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F1E [ XE\HL

Y REREFSYE D - NEFREEOES, ERZRMTHNERENELZ
— ZERONTRIAREE AR, ERFEFFEENAST, EUFREHIN SR — MR K
SEi], AR BB R 4 45, R AR AR B S P B R R B R
i, BRI ERA R A NERZ TG, BB RE, |~ X
BB IR A Fourier R HBEE IR SLHBIRIEAL, JFAESAYIEL T R KIZE AR HOK
fErh R AEE AR

1.1 FE & Z

RERHFAN—DEAIES, ENERESRBEALE, RETUILE
B e RO (RS I — R i AEFRZ 6], BT Bl XEEHE 2 HEAZ
6, 24T REWF FUIR AR 0GR 73, T BAERFHER & b SURIMO S, Horh Bk
AR R, XL PTIR AR ).

JE 8% (6] MUK EE B 25 (6], B RAER RS L X —Fn G, g SUX T4
HI H KRG T Rext S ERIBUEHE D TIZ S, e st . oy 54

1.1.1 EEFEMEX

EX L1L1(EEZE) & X B— M EZES R X AEEZ R, BT X
LT —ANZuhIEE RS p(x,y), W2 THI =A%

(i) p(z,y) > 0,Vz,y € X, H p(z,y) =0 HHNH z =y,

(ii) p(z,y) = p(y, z), Y2,y € X,

(iii) p(z, 2) < p(z,y) + p(y, 2), Vz,y,2 € X,
XE p B X ER—AEERE (BEE), 8 (X,)).

E: (1) A IER A

(ii) FRAXSRRIE A

(i) A=MXR, ERREKZRM=MAXRK—FHET, BIHLZZMATE
=ik

Bl 111 BRIK=EE R

Vz,y € R*, SEX p(z,y) = (@1 —41)2 + - + (2 — ya)?) /%, W (R, p) HEE
25



5 WI1E T XRHR

AW p(o,y) WRRERAERE A (), i), (i),
5t (1), pla,y) = (@1 —91)2+ - + (xn n) )2 >0,

xF (ih), p(z,y) = ((z1 — 1) + - pale)
= ((y1 — z1)* +- (yn ~ :vn) 2% = p(y,z);
T (i) At Bk 2 ] Bﬁ%zké’e?\it

Bl 1.1.2 32 Cla,b] HXIA [a,b] EHIESERIEE St 2,y € Cla,b] BX
ple,y)= max |e(t) —y(0)], W (Cla,b,], p) ABLRZEM.

iE BEEREE P K&

(@) plz,y) = max |z(t) —y(t)| > |=(t) — ()] > 0,

(ii) p(z,y) = i lz(t) —y(t)| = pio ly(t) — z(t)| = p(y, z),

(iii) p(z,2) = bl lz(t) — 2(t)| = o lz(t) — y(t) +y(t) — 2(2)]
< max |a(t) —y(t)| + max ly(@) — 2(2)|
= p(z,y) + p(y, 2).

H. (Cla,b,], p) HERZENE.

B 1.1.3 P A R B L2]a, b)].

b
EX L%[a,b] = {f : J |f(z)|? dz < oo}, ER [a,b] LR AATR RS A, i

" 1/2
1£ll 2 = ( j |f|2dw) .
1/2

b
Va,y € L?[a,b], B X p(z,y) = (J |z(t) — y(t)Ith) s W (L2[a,b,], p) RFER
2% ],
i 1/2
iE (i) p(z,y) = U Iw(t)—y(t)lzdt) >0,

1/2 1/2

b b
(ii) p(z,y) = (J |=(t) —y(t)Ith) = (J ly(t) ~w(t)l2dt> = p(y, z),
(iii) M ARG ERH Holder A%ER

5 Y2 4, 1/2
<(j |f|2dx> (j lngx) . Vf,ge L?a,b],

[

A TIIRARR:

5 i 1/2
J [FI1f +gldz < || fll 2 (J |f+gl2dl‘) ;



1.1 & & =0 "3

b b 1/2
2
J lg| |f + gldz < ||g|l 2 (J |f + gl dx) ,

BAEINENAE If + glla < I1£1 e + lglla- FTEL
b 1y
ple,2) = (j a(t) z(t)ﬁ’dt)
1/2
( |x(t)—y y(t) - z(t)fdt)

[[(z(t) — y(t) + (y(t) — 2(t))|| 2
|(z(t) — y(E)llzz + ||(w(t) — 2(£))]| L2
p(z,y) + p(y, 2).

