generated in this way, will be a manifold [m; n]s. As
[m; n]p coincides with [n;m]s a second covariant series [#|m], can
be distinguished on this manifold.

If we denote a general prime ({) of Sg by the coordinate-vector,

(Coo’»_“' CO"; 4-10’.__, cln’_“,'cmo,.“' Cmn), ‘ ‘
then the primes which satisfy the condition that the (m + 1) X
(n X 1)-matrix is of rank % 4 1, will form the so-called contra-
variantly generated prime-manifold ]m; n[a.

This manifold is covered by the two contravariant series Im|n[n
and ]n|m[n, consisting of stars of primes X +1) n+1)- and
Zim +1) (n +1)— Tespectively. We denote the manifold of points
which is formed by the vertices of the stars Zin + 1) (1 +1)—1 of the
series Jm/|n[p, by Jm|n[s, which we shall call a contravariantly gener-
ated manifold. It is proved that the contravariantly generated
manifold Jm|n[; can at the same time be written as a covariantly
" generated manifold [#; #]m—p—1-

Because a covariant correlation :

P& =0 wmw=0,...,mv=0,...,7n)2 :
between two spaces Sy and S, where-(£) and (%) represent primes
in S, and S, respectively, is fixed by the (m + 1) X (n 4 1)-matrix
[py], such a correlation can be repr&senté‘d by a point of Sg.

The nature of the correlation, whlch is determined by the rank

1 For the definition of the conception, “in mutua.lly independent position”
see the Preparation.

2 In this notation we use the summation | convention, which says that when-
ever an index appears twice in an expression, once as a subscript and once
as a superscript, it is to be summed over the entire range of that index.
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of the matrix [py] appears again in the position of the image-point
inS rin relation to the thanifolds [m; n]s, where 2 =0,. .., min(m; n).
Likewise a contravariant correlation
- 7x,y,=0
between S, and S, where (¥) and (y) are points of Sy and S,
respectively, is determined completely by the position of its image-
prime in Sg in relation to the manifolds Jm; n[, where & = 0,...,
min (m; n).
If both matrices [py] and [#¥] satisfy the identity -
P a*” =0,
then the corresponding covariant and contravariant correlation are
-called apolar, which means.that their image-point and image-prime
in Sy are incident. )

In chapter IT an investigation is atterﬁpted of manifolds which
appear as an intersection of the manifolds introduced in Chapter I,
by a linear space.

If Jm|n[y is-intersected by a space Sy, we denote this intersection

by
) " Imin[p N Sy 1

Particular attention is drawn to the so-called pairing-theorems.
' Namely a subspace S, of Sg can be situated in relation to the prime-

manifold ]m; #[p in such a way that S, belongs to one or more

primes of Jm; n[.

A prime of ]m; n[s belongs both to a star of the series Jm|n[p and
to a star of the series 1n|m[y.

Then the vertices of these stars have a special situation in rela-
tion to the space S,, resulting in singularities on the manifolds
Jm|n[n O Syand Jnjm[, N S, which are connected with Jm; n[5NSy.
Then a linear star of primes m[in S, is defined by means of a
contravariant correlation

B 5,7 = 0
between a parametric space Sy and a fundamental space S;.-The
star of primes gets a parametric representation and thus it repre-
sents a special entity in S,. Such a configuration is called a contra-
variant aggregate. )

If the matrix [p*®] is of rank m + 1, then the contravariant
aggregate Jm[ will have both the virtual and effective extension m.2 *
1 In Room (1) this manifold is denoted by (im + 1, # + 1| s, [7]).
2 To the definition ot_' these conceptions see the Preparation.
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If, however, that rank is m.— 4 41, then Im[ will have an effective
extension m — i and the aggregate is said to be i-ply degenerated.
Likewise we can also define covariant aggregates [m] in Si.
The trilinear relation

w"""x,‘y,ze=0 (,u=0,...,m;v=0,...,n;g=0,...,r)
defines a linear system of oco” contravariant aggregates Im[ in S,.
These form a series Jn|m[, N Sy

Since, by means of the connected matrices, this system of aggre-
gates can be represented by a star Zp of primes in a space Sy,
where N = (m + 1) (r + 1) — 1, an investigation of the degenerate
_aggregates in this system ]n|m[, N S, will be an investigation of
the position of Zj in Sy in relation to the manifolds ]; 7[5, where
h=0,..., min (m;?7).

