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~ EDITOR’S PREFACE

" =

This volume contains thé p_apers‘pres'ented 2t the Eighth Symposium jn -

Applied Mathematies, sponsored by the American Mathematical qociety and
the Office of Ordnance Research, and devoted to T'he Jalculus of Variations and

TIts Applications. In addition to the nine invited addresses, there are. included
two brief notes, by P. G. Hodge, Jr., md by H. F. Wexnberger which were.
invited by the Program Com'mittee and whi ich embody discussion of tz.e papers
by D. C. Drucke(r and by J. L. Synge, rupectlvely ‘L
It seems obvious that one sympogium could not preﬁtao! y pay attention to
all the directions in which variational metheds have been applied. From the
‘¢onsultations of the Program Commiitee there resulted a group of addresses
- principally du'ected to apphcatlons in- dy'm'mcs but treating several other
topics also.

The editor wishes to make spemal acknowledgmcnt to the MeGraw-Hill Bf'ok :

Compa.ny for their care in the preduction of the volume, and to all the authcss

, for the careful preparation of their mauus(‘npt“ As & resnll the editor’s task .

has been 2 eomparatwelv hight one.

LAW*"‘.\_‘ ) ‘VI GRrRAVES
- Edisor
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‘ ON VARIATIONAL PRINCIPLES IN ELASTICITY? o
BY
"+ ERIC REISSNER

1 Introduction. Boundary-value problems for the d1fferenb1a1 equations ~.
of the theory of elasticity have in commpn with many other dlﬁerentlal- ‘
equation problems the property of being eqmva‘ent to problems of the calcu-
lus of variations. Recognition of this fact, for the problems of the elastic rod,
goes back to Euler and Daniel Bernoulli. The general three-dlmensuona] prob-
lem was first considered in this fashion by Green, in 1837. '

We may, in the dxscussmn of vanamonal punc iples in el&uveity, distinguish
a nhmbcr of phases as follows: ' i

. The farmulation of different varistional prmrmlea and thelr mterrelat‘ea
The best-known examples of this are Green’s minimum principle for displace-
menis and Castigliano’s maximum pr:nmplﬁ for stresses.

2. The application of variational prineiples to the astablishment.of approz 1=
mate two- and one-dimensional theories for three-dimensional problems. A

classical example of this is Kirchhoff’s treatment of the differential equ&mons.‘ }

and boundary genditions for transverse bending of thin plates.

3. The application of variational pnncxples for the determination of numeri-
cal values of the solution of boundary-value problems.

4. The simultaneous use of different variational principles for the determi-
nation of upper and lower bounds of numerical values. - i

5. The use of variational principles for the proef of uniqueness a,nd e}ns%,ence
theorems in elasticity theory.

The present paper has as its ob]ect the consideration of some of the ques- .
tions assoelated with phases 1 and 4, as they have been of interest to the
author. .

" 2. The boumﬁry-value problem. We nonmder the following .system of
nine differential equations for six components of stress, ‘Tt, = 74 and three

‘components of digplacement, w;: . .
- o Tagt i o ’
A(2) _ R Flui+ we) = W,

In these equations a.nd in what follows we make use of the. summatlon con-
vention sccording to which one sums over repeated subscripts. A comma in
front of a subscript denotes partial differentiation with réspect to the variable
in question, Bxcept that f, indlcatea dlﬁerentxatwl. of f with respect to the -
Cartesian coordinate zi.- - - . ~

. 1The work leading to t.hwpaper has been supported by the Office of Naval Rescarch -
under Contract No. Non.r‘1841(17) with the Massachusetts Institute of Technology..
1 7 s,
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The function ¢ Iin the equilibrium equations is taken in the forén
3)" g T v = X + $Yu, o
where tb@ X;and Y;; = Yi are gi\_rén functions of -the coordinates ;.

The function W in the stress-strain relations (2) is taken in the form -
@ _\ / - W o ‘A.';Ts:i + ¥Biarmiret, _
where the A;; = Aj; and B ! By = Byn = Bjn 8r€ giver; funetions of z;.