B35 2 BE B 4 (B R 4. TEBE.

RN EESITEEN, S XTI 5 IRRER ) B, 238 1 58 & P~ AR
FRIZSERETS B R 5.

EX 1.1.2 FERFNE (X,p) ERRF {z,} FRABSE] 20, BFEZ n - oo
B, B p(xn,x0) — 0, MIEH 2, — 0.

EX 1.1.3 FERZME (X,p) ERARF] {z.} WAEET], BIEY n,m — oo
B p(@n, zm) — 0. Bl Ve, AN(e), B2 m,n > N(e) i, WHE p(zn, zm) <e.

8] P RN EEAR SRS, TR A FR %A () R 5E & 1.

H Cauchy WSAJREE, BRIKZE[E] (R™, p) RFEAH.

Bl 1.1.4  EEZE (Cla,b], p) RTTEM.

W {z,} REAF] Bl Ve, IN(e), 24 m,n = N(e) B max [z (8) — 20 (8)] <,
H Vt, Ym,n = N(g), |zm(t) — za(t)| < €.

FTLA Vt, {z,(t)} BEAF], B Cauchy WHURHEE, (Cla,b], p) R5EEHI.

1/2
2218 Cla,b] # p(z,y) = (Jb |lz(t) — y(t)|2dt> 5E X HIBE B AN R T8 & 1.

Al

I

1.1.2 [E4RerstRIE

P48 Wit SR BRAE VR 25 1) B AR IR AP AEME— MR S AR B R, 4551
AWM 515 TR IR .
FE 111 K’ (X,p) RESKNERZHE. T £ X —» X KBRS, 38 v,y €
X, FRBL
p(Tz,Ty) < 6p(z,y), (L.1.1)



el B1E O NERHR

Hpo<o<1, A THE X PHAEE—AE, BIFE 2, L
T # = &.

ME AT RAR AR e .
Vm‘g S X, é
x1 = Tz,

Iy = T.’L‘l,

Enzp1 = L.

THUES {z,} & X FHIHEEZ].
&M (1.1.1),

P(Tns Tn+1) < 0p(Tn—1,%n) < - - < 0" p(z0, Txo),

p(.’En, .’Bn_|_p) < (6” + 0n+1 - eute = 0n+p—-1) p(.’Eo,T.’L‘o)
(1 67)
- 1-46

17
2 n — 00, p(Tn, Tnip) — 0, TH {z,} HEZLF.

X X W&t 3z, 7z = 7.

FHEMIAS) RIME—dE. WR5H g, 8 79 =g, W

p(xo, Txo)

<

p(:vg, T.’Eo)

p(Z,9) = p(T%,TH) < 0p(,7),

BT 0<0<1,# p(z,9) =0, Bl z=4. iFEE.
Bl 1.1.5  Th T RRMRI A ME— .
EE TR 5 W &AMt

dy
'(E :f(l',y), ylzg = Yo,

Hrp oy = y(z), fz,y) W2 Lipschitz 2644
\F(z,y) — f2, ) <kly—y|, HFk>0 KEHK
WZ 5 FE A A — R

(1.1.2)



1.1 F & 2 5

i #Hsz bk BLS, k6 < 1, BX Clzo — 6,20 + 0] LRIBET:
Ty(z) Zyo+r 6 y(©)dt, @ € [o— 6,00 +3],

FH &R 2

ATy, Typ)= miax J (6, 30(9) — F(t,ya(e))]dt

|z—z0|<é

< max JI klyi(t) — y2(t)| dt

|z—z0|<8
<kdSp(y1,y2).

e TR JEEE T, T T (o), AR Ty — g,
i — j £t w(6))dt,

B (1.1.2) FALEME—FRIfR.
Bl 1.1.6 oMK,
BHRG

b
z(t) = f(t) + /\J k(t, s)z(s)ds, (1.1.3)

Hep f A= I rI AR, B f(t) € L?[a,b], A\ ABHL, k(t, s) BEXAE [a,b] x
[a,b] _EHIFATRA R, 2
r r |k(t, s)|* dids < co.

A, 2 X RS /INEE, FiFE (1.1273) FFIEME—f# 2 € L?[a,b].
iE A Ta)=f ()+/\J k(t,s)z(s)ds, R Holder NEZK, N

, 9 1/2
p(Tz, Ty) = |\ (J dt)

< (J: J:'k t,s)| dtds) - (ij(s) ~y(s)l2ds) -
= (rr|kt5| dsdt) 2p(fE Y)

=0p(z,y).
BN RSN, AIE 0 <0< 1, 8T RGBS, /54F.

r k(t,s)[z(s) —y(s)]|ds




s B1E T XERHGE

SIER 1.1

LB (X, p) REBIZN, 4 5lz,y) = - i(zig)y), W p R (X, p) FH—ANEE.