In the same way we can represent a linear system of co™ covar-
iant m-dimensional aggregates in S, by a linear space Sn in Sy.
Then the nature of this system is determined by the situation of
S, in relation to the manifolds [m; 7]n in Sy, where A =0,...,
min (m; 7). '

In Chapter I1I the trilinear relation

"™ x,y,2, =0
-is considered in detail.

"It can be interpreted both as an Jn|m[, N Sy and as an In|7lo NSm.
From this the existence of a birational relation follows, between
the manifolds Jm[n[, N Sy and Jr{af, N Sm. '

Both systems of contravariant aggregates can be represented by
a star 2 in the matrix-space Sy, where N = (m + 1) (r + 1) — 1.
This image-star has as a vertex an Sn—n—1, which with the manifold
[m; 7], gives an intersection [m; 7], NSy_n—. This intersection ap-
pears to be birationally related to both the manifolds Jmin[o NSy
and J7[n[, NSn.

Since Sy-m— in Sy also represents a linear system of coN—n—1
m-dimensional covariant aggregatesin Sy, [m;7], NS, N—n—1 Tepresents
such samples of this system which are of maximum degeneration.
By dualizing we also get the degenerated samples in a system
IN-n-1{m[, NS+ : .

The systems Jnu|m[, NSrand JN-n-1|m[, NSy, which are connect-
ed with each other in the above-mentioned way are called ‘‘com-
plementary”’. ’

In his series of papers, Th. Reye has instituted the first investi-
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gation' into linear systems of one-, two- and three-dimensional
systems of contravariant aggregates in S;. '

In his book “Punktreihengeometrie’” E. Weiss (1) has considered .
the linear-system of one-dimensional contravariant aggregates in -
S, in detail, which he calls “Ebenenreihen”. By means of the theory
of invariants, composed by E. Study, E, Weiss has penetrated
deeply into this domain. However, this apparatus seems to fail for
systems of aggregates of higher dimension.

The following investigation begins with a test by the general
theory developed in the first three chapters, of the results which
Th. Reye obtained from systems of two-dimensional contravariant
aggregates in Sj.

Chapter IV -and V consider consecutively the systems ]1|2[, NSy
and ]2|2[, NS;.

In Chapter VI a short summary is given of the results obtained
from the systems ]3|2[, NS; and ]4|2[, NS;.



PREPARATION

As an introduction into the geometry of aggregates, a brief survey
of some fundamental ideas in projective geometry will follow here.
For the proofs, which are extremely limited here, we refer to the
literature in this field.

§ 1. The projective 7-dimensional space S,.

Starting with 7 + 1 points 4°,. .., A” given in a projective space,
an arbitrary element of the subspace, spanned by these 7 + 1 points,
can be represented by

%A% 4 ... + x,A" = x,4* (1.1)2
The numbers %,,. .., %, are taken from the field of complex num-
bers and do not vanish simultaneously. If all the numbers x, are
equal to zero, then the space represented by (1.1) is called empty.
We denote the space spanned in this way by [7], calling 7 the vir-
tual dimension of this space. Then the empty space will be of
dimension —1. \

If the 4 1 points 4°,. .., A" are linearly independent, then the
effective dimension of the space is 7.

However, if ¢ points depend on the 7 4+ 1 — ¢ remaining points
which are linearly independent, the effective dimension of the space
is » — 7 and we call 7 the order of degeneration of [7]. If [] is not
degenerated, then it will also be denoted by S.

Of the point x,4%, where A°,..., A" span the space S, we call
Xo,- - ., %y coordinates of the point. These numbers do not vanish
simultaneously and are determinate up to a multiplicative non-zero
factor, provided a point has been assigned which has the coordinates
(1,...,1). Now the points A*are called the angular points of the
simplex of reference of the space which together with a unit point U
is the foundation of the coordinate system. The coordinates of these
points are:

1 Here the summation convention is used, as defined in the Introduction.
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A"=(0,0,0,..., 1)
U=(11,...,1)

The representation, as stated above, is not “unique, as we are free

to select the simplex of reference. The coordinate-vectors (x,. . ., %)
and (vo,. .., yr) of the:same point are always related by a linear
transformation, '

y;‘ =dax, (% v=020,...,7)
with determinant |a},| #£0.

