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Preface

This volume includes papers which were presented in the 8" International
Workshop on Applied Mathematics on Scattering Theory and Biomedical
Engineering held in the island of Lefkas, Greece, from 27-29 September, 2007.

The workshop is organized every two years by the University of loannina, the
National Technical University of Athens and the University of Patras. For
almost two decades, the workshop has been making positive impacts on the use
of mathematics and computing in scattering and biomedical engineering by
fostering collaboration among scientists both young and senior from a variety of
disciplines. The vision of the organizers has certainly been realised by the more
than 600 papers that have been presented at the workshop over the years.

Scattering theory is a framework for studying the scattering of waves and
particles. Biomedical Engineering is the application of engineering principles to
the medical field. Both fields share methodological approaches such as applied
mathematics, numerical analysis, scientific computing and we try to merge all
those in a single workshop. This is one of the continuing strengths of our
workshop since it offers a wonderful opportunity for exchange of ideas and
matching of needs between scattering and biomedical engineering. In a troubled
world the workshop serves as an ideal place for scientific cooperation and
development of collegiality and friendship.

We were all enthusiastic for the organization on this workshop and we are
grateful to Ms Maria Pikou and Mrs Vicky Papageorgiou for the organization of
such a successful meeting. We are also indebted to our Universities, The Open
University of Greece and others for their financial support. We all are looking
forward to the next workshop, which will be held in Patras in 2009, and we
expect to see there our friends and colleagues.

Ioannina, December 2007

A. Charalambopoulos, University of loannina
D.I. Fotiadis, University of loannina
D. Polyzos, University of Patras
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ON THE RECONSTRUCTION OF A SMALL ELASTIC
SPHERE IN THE NEAR FIELD BY POINT-SOURCES *

C. E. ATHANASIADIS

Department of Mathematics, University of Athens,
Panepistimiopolis, GR 157 84 Athens, Greece
E-mail: cathan@math.uoa.gr

V. SEVROGLOU
Department of Statistics & Insurance Science,
University of Piraeus,
GR 185 84 Piraeus, Greece
E-mail: bsevro@unipi.gr

I. G. STRATIS

Department of Mathematics, University of Athens,
Panepistimiopolis, GR 157 84 Athens, Greece
E-mail: istratis@math.uoa.gr

A near-field reconstruction method which locates the radius and the position of
a small elastic rigid sphere in the low—frequency sense is considered. In particu-
lar, the direct scattering problem for a rigid sphere by a point generated dyadic
field is presented in a dyadic form, and the exact Green’s function as well as the
elastic far—field patterns of the radiating solution in form of infinite series are ob-
tained. Finally, the inversion scheme is based on a closed form approximation of
the scattered field at the source for various point-source locations.

1. Introduction

This paper is concerned with scattering of elastic point-sources by a
bounded obstacle, as well as with a related near—field inverse problem for
small scatterers. One main type of boundary value problem, which char-

*The authors acknowledge partial financial support of the project entitled “Mathematical
Analysis of Wave Propagation in Chiral Electromagnetic and Elastic Media” which is co-
funded by the European Social Fund and National Resources (EPEAEK II) PYTHAGO-
RAS II.
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acterize the scattering region will be examined. In particular, we consider
the rigid problem, where the displacement field is vanishing on the surface
of the scatterer. A dyadic formulation for the aforementioned scattering
problem is considered, in order to gain the symmetry—compactness of the
dyadic analysis °.

For acoustic and electromagnetic scattering, results on incident waves
generated by a point-source appear in 2
particular the book by Dassios-Kleinmann 7, and therein related references.

; see also references therein, and in

All of the aforementioned studies deal with scattering relations by point—
sources, and related simple inversion algorithms for small scatterers. For
elasticity now, related problems such as the location and identification of
a small three-dimensional elastic inclusion, using arrays of elastic source
transmitters and receivers, is considered in .

The present paper provides results on the direct scattering problem by
point—generated elastic waves for the two and the three—dimensional elastic
case. Further, a related near—field inversion algorithm for a small rigid
sphere, in the low-frequency sense is established, where the key idea is to
measure the scattered field for various point-source locations.

2. Formulation of the problem in RNV, N = 2,3

We assume that RY, N = 2 or 3, is filled by an isotropic and homogeneous
elastic medium with positive Lamé constants A, p and density p. The
propagation of time-harmonic elastic waves in such a medium is described
by the reduced Navier equation

pATG(r) + (A + p) graddivi(r) + ow?u(r) = 0, (1)

where w > 0 is the angular frequency, and the overtilde (“ ~ ”) is used to
denote dyadic fields. Using the standard abbreviation

A" == p A+ (A + p) grad div, (2)

an alternative form of equation (1) (which will be considered from now on),
is given by

(A* + 0w?)T(r) = 0. (3)

Let now V be a open, bounded and simply connected subset of RY
with C%?— boundary S. The set V will be referred to as the scatterer.
The physical parameters of the elastic background medium lead to the
mathematical formulation of the problem through a main type of boundary
condition that is described on the surface of the scatterer.
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From the mathematical point of view, the scattering problem is de-

scribed by the following exterior boundary-value problem: For a given

point source incident field u¥*¢ at a, and zero body forces, find a solution

4, € [C?@BN\V) n C*BRY \ V)|V such that

(A" + 0w?) Ua(r) =0, reRV\V, (4)
V = VUS which for the rigid body problem, satisfies the Dirichlet boundary
condition

i, (r) =0, res. (5)

Due to the point source incident field at a, the corresponding component
of the scattered field is denoted by us®. Then the total field u?’! in the
exterior RV \ V, N = 2,3, of the scatterer, is given by

B (r) = Te(r) + (), (©)

where the incident, the scattered and the total field satisfy (4). In addition,
for the well-posedness of the problem, the well known radiation conditions
due to Kupradze should also be satisfied by the scattered field .