2. % C*[a, b] TR [a,b] LEHR k PEs B SR BARIES. X 2,y € C*[a, b,

- 4

29 (8) — 2,

k
plz,y) = Z Jmax,
i=0 =

Hd 2@,y HHIRE i rE%, ME 20 =z, y° =y, T C*[a, b] REERN.

3. & F & n ERRRTEPAERAE, T & F 2 E S MBS, HESWT &M SHEM
z,y € F, A

p(Tz,Ty) < p(z,y).

KiE: BSTE F P HEE—KAZA.

4. W K(t,s) REXE=ZAEXE a <t <b a<s<t ERELERE, W Volterra R
Vil i .

a(E) = AJ K(t,8)2(s)ds + f(2),

XHEF] f € Cla,b] RIEFIHEE X, FFEME—R 20 € Cla, b].

1.2 Hilbert Z¥q]

FERZ R A BB B, 0 TS M B R IOME R, 72 sE SUR 45,
LetE ) RN B RIX A, AT AR, AT BUsE UM B, IXRER AT LUsE X
EXHREE, EXMEREREERYE LRI Z .

1.2.1 R\

R ER 2% 1) H B A [1) B8 ) S8 A Al et P BRI, E TG R 4 4% i) b e BT DA S | AAH
IVAEN) s

EX 1.2.1(HRZEE) # X BEUR K _EREMESRE, # Vo,y € X, AN K
PR—AN, B (2,y), HHL

() (az,y) = a(z,y), a € K,

(ii) (z +y,2) = (2,2) + (v, 2),

(iii) (z,y) = (y, @),

(iv) (z,z) 20, B (z,2) =0 z =0,
A X FANREN, (,) FRAAK.

E: AR (1) FROARTE 1 RTTIFTIRME, (i) RN, (i) BRVIEHIME, (iv)
AN

B (1), (i) ATAAFR T 3 3tk it



1.2 Hilbert %¥[A] h&

fl 1.2.1 R C RARERE, HASHIE XA
(m’y)zzxiyiv vaIERny

=1
(I»y):ZHSi'y}, H:,yEC'".

=1

2 5k B IXAE i AR AL ()~ (iv).
B 1.2.2 ¥ 0K R PHRXER, L2(2) BRI 2 FHF TR RS,
HAuMeE X h

(u,v) :J u(z)v(z)dz, Vu,ve L3(2).
Q

W L2(0) RAZ .
iE (1)) BRI EETTA, (i) (iv) 2 BARE.

f5l 1.2.3 12 BRARER, H 2 = {x = (9317932,"'),2 |27n|2 & oo}, HAK
HREXA N e
(@,y) =Y =:fi, Va,yel’

i=1
BB BUER 75 iR iR B ]
FIHABAT LLEFEE, ERIEARE Schwartz A, Schwartz NERLEHT
Beeh R —ANEWEARR TR, fEHSR 0 WA 6 F RRERL.
W X RAREE, ve,y € X, #H

(2, 9)I* < (2,2) - (3,9), (1.2.1)

BANFEAFA Schwartz REER,
HEEVAEK, Wy#0,F (z+My,z+y) >0, B

(z,2) + Xz, y) + My, =) + A (y,9) > 0.

%A:—E‘;’z;,mﬂ?ﬁ

Cl@P | (@w)P
e Ry e

(y,y) =0,

W (z,2)(y,y) > |(z,y)|°. IEEE.
EX ||z]| = /(2 2), FIFA Schwartz RER (1.2.1) AT 41

2
lz+yl" =[x+ y,z +y)|



5. B XEK

<|(z+y,z)|+ [(z+v,v)
<llz+yll -zl +llz+yll -yl

FrEl ||z + yll < [zl + llyll-

PRI, 72 ABRAE R H AT 5 SGIEHG || ol| = /(s 2), ANTTTAT DASE CBERS, BROMIRTE
A aael 18
1.2.2 Hilbert 258

SE& AR FR A Hilbert 2% [A].

B 1.2.4 H=ZME Cn, o WEXHH

(:va) - Zwkgk; EEP T = (wlv"' 75371)79 = (?/1»"' 1yn) S Cn-
k=1

FTABGHIE, ‘B A NRRRE X, I BRI B EE&M, TSR — Hilbert
2% ).