§ 2. The dual space.

We consider in the space S, those points of which the coordinates
%o, - -, %n satisfy a linear relation
‘ Ex.=0, (#=70,...,m) (2.1)
The numbers & are not all zero. ’

Such a set of points is called a prime of S,. Supposing &0
applies to the prime (2.1), then for every point ‘of this. prime we can
write x; as a linear combination of

: xo:_‘ S:iay xi—-'lr Xitlre = +» Xp-
We get all the points of this prime by the variables Koy - -» Xi-1,
Xi+1,. - -, %p TUNNing over the whole field of the complex numbers,

in such a way that they do not vanish simultaneously; so x; is
determinate at every choice. So the prime, considered as a space of
points, is an #—1 -dimensional subspace of Sj.

A prime of S, is determined by the homogeneous coordinate- °
vector

‘ ) (£°,: .., &m).

If we consider the primes as primitive elements, the set of all
primes of S; can be interpreted as a projective space. This space is
called the dual one of S;. Hence the primes of S, are the points of
this dual space.

If we now select primes
" Agyes e, Ay
from S,, we can represent an arbitrary element of the subspace,
spanned by these 7 + 1 elements, by

Ay + ... + A, = B4, (2.2)
. 8



The remarks of § 1 about subspaces are also valid in the dual space,
with the difference that subscripts are transformed into superscripts
and conversely. For the sake of clearness the terminology is changed:
A subspace will be a star; instead of dimension we speak about
extension. : .

If the base A4,,..., A, of this star is linearly independent, then
the star has an effective extension 7 anid we denote J7[ by Z also.
Then £°,.. ., &7 represent the homogeneous coordinates again. It is
possible to select the fundamental system of the dual space arbi-
trarily. However, the relation of incidence

&%, =0 (6=0,...,7) (2.3)

which gives a relation between a point of S, and a point of 2,
which is the dual of S,, is invariant only if the fundamental ele-
ments of X, are the subspaces of the simplex of reference’ in Sy,
opposite to the angular points, and the unit element 2 of X is
the harmonic prime of the unit point U of Sy in relation ta the
fundamental simplex.

The base elements of X, are:

the unit element of Z,is Q' = (1,1, 1,...,1).

Just as in § 1 the representation (2.2) is not unique, but depends
on the selection of the base. )

However, it is determined within a linear transformation of which
the matrix is of maximal rank.

§ 3. Subspaces of S;; substars of X,.

Considering % + 1 linearly independent points of Sy, (0 <k <7),
all the points which we can represent by a linear combination of
these £ + 1 points, span a space Sk which we call a subspace of Sy.

Since the poinfs of the Si are determinate by % + 1 homogeneous
coordinates, Si can also be obtained by considering such points of
Sy, which satisfy » — % linear conditions

£x,=0, 9=0,...,nA=1,...,7—k) (3.1)

with a matrix [#&] of maximal rank 7 — &, which means that the
conditions are linearly independent.

9



Every individual condition determines a prirue of S,. Thus the
conditions together yield a Zy_g—.

The points of Sg belong to all the elements of 2, —k-1, SO that
the star 2, _x_; has a kernel space S;.

Considering two subspaces Sp and' Sk of S,, the set of all the
pointé belonging both to S; as well as to S, is called the intersection
of Sy and Sg; the join of these two spaces is the linear subspace of
Sy of minimal dimension containing both S as well as Si. Concern-
ing the intersection and join, the following rules are valid.?

1° The intersection of two linear subspaces Sj, and Sy of S, is either
empty or again a subspace of S;.

2° If the intersection of Sp and Si is empty, then their join is an
Sh+x+1. If Sp and Si intersect each other in an S, then their join
is an Spik—p-

If the intersection of Sp and Si is empty, we say Sj and Sy are
in mutually independent pdsition.

Sn and Sk are in general position to each other if they are either
in mutually independent position or have as a join the entire
space Sy.

If Sp and Si in S, are in general position and 4 + & >'7, then
the intersection of S; and S is a space Spix—r.

The conceptions of intersection and joir may be defined in the
'same way in the case of more than two linear subspaces of S,.

