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Dynamic Crack Curving—A Photoelastic Evaluation

by M. Ramulu and A.S. Kobayashi

ABSTRACT—A dynamic-crack-curving criterion, which is valid
under pure Mode | or combined Modes | and Il loadings and
which is based on either the maximum circumferential stress
or minimum strain-energy-density factor at a reference distance
of ro from the crack tip, is verified with dynamic-photoelastic
experiments. Directional stability of a %ode | crack propaga-

1 1
1287 o
where r. = 1.3 mm for Homalite-100 used in the dynamic-
photoelastic experiments.

tion is attained when ro = ) Ve (c,ci.a)> re,

Introduction

Crack extension and fracture criteria under combined
tension and shear loading are based on either energy or
maximum circumferential-stress criteria. The maximum
circumferential-stress, oggg, criterion was first used by
Erdogan and Sih,' for predicting the direction, 6., of an
angled crack. Williams and Ewing? extended this theory
by incorporating the second-order term of o,, in the
Williams eigenfunction expansion. Finnie and Saith?
corrected an oversight in the above angle crack analysfs
and obtained an improved agreement between predicted
and experimental data. Streit and Finnie* further pro-
posed a crack-stability model where directional stability
of a Mode I crack propagation is maintained when a
characteristic distance of r, from the crack tip satisfies

ro=r., where r. is a critical distance ahead of the crack
tip. Cotterell and Rice®> derived the necessary condition
for a slightly curved, quasi-static, mixed-mode crack growth
where stability of crack growth was also governed by
g... Karihaloo er al.® recently showed that crack curving
can occur without kinking under vanishing o,, and Mode
II stress-intensity factor, but with nonvanishing derivative
of K, with respect to the crack length.

As for the energy approach, Hussain et al.,” Palani-
swamy and Knauss,® Gupta,” Wu,'* and Nemat-Nasser
et al.,'''> among others, predicted the direction of a
kinked crack based on a maximum strain-energy release-
rate criterion. Sih,"”’ on the other hand, proposed the
S-theory where the direction of crack kinking coincides
with the direction of the minimum strain-energy density.
Theocaris and Andrianopoulos'* recently modified the
S-theory by designating its mean value, S, the critical
quantity for crack initiation, under mixed-mode crack-
tip deformation.

M. Ramulu (SESA Member) is Research Assistant Professor and A.S.
Kobayashi (SESA Fellow) is Professor, University of Washington FU-10.
Departmen: of Mechanical Engineering, Seattle, WA 98195.

Paper was presented at SESA Spring Meeting held on Oahu and Maui, HI
on May 24-28, 1982.

Original manuscript submitted: November 11, 1981. Authors notified of
acceptance: June 21, 1982. Final version received: April 19, 1982.

The above papers all relate to quasi-static crack ex-
tension. As for dynamic-crack-curving criterion, Yoffe'*
and Sih'¢ used the maximum dynamic-circumferential-
stress theory and minimum strain-energy-density theory,
respectively, to explain crack-branching phenomena.

The objective of the present study is to derive a dynamic-
crack-curving criterion applicable to both Mode I and
combined Modes I and II crack-tip deformation. In
particular, dynamic extensions of two modified static-
crack-curving criteria, that is the maximum circumferential
stress and the minimum strain-energy-density criteria at a
critical distance r., were considered. The developed
theoretical relations were evaluated numerically and the
influence of o, and crack velocity on crack-curving
direction were deduced. Crack-curving angles predicted
by the two dynamic-crack-curving criteria were then com-
pared with experimental results, obtained from past
dynamic-photoelastic investigation.

Dynamic Crack-curving Criteria

Elastodynamic-crack-tip Stress Field

The dynamic-crack-curving criteria are derived from the
near-field, mixed-mode elastodynamic state of stress
associated with a crack tip propagating at constant velo-
city. This dynamic state of stress is given by Freund'’'* in
terms of local rectangular and polar coordinates of (x,y)
and (r,0), respectively, with origin at the crack tip, and
the Mode I and II dynamic-stress-intensity factors, K, and
K,*, respectively. The authors'® have added to Freund’s
near-field, dynamic state of stress the second-order term
of o,, which is acting parallel to the direction of crack
extension. This dynamic-singular-crack-tip stress field under
mixed-mode loading for small 6 values differs from the
corresponding static stress field in that the largest principal
singular tensile stress acts parallel to the x axis, a fact
which not only contributes to crack curving but also to
dynamic crack branching. Furthermore, this region
ahead of the running crack where |o,..|> 0,, increases
with increases in crack speed and o,, even under pure
Mode II crack-tip deformation.'® This inevitable involve-
ment of o,, forms the basis of incorporating o, in the
dynamic-crack-curving criteria presented in this paper.

Maximum Circumferential-stress Theory

The angle, 6., at which circumferential stress, ogg, is
maximum, can be obtained from the following

*The superscript ‘dyn’ to identify dynamic-stress-intensity factor will not
be used in this paper, since all quantities refer to dynamic values.

Experimental Mechanics ® 1



L)

26 =0 0gge >0 (l)

where the added oge >0 is to assure fracture in tension
under mixed-mode loading.* For a pure Mode I dynamic-
crack-tip state of stress eq (1) will yield a transcendental
relation between the critical values of 6 and r.