The system (1) and (2) is to be Solved in the interior of a region V with
boundary surface S. We divide the surface S in two parts, S, and S,, and

consider the following system of conditions:

: : ; -~ On Su: » U = ¢,;;,’ ‘ . a8 ‘ ;
(5) : On S,:. P = p R . 4 q
The functions ¢ and x are taken in the form ’
©) v = e ‘ ¢ = dp; + 3bipips, e 2
) x = P + %c«,%w, o ‘ {

where @, Pi, by = by, ¢ij = ¢ are given functions of position on S and S,,
respectively. The quantities p; are the z-components of the surface-atress

“intensity, given by ’ , . ﬁ
. ~(7) s = €os ('"’rxi) Tijy ° \
. where 7 is the outward normal direction-to the surface S: ' -

. The system of equations (1), (2), and (5), with ¢, W, ¢, and x defined by
3), (4), and (6), may be shown to represent the Euler equations and natural
boundary conditions of a variational problem sas stated below.

" 8. The general variational equation. Appropriate synthesis leads to the :
conclusion that a variational problem which has the differential equations (1) -

-

and (2) as Euler (differential) equations and the boundary conditions (6) as
natura_l (or Euler) boundary conditions-is the problem
®) . iy L - 51.=0, -t

wnere

()] I= /V (7171“"!'1' —\l’ = W)dy — js;xds - fs. (p‘#i'—_ ¢) d‘.g’ ' \

the quantities v, being defined by

(10) i = $ws + w0,

and where the r; and 2; are varied independently.? 2 .

~ * A variational theorem in whith equai;ions (10) are not used as definitions but are con-

sidered six of a total of_fifteen differential equations for stresses, strains, and digplacements
bas recently been formulated by K. Washizu in Technical Report 25-18 of the Aeroelastic
‘and Structures Research Laboratory of-the Massachusetts Institute of Technology (Marth, -
19356). 8 . - . - X

-



ON VARIATIONAL PRINCIPLES IN ELASTICITY -3
To verify the correctness of_ the above statement, we write '

(11) 8l = /V (‘y,-j dj - T 61;,‘ - W du; — W'ﬂ’ 31’\',) av
- f'S’ x,;“ auiv dS - A.[Bu (u’ 6p‘ + B 6“‘ - ;b'Pi a‘pi) dS)

and we transform the second tegm in the volume integral by integration by
parts, as follows: : ' :

(12) . e 8uss + ) AV = — fris, dus AV + [p. b dS.
Combination of (11) and (12) gives ,

(13) 3 = / [(7:: - W.ru) BTij = (T,','_j e ¢-m) .5'“'.1 dV e '
. - o + fs’ (Ps - X:u.‘) du; dsv-“fs. (u‘ A ¢-p.‘) 5]), d.S,'

and this shows that the Euler equations of the problem are the differential
equations (1) and (2) and the boundary conditions (5). 3

The variational theorem implied by (8) to (10) is a generalization of a -
theorem which was formulated earlier.® It reduces’ to the earlier theorem
if it is sssumed that the body force function ¢ is absent and that the functions
¢ and x in the boundary conditions are of the form :

(6" ‘e = Py X = Dilli.

What we have done ingoing'from (8’) to (6) is to take the step from having
either stress or displacement boundary conditions on S, and 8, to a system of
mixed boundary eonditions on both S, and S. in such a manner as to preserve -
the form of the original theorem as a special case. Were it not for the desira-
bility of accomplishing this within the framework of the generalized problem,
there would, for the generalized problem, be no need for a separate consider-
ation of the boundary portions S, and S.. \ : Beh
. 4, Variational equations for displacementis or stresses. In order to bring
. out the significance of the genéral variational equation (8) for displacements
_ and stresses, we state separately the less-general variational equations for dis—
placements or stresses. In.doing this, we are limiting ourselves here to stress
and displacement boundary conditions of the form (6). ’

a. Variational principle for displacements (Green): The stress-strain rela-
tions (2) are considered as equations of definition for the stresses (so that stress
variations are dependent on displacement variations), and displacement varis -

- ations are limited such that du; = 0 on S.. Equations (2) are inverted and |
written, with the help of a function U, in the form T

(14) I ) Tij = U-‘m' ¢ a2
- 4 e Tl
§ E. Reissoer, On a variational theorem in elasticity, J. Math. Phys. vol. 29 (1950) pp- 90-95-
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We further find that 3 _ . =0 P s A T T
as T v — W 7 ) '

and that the variational equatxon which has the equxll,bnum equations (1)
\a.nd the stress boundary condltlons in (6’)as Euler equatlons is of the fOrm

w SRR
where L  E-EE _ A
an . L=[WU=¥ dv—f pass dS.

bV armtwnal principle for siresses (C'ashglmno) We now aééume that”
stress . variations and displacement variations are such that all comparison -
states are equilibrium states. We then have ép; = 0 on S, and :

(18) 2 ) . ‘;_‘ . 5(7114 + wn‘“i) =0

in the interior of the body

We find that the variational equation Whlch has Lhe stress-stram relations (2)
and the displacement boundary conditions in (6') as Buler equations is of the
form ' ' ‘

) o al,==0,
" where : ’
20) L= f( W=+ up )dV+/ e 5.