The subspaces Spy,. . ., Si, of S; are said to be in a mutually inde-
pendent position, if every one of these subspaces is in a mutually
independent position with the join of all the other subspaces.

An element Sp; from the set of subspaces Spy,..., Sp, of S;-is
said to be in general position with regard to the other elements
of the set, if Si; is in general position with regard to the join of
every arbitrarily chosen subset of spaces, taken from the set
Shys+++» Shi1s Shig15-++» Spn. The subspaces Sp,,. .., Sp, of Sy are
in mutually general position, if every one of this set is in general
position with regard to the other elements of the set.

Dualizing we get:

1°k+1 hnearly independent elements of a star X, span a X,
so that this star has a kernel space S,_x—;.

1 For proofs see Bertini‘ (1) Chap. I.
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2° The intersection of two linear substars X and X} of X is either
empty or a linear substar of X'.

3° If the intersection of 2j and 2 is empty, their join is a Zpygt;
if their intersection is a X, then they have a join Zpix—p.

We can define the conception ‘“mutually independent position”
and “mutually general position” of substars of X, in the same way
as we have done for subspaces of Sj. '

§ 4. Algebraic manifolds.

We will use here the conception ‘‘algebraic manifold” in an in-
tuitive way such as occurs for instance in the text-book of J. G.
Semple and L. Roth. (1)

For an exact treatment refer to W. Hodge and D. Pedoe (1),
Chap. X.

 4.x. Primals. We shall give the definition of a primal as a genera-
lisation of that of a prime in a projective space S,. The locus of
points in S, whose coordinates satisfy the relation

F (%, .., %) =0 (4.1.1)

whereby F is a homogeneous polynomial with- coefficients in the
field of the complex numbers, is called a primal. Because thése
points satisfy one relation the manifold is said to have the dimension
7 — 1. If F is of degree n we agree that the primal is of order # and
.is denoted by the symbol V}_,. If V}_, is intersected by a general
line, determined by the two points P = (p,,..., pr) and Q =
(90, - -» gr), the system of equations

F (Zgse: o5 %e) =0
%=+ pq, (x=0,...,7) (4.1.2)

have 7 solutions in the ratio 4 : y, so that a line meets V7, in »n
points which do not necessarily differ.

So we can also define the order of a primal as the number of
points of intersection of the primal and a general line, whereby
* every point of intersection is provided with a suitable multiplicity.
If a point of the manifold V}_, is such that a general line through
that point meets V}_, in » — & further points, then that point is
said to be a'multiple point with multiplicity &.

In the event that the polynomial F (x,,..., %,) is reducible
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the primal is also reducible and consists of the primals which
are obtained by separately making every irreducible factor of F
equal to zero.

If F is irreducible, the primal is also called irreducible.
Considering 7 general primals V)2, in S, (A=1,...,7), the points
belonging to all these primals satisfy the simultaneous equations

F, (%g,---»%:) =0 (A=1,...,7) (4.1.3)
which represent the primals respectively.

According to the theorem of Bezout ! these 7 equations have in

general a’finite number of solutions an, so that the » primals

have IIn,1 common points.
A=

The dual results of those stated above, are obvious.

4.2. Manifolds of dimension less than r —1. We call the set of
points in an S, an algebraic manifold if the coordinates of those-
points satisfy a number of equations

F, (%5;:5.55 %) =0 4.2.1)
whereby F; are homogeneous polynomials with coefficients in the
field of the complex numbers.

We can interpret this manifold to be the intersection of primals
in S,, generated by every one of the individual equations F, = 0.
We can define the dimension of an algebraic manifold in such a
way that if the manifold has only a finite number of points in
common with a general Sg, then the manifold is of dimension
d=7—k
If the manifold V, defined as stated above, can be considered point-
set theoretic as the sum of two algebraic manifolds W and U, both
different from V, then V is called reducible. In the opposite case
V is said to be irreducible. If V is reducible, then the mamfold
consists of a number of irreducible components.

Among these irreducible components manifolds cf dimension less
than » — k may appear, but at least one of the components is of
dimension 7 — k.

A frequently used criterion of the irreducibility of a manifold |4
over a ground field K is that V contains a generic point.? Such a
generic point is defined as follows:

1 See Semple and Roth (1): Introduction.
2 See Hodge and Pedoe (1): Chap. X.
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