3. The 2D case: elastic point—sources

We irradiate our object by an incident elastic wave due to a source located
at a point with position vector a, i.e.,
1

) = o

(v, ® Ve + (ks)zf) H (kq |r — al)

— 5 Ve ®VeH{ (bplr —al), reF r#a ()

In (7) T is the identity dyadic, Hél) (2), is the Hankel function of first kind
and zero order and “®” is the juxtaposition between two vectors (this gives
a dyadic). We note that when a = |a] — oo, we recover the plane-wave
incidence case in the direction —4, i.e.,

W(r; —a) = A, (A®a)e ™8 L 4 (T—-a®a)e T3 (8)
where A,, As are constant amplitudes, given as

(1 +1)etkse

La+9er?
u A/Tksa )

4=t @ +i)etkra

T+ 2n 4y/tkya

and A, :=



In what follows, we consider the scatterer to be a circular disk of ra-
dius R. We take polar coordinates and using cylinder Navier eigenvectors
®i,, Wi, 6,0 =1,2, we obtain for (7) the following expansion

+o0 2

DD [Bho(r) ® B o (a) + T, (r) © T, (2)]

m=0o=1
(10)
for r < a. The scattered field has a similar expression and takes the form

50 = Gy

U (r) = T *

+o00
{ > amvEmky HY (kpr) £ ® [ cos(me) @5, , (a)

m=0

+sin(mp) €7, 5(a) ]

+ 3 Bn/Em = HY (kar) £ ® [cos(mip) ¥ 5(a)

—sin(mp) 7, 1(a)]

+ Z Vv = H (kpr) @ ® [cos(mep) 5, ()

—sin(mey) @7, 1(a)]

+o0o
= > SmEmks HYY (kor) ¢ ® [cos(mep) TE, , (a)

m=0
+sin(my) ¥;, 2(a)] },
(11)

43

where “ X ” denotes the standard multiplication and the coefficients

@m, Bm, Ym and &, are to be determined. We use the Dirichlet boundary
condition (5), on r = R, (circular disk of radius R) and using orthogonality



arguments, lengthy calculations yield

J (kR Jm(ksR
am=_%’ m:_+)_. (12)
Hy' (kpR) Hy'(ksR)
TR T (kR
= =2l Tk (13)
HY (k,R) HY (k,R)

We now calculate the elastic far-field patterns in the form of infinite
series. In order to find the longitudinal and transverse far-field pattern
of the radiating solution u$*(r) of the exterior boundary-value problem
(4)-(5), we take into account the asymptotic forms of the Hankel functions
H,,(kcr), H},(ker), for ¢ = p,sand r — oco. The scattered field (11) takes
the following form

etkoT etkst
500,58 (5
\/; +u, (l‘) \/;

where the longitudinal and transverse far-field pattern of the scattered field
is given by

Uyt (r) = P (E)

+ O(r~3/%), r—o0, (14)

1—1
uP(f) = ——— %
) 4(\ + 2u)\/7k,
+o0 )
Z Om\/Em €77 £ ® [cos(mp) BE, | (a) + sin(myp) 7, ,(a)],
m=0
(15)
and
1—2
TOOS (7)) — %
ug>*(F) Al

+oo .
Y SnvEm e F 9 ® [cos(mp) TE, 4 (a) + sin(mep) T, ,(a)]
m=0

(16)

respectively. As one can easily see in (15) and (16), the coefficients 3, and
¥m do not appear in the series, (although in (11) exist). This is justified
from the fact that these coefficients are contained in the terms of O(r—3/2)
of the scattered field (14) at the radiation zone.
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4. The scattered field at the point—source

We measure the scattered field at the source for various point—source lo-
cations. Hence, if we compute the scattered field (11) at point—source a,
i.e.,r=a, due to the orthogonal base {f, @} of the polar coordinate system,
and taking into account the cylinder Navier eigenvectors, then with some
computational effort we arrive at

i

~sct _
u;*(a) = —W x

{i Em X [am kf, (H,l,;(k,, a))2

m=0

+ e T (L @) GoD)]

- z Em X [Ym - (Hp (kpa))
m=0

+0nk2 (HEGk ) 1 (20 9) ).

This formula is exact. Let us now consider the low—frequency assumption
kcR — 0, ¢ =p, s. Hence, the coefficients a;n, Bm, Ym and &, (see (12)-
(13), are computed and we arrive at

- iTm am

o = g Gy (0

N 1Tm 2m
P (mi)2 (ksR)™™,

Om = 22m(

- i

~ (m —1)lm!22m
T

" (m—1)m!22m

P (ks R)*™,

Vi (kpR)*™, for m >1,

while for m = 0 we obtain

i
@ = —~= (kp R)?, 6o =~ T (ksR)?,
By ~ LT - 1T
0= 2ln£’25’ T = 2[n-’%—R7

askcR— 0, c=p,s—0.