We may note that, as long as |p is a linear function of the u; which corre-
_sponds to the case of body forces independent of displacements, we have that
- ¢ — ughu, = 0 and therewith the. disappearance of body-force terms in the

variational equation. The extension of the principle 'to the case where y isa -

“special quadratic function of the u;, which allows use of the’ prmclple in ¢on- -
nection with vibration préblems, has been stated previously.*' . - -

6. A transformation and two inequalities.. Useful information may be -
deduced from a compsrison of the values of I for functions r; and .u%; which:
are, fiot solutions of 81 = 0 and for the funct.lons ; and u; which are deter-

- mined from 87 = 0. We may desxgnate the solution funetmus of 6/ =0 by
7 and 11, a.nd wrlte _

@1 - T = ¥y + 51”.?-, g = U =+ U £E 3
" If we introduce (21) in (9), we shall have S = s

(@2) 1= [, 1+ vl + o) — 98+ du) = W + 0] ¥
o [ S [0+ 0+ b) — 600 + ) 4S.

¢ E. Reissner, Note on the method of complementary energy, J. Math. Phys vol. 27 (1948\
pp: 169-160. A
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We shall from now on in this section. limit ourselves to the case for which ¢,
x, and ¢ are linear functions and W is'a homogeneous second-degree function.
We then have

(23a) w(a + 8‘u) Xa; + X, 611..!

(23b) - x(@ + du) = ﬁm + 15. 5u., .

and. . -

(24) oA W(a- -+ 87) W(a-) + W, 61',, + W(af) -

We further write S g =t e
(25) C . I =14 81+ 3, ‘

where T is the value of I when r; =#; and w; = #;, where 87 contains all
terms linear in the variations dry and du;, and where 821 contaurs all terms of

~

_.,eoond degree in the variations. _ >~ - ) -
Rearrange'ne.tt of terms in (22) gives us i

\(26) = [, = X~ WV [, i ds - A @~ wp.as,

27) ! . of = 0 .
(as it should be), &nd e

(28) el = [v [B‘y.l bris — W (sr)] 4V — / 8ps 51 dS.

' Equatlons (26) and (28) may be Bunphﬁed if account is taken of some of the
basic relations. Since W is homogeneous of the second degree, we have

(29) A 7 _‘ W(f) ‘!’W #T45e o
'Eurthermore,_ ¥ii = W1, while a. = 1; on S, and P = Ps on S, Therewith
CONMEIERNS S5 ¥ oy - X av — [ i dS. |
We f_urpher ha.ye : ) o ,
(6L Jm,dV = —-ffu.ﬂde +: J‘im. B T
‘and since ?,,, + X, =0, ﬁna.lly 4 SR . i
'32) DD FA / X, dV — 1/[ pr'aid-S'F%‘f\pia:dS

In order to transform 521 as ngen by (28), we have at our dlsposal the
relations - . 4 :

(33) - Y e = gwfg,,iarﬁ
-and , ey ) el T o %34
(34) J 8viy brdV = — [ 8rij; dus AV- + [ 8p; duy dS. &

!
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" Tt is not imm‘edia,tel& apparent i which way to utilize these two facts. How-
éver, let us write.5?/ in the following tWo alternate forms:

(35) 1 = ] [—dri1 du — W(sn)]dV + f 3p; u; dS

- 0T~

o 1= [ (- Wan) br + WALV = [, opibusdS.