Hilbert 22 [A] AT LARE SCIEAT MR, &2 —FhRFRR M0 1, IR EEEEEN
gif, EONRTRE T RGBS IRAE T SIS MHESE, X B H e — B A (K %

(1) Hilbert =% [d] B IEAT 4

Bt X A Hilbert Z5[8], Va,y € X, % (z,y) = 0, WFK z,y FAL.

HX PHTE 21, 2, HEER, @ z=01+22+ - + 20, 1

l21* = lzal® + llz2)® + - - - + [l

EH 1.2.1 B M R Hilbert 25/ X K T2, M3t X FHEE—TE 2,
B RIIME— I IEAS SR

zr=y+z, YeEM,ze M-

Horf M = {al(z,y) = 0,y € M}, Bl M BBEEAE. y 3 o 76 M PRIER
8.

W SEIEAAEE

By R o fE M PIRAEEE, B

Iz 3l = inf flz — =]
i a=|z—y|, W vA PR neM,Hy+IneM,

o <z —(y+An)|?= (@ —y—An,z —y — An)
=llz = yl* = Mz — y,n) — A(n,z — y) + |A]® |,



1.2 Hilbert %%[A] -9 -

A= E=%" g

2
gl .

RPN G0
ol

ek, (z—y,n) =0, (x—y)LM, & z=2—y, MEF
z=y+z2 HPyeM,ze M-

FAAEMEARIIE.
FIEME—E.
BAFMR 2=y +2,y e M,z € M+, T

y+z=9y'+2, y-y'=2-2,
y—y eM, z—2eM
=2y v)=ly—v.a—~¢)=0,

BTk y =y, AT 2 = 2/, B) = I5 @R ME— ). iFEE.
(2) Hilbert 2% IEAX &R
EX 1.22 ®{e,},n=1,2,--- £ X FHTTH], FHikL

(em,en)={ 0, m#mn,

l, m=n,

WFR {e,} & X FHRIMEERLR.
Bl 1.2.5 2 FHITCF] {en}, en = (0,---,0,1,0,--),n=1,--- B—AHIEE
RER. BHRAE {e,} WRE LRIEA LM

Bl 1.2.6 L2[0, 2] W HIREUE {\/%ei"‘} ,n=0,%1,£2,... & L2[0,2n] &

v
o 2T
H/‘J_‘/l\ﬂﬁIEKE/% Hu= Z Cné€n, EEF Cp = (u, en) = #Jﬂ ’U:(t)e_intdt,

Vu € X ¥4 u B Fourier R3K.
(3) Parseval 2438
SCUE— M EARMAER: ] {e,} RN X FH—MBEERR, vz € X,

AEER

(2, en) | < ||

M3

n=1

AL, ‘EFR A Bessel A%
E 2 e = (z,e,), FIHERSH,



Al ®E I XEKS

n

X — E Ck€L

k=1

2 n n
0< :(x—chek,x—chek
k=1

k=1

n n n
=|z|® - ch(ek,x) - Zék(x, ex) + Zci
k=1 &=1

k=1
n
2 2
=lzl* = D _ lesl”,
k=1

&) Z lex|* < l|z)|*, 4 n — oo FHE.
k=1
EH 1.2.2(Parseval A) # {e,} & Hilbert ZEK—MRIBIER R, 5
{en} € 2, BAKLE X PHIME—TTE o, M {c,} BXTF {e.} K Fourier %%, Bl
en = (%, 80), -H

e = 3 Tl (1.2.2)

A Parseval AR
iE 4 z,= ZCkek, AWt m > n, N

k=1
m 2 m
£m — zall* = Z ckek|| = Z |ek|?.
k=n+1 k=n+1

EE?% m,n — oo Hﬂ‘: Z Ick|2 _)03 éﬁ[

k=n+1

|m — xn|| — 0.

HISE&EYE, F7E o € X, {2,} — =, XHNBEELM: (2., e1) — (. ex).
FIFIERE, [loal® = lexl®, PHABURIR, %HBE |2, — ||,

k=1

Izl =D lex]?.
k=1

IEEE.

Parseval A ZUMAL S 4 F 22 20 11 2 BE

EE 1.2.3(58%M) #® {e,.} &£ Hilbert 2] X PH—MABERE, WF
FIPE S -

(i) S = {en,n € A} R5B&M, BIE X PAFLEER TS S FR, IRE) 5L =0.