In general, the quantity 82/ may be made both positive and negat.lve by a
suitable choice of the integrands. There are two exceptional cases where tlns
is not so. These cases are given when L

6N, - dr;;.; = 0 in v and op: =0onS,,
" or when Y A
38 bvij— War, =0inV  and - 8w = 0on S

We now take acc_o’tfnt .of the fact that the function W is positive-definite.
Accordingly, when (37) holds, we have 821 < 0, and when (38) holds, we have
.0 <8°]. We note that (37) represents the same limitgtions on variations as
those associated with the variational principle for stresses [equation (19)] and
that (38) represents the same limitations on variations as those associated
with the variational principle for displacements [equation (16)]. We con-
clude then from (25) and (27) that the followmg basic mequahty ‘holds:

- €39) . I,<IsI.

‘Equation (39) conﬁrms the known fact that, in the variational theorem for .
displacements, one is concerned with & minimum problem and, in the vari-
ational theorem for stresses, one is concerned with a maxiroum problem In
contrast to this, the general vanatlonal theorem for stresses and, dxsplacements
is no more than a stationary-value problem.

, What is of importance in the present demonstration of this known fact is
the explicit way in which both the minimum principle for displacements and
the maximum- principle for stresses are seen to be direct consequences of a
more general principle for stresses and dxsplacements 2 ‘

PMASSACHUSETTS INSTITUTE OF Tncnyomm’,
CAMBRIDGE, Mass,

.

< s 9 ‘i.' ) &



VARIATIONAL PRINCIPLES IN THE MATHEMATICAL THEORY
: OF PLASTICITY! :

BY
D. C. DRUCKER

-1. Introduction. The fundamental definitions of work hardening and per-
fect plasticity have been shown to have strong implications with respect to
uniqueness of solution for elastic-plastic bodies. It is not surprising, there-
fore, to find that they lead rather directly to the variational principles as well.
Perfect-plasticity theory and both the incrementally linear and, the inere- -
mentally nonlinear theories for-work-hardening materials are considered. The
several counterparts of the minimum-poteutial-énergy and the minimum-
complementary-energy theorems are derived in a unified manner for stress-
strain relations of great generality. Absolute-minimum principles rather than
relative ones are established. - o , 4 :

There are any number of approaches to the establishment of variational
principles. One is to state the principles direttly and then proceed to prove’
them. Althcugh clear ax}d precise statements can be made, the motivation
for the original inspiration does not appear. A newcomer to the field then
frequently will be unable to appreciate the development and generally will not
see how to produce appropriate theoreras or modifications of his own. The
approach to be followed here does’ not suppose the result to be known in
advance. It is synthetic in a sense, because the basic theorems have been
stated and proved for a number of special materials [1-6].% Nevertheless,

\it is 'a procedure which arises logically from fundamental postulates in elas-
ticity and in plastieity theory, and it is systematic. o

In the theory of elasticity, whether linear or nonlinear, the steps are reason-
ably straightforward. The equation of virtual work is written first under the
implicit assumption of continuity of displacement and what may be termed
equilibrium continuity of the stresses (surface tractions must be continuous
across any surface, but the normal stress components parallel to, the surface
‘may be discontinuous). In’a common notation, repeated subscripts indi-
cating summation, I :

y

1) , | [A THu; dA + [V FtudV = [V o¥es dV. P

The starred quantities are related through equilibrium, and the unstarred are
compatible. There need be no relation between the two sets of quantities.
For'convenience, the Burface area A is divided into the region Ar, on which
the surface tractions T are specified, and the region A., over which displace-

i The results presented in this paper were obtained in the course of research conducted
~ under Contract Nonr 562(10) between the Office of Naval Research and Brown University.
2 Numbers in brackets. refer to the biblicgraphy at the end of the paper. it

' ’ 7



8 - - : : D. C. DRUCKER

‘ments u; are given. The true and unique éolution (no buckling, no initial -
_gtress) to the boundary-value problem w1th given body forces F; thus satisfies

@ - fv‘“ef,dV [, Twda - [T;usz [F.u,dv=o

If“apprommate solutions are sought, two procedures suggest themselves.
immediately.  One is to choose & compatible strain-displacement field: €
u¢ and satisfy the boundary conditions on A,. The other is to select an equi-
librium stress field % which satisfies the. surface-tractxon boundary conditions
.on Ar. More elaborate mixed schemes may be devised; but they cannot be
classed as obvious [3]. , ‘
* The value of an approximation procedure, or of a guess, must be deter-
mined by comparison of the approximate solution with the unknown true
answer. The real difficuliy and the intuitive heart of the problemlie in the
decision on what should be compared. As has been noted, the equation of
virtual work will be satisfied if the naitural strains and displacements are
‘replaced by any chosen set satisfying compatlblhty and the boundary con-
-ditions on A,. Therefore .

(3) [ otyes AV — [ Tuzdd — f Fous dV
: —_—-f LV — [deA fFudV

_Transposing and calling the differefice between the true- and the assumed
solution Aey;, Aw;, ‘

(%), i j' anAeg,-dV;—f T-Au,.dA —f F-Auid.V=d"

_ This form suggests strongly a conmderatxon of the elastlc«-stram energy
deusxty written as a function of strain alone, B R

\
~

® Wiey) = J5"udes
bocause AW = ‘,(6W/3e.-,-/) de,j = g degj. Equartlon (4) can then be rest. ated‘as
“8) [[ Wdyav — [ TautdA — f Fott dV] = 3[PE o 0,

“wheze 8, ig to be mterpreted as the first variation of the expression in brackets
(the potentlal energy) as i; and &; are varied in accordance with compatibility
_and the boundary conditions on u;:. :

A ‘variational prineiple is not necessarily very helpful in solving pvoblems
The assumed state may not be close to the true one. - What is required instead
is an absolute-maximum or -minimum principle, & comparison of the value of
the potentisl energy for the assumed state with that of the true state, without
restriction on the magnitude of the difference between the states. The presen-
tation here is, however, within the framework of small-displacement theory.

<



- VARIA’PIONAL PRIN‘CiPLESiN 'PLASTIC_ITY £ i

A coxnpanson may be ma.de thh the aid of the 1dent1ty : 1 : k' . :

(o) f W(es) dV =~ f Toug dA — [ Fau dV = f W (¢, )dV—j Tutdd
,-—f F’u‘dV+f [W(eg,) —W(e,,)]dV —[ T, AugdA — ] F;Au,dV

In view of (4), therefore, the potentlal energy' of any admlssxble compatable -
sta.te ig algebraxcally more than the potentml energy of the true state by

(e P Ef= PES=: f [W(e‘,) = 'W(e,, — oty ae] dV‘ S :
‘Th.e m-tegrand may be rewntt.en a8 Ll RATEE o o ‘ S v_
_: (9) Sty : /;)lsjt 0'5.1 de" [‘ii atJ d&u ‘ a't Afu = [ (a'u g V) d% ;' i 7 4" “. 2

» Tpe«repta.ng_les in Flg‘ 1 symbohze ol 'Aeg, The shaded tna.ngles represent
(9), the integrand of (8). In Fig. la to ¢ the tns.ngles are on the positive-
stram-energy sxde sf the: symbohc stress—stram curves for any magmtude Ae,,-

g Al
S o

: TR, s s
. Fm 1. Potentml energy is a muumum for'a qtable elv,stm matenal (o to c) “Curves in (d)
: a.nd {(e) are for nn \msta.ble material. : 4 WEE % "_ T ks

The potentlal energy is an hbsoluta mimnmm for & lmea,r or for a’ stab‘le nom-
* linear elastic material. For an unsta.ble material (Flg id and ), the- shh,ded
tn&ngles are on the negative s1de for some Ae.,, and the potennal energy is not.
_“an absolute minimum.
A similar set of steps leads to the principle ef mzmmum complement&ry o
“energy. Bguation (2) is satisfied if the o, T, F, systnm is replaced by any" s

X ST S

N < 3 X ; A % A (ot -0
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~other in /equilibrium, For any state of stress ¢ whicH satisfies the boundary

conditions on Ar and is in equilibrium-with F;, ' o .
a0 - [, dotyav ~ [, ATwcdd =0,

-

' where ¢ — of; = Ao,, and AT is the correspondmg change in surface tractlon,

- on A,. "

. The complementary-energy density as g fuhction of stress alone is suggested
by the first mtegral -

S 7
ey * - Q(,,..j)‘= "/:“ & doyj, )
‘because dQ = (852/6«7,,) dgi; = €; doy.. Equation'(l()) can then be restated as
- (12) o[ [, oy av - [, T'u.dA] = 5[C.E.] =0,

where &, i5 to be.interpreted as the first variation of the expressmn in brackets
(complementary energy) as o;; and T_are varied in accordance with equilibrium

a B ' gl ‘\ - 0'
~ J- 2 ’

@ w. . (@

: ¥ | e)
. Fm 2. Complementary energy is a minimum for a stable elastic matenal (a to ¢). C'urves )
An (d) and (e) are for an unstable materuﬂ .

with F; and the boundary conditions-on A:[ Flgure 2is symbohc of the fact
that the complementary energy is an absolute minimum for a stable material.
Corresponding to (8) and (9), .

'_ (13) . CEE - CE! = [ [2(08) — Qo%) — & Avy] di?,

-

where the integrand may be rewritten as -

(14) 7 ) /m” (& — é?;) do;.

oift
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VARIATIONAL PRINCIPLES IN PLASTICITY .1

The svmbohc representation of the stress and strain tensors by one dimen-
sion each in Figs. 1 and 2 and the terms stable and unstable can be ngen
genersl meaning and made precise.

2. The fundamental postulate for elastxcxty and plastxcxty A basic postu- -
late has been formulated for both elastic and plastic media [4] without time
effects. It-is essentially a defirition of a stable material and may be stated
as follows: .

No work. can be extracted from the material and the system of forces acting
upon t. . :

A more useful statement is in terms of an external agency which applies a set
of additional forces to the body under a given load and then removes the added
forces. The external agency must do positive work in the application of force.
Over the cycle of application and removal the work done by the external agency
must be positive if plastic deformation occurs in work-hardening material and
will be zero if only elastic changes take place. For a perfectly plastic material,
the work done by the external agency may also be zero when plastic defor-
mation takes place, although generally it will be positive.

The basic postulate may. be apphed to a homogeneous material under homo-'
geneous stress ¢% and strain e,, .Suppose that the external agency changes
the state of stress by Aey; to o%. The stra.m will change by Ae; to e?, Then

the postulate requires '

(15) ‘ R (o3~ o) des > 0.

The value of the integral is strongly path-dependent, i in the plastic range but is,
of course, independent of path for any elastic material.

8. Absolute-minimum principles in elasticity. -The mequahty (15) is a
formal expression of the requirement that the shaded -triangles of Fig. 1 be
on ‘the posmve-stra.m-energy side of the stress-strain curve. Although for a-
nonlinear elastic material ¢}, depends upon ¢; as well as upon Asyj, the integral :
is path-independent. Choosing a straight-line path in stress spa,ce from o3 to -
a?., it is obvmus that mequahty (15) may be contmued as
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(6 - 0< [ (o — o) dey < (u,,_—a )k — ) = oA

.

Also, from

an o — e — @ : / Aoy = ea — )
' - f " (o = %) de + [ " (e - e.,) do;

(18) o ) 0< il (€65 — &) doyj < Aoy Ae‘,

it

JInequality - (18) expresses the reqmrement that the shaded triangles .be’ as
~sh,ov,n in Fig. 2a to ¢ and not as in Flg 2d and e. E
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Materials of the type of Figs. 1d and ¢ and 2d and e are thus excluded from
_our consideration, although not necessarily from phyewal reality. " For elastic
materials whichfollow the postulated behavior, comparison of (16) with (9)
and of (18) with (14) proves that the potential energy and the complementary
energy of the true state are both an absolute minimum:

. PE! SPEs,
5 | ' C.E! s CEZ,

the equahty sign applymg only to the trivial case of the a.dxmasnble state ¢ or
. E coinciding with the true state.
4. Deformation or total theories of plast[clty If no distinction 'is made
- between loading and unhloading, or if each point of the body is assumed to be
at tlie maximum load intensity in its history, deformation theories postulate a
unique relation between stress and total strain. Altbm, «h physically unaccept-
" able, in general, because plastic deformation is path-depmurﬁt and irreversibis,
such theories do in some instances lead to very uscivi rasuits. Under the
assumptions mentioned, there is no need to consider deforrsation theory fur-
ther; as the theory is indistinguishabie frem nonlinear elasticity. No matter
how elaborate the siress-strain relation, if the material postulated is stable, the
principles of minimum potential and minimum complementary energy apply
without any change. ‘
'If, on the other hand, loading is taken fo be nonlmear whereas unloading is
assumed to follow a lme}ar elastic relation, the inconsistency of deformation
-~ theory becomes of primary importance. The mathematical and physxcal’
meamng of solutions then becomes quite obscure.

/

Yield or loading
_surface, f=const.

Fr..3. Normality of plastic-strain inerement {rate).