1 K
r=—I[E) V(be,0,0)] (2a)
47 Ogx
Furthermore, by setting # = 0 in eq (2a), we obtain
1

K, .
r = g [G5) Valesenen)] (2b)

and
Vo(c,e1,6) = [Bi(e){—(1+8?)(2—35.2)
_ 45:8: (14 438,7) —165,(S, — 52) + 16(1 + S}
1+ 82 (20)
where
1+S%)

Bi() = 55 a7 2d)

2 = _C_2 Szzl—c_2
sz =1 c,z]’ ; [c}] e

and c, ¢, and c, are the crack velocity, dilatational wave
velocity, and distortional wave velocity, respectively. It
can be easily shown that for zero crack velocity or ¢ =0,
eq (2b) reduces to Streit and Finnie’s solution* of
( K, )2
12870 "o,

ro =

*The exact form of eq (1) is too lengthy to reproduce here but can be
Sfound in Ref. 20.

Directional ‘instability’ is assumed to occur when the
running crack deviates from its straight path at ro<r..
Furthermore, r. is assumed to be a material constant
which can be determined experimentally by using eq (2b).

Figure 1 shows the velocity effect on r, which is plotted
aOX
X, ] for Mode 1
crack extension. Note that the dynamic 7, is always less
than the corresponding static 7, for crack velocity of
0 <¢=0.325 and is independent of the sign of g,,. The
terminal crack velocity of ¢/c; = 0.325, in Fig. 1 where
ro = 0 coincides with the terminal crack velocity predicted
by Yoffe.'*

in a nondimensional form of [+/ro

Minimum Strain-energy-density Théory

According to this theory, the crack will extend to the
location of the minimum strain-energy-density factor,
Smin: or

S
W =0atf = 0, 3)
The intensity of the strain-energy density, S, for the state
of plane strain can be written as

S = roslz%2 [ - V)(Uxxz + ayyz) —zy(oxx'ayy) +20xy2]

@

where E and » are the modulus of elasticity and Poisson’s
ratio, respectively. Substituting the dynamic-mixed-mode
crack-tip stresses into eq (4) another lengthy equation
relating K;. Ky, 0o, r and 6 is obtained.?® Solving for r
results in a transcendental relation, between r and 6,
which varies with crack velocity.

By setting the Poisson’s ratio » = Y4, and o,, = 0 as
the crack velocity ¢ —0 in eq (3), the static angular pre-
diction of crack curving described in Ref. 13 is recovered.
When a nonvanishing second-order term of g,, is con-
sidered, eq (3) yields four 6. values, a pair for S,... and
another pair of S,,;, for given values of ¢, K,/K,, r, and

0.0BIIII|IIII|IIII]I1

0.06

0.02|

TERMINAL
VELOCITY

Fig. 1—Nondimensionalized remote stress vs.
velocity for Mode | crack extension

o] ol 0.2 0.3
CRACK VELOCITY, c/c,
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g, Only the negative root of 6, corresponding to positive
K,/K, and the positive root of 6. for negative K,/K;,
under the tensile ogg are of interest.'?

Actual evaluation of eq (3) will show that curving of a
straight crack propagating at the lower velocity can be
considered only by incorporating the nonsingular term of
0, in the minimum strain-energy-density criteria. Such
possibility of crack curving without K, values and under
the minimum strain-energy criterion has not been con-
sidered by others.

Comparison of Maximum ags and Minimum
S Criterion

Figure 2 shows the predicted crack-curving angles for
crack velocities, 0 < ¢/c, <0.25 by the maximum circum-
ferential stress and the minimum strain-energy-density
criteria with o, = 0. Without the second-order term,
both criteria predicted the same crack-curving angles for
much of the crack-velocity range. Figure 2 also shows that
for lower crack velocities of c¢/c, <0.15, the predicted
crack-curving angle, which is referred to as fracture angle
from "hereon, is almost equal to corresponding static
fracture angles.

The effects of the nonsingular term of o,, and reference
distance r,, on the fracture angle predicted by both
maximum og and minimum S criteria at various crack
velocities are shown in Fig. 3 for » = V4, and K,/K, =
—0.1 and o¢,,/K; = —1.0 and 1.0. Note that fracture
angle for negative o,, is much smaller than those with
positive o,,. Also, for a given tensile or compressive g,,
larger r, results in larger fracture angle. Differences in
fracture angles predicted by maximum circumferential-
stress theory and minimum strain-energy-density theory

v =0.3'33 (ITLANE STIRAIN)

MIN. STRAIN ENERGY DENSITY

o
T
\
|
I
o
(&}
1

FRACTURE ANGLE
)

]
o
I
I
1
|
!
!
/
/I e
°©
o
a
1

1 1 |

]
(o) 0.05 0.10 0.5 0.20 0.25
CRACK VELOCITY, c/c,
Fig. 2—Fracture angle predicted by maximum

circumferential-stress criterion and minimum
strain-energy-density criterion, g,, = 0

increase with increased r, and crack velocity. Reference 14
discusses the influence of 7, on the fracture angles.

Experimental Verification

Dynamic Isochromatics

For a single, pure Mode I or combined Modes I and II
crack propagating at a constant velocity, the dynamic-
crack-tip isochromatic patterns together with the pre-
dicted path are shown in Fig. 4. Changes in the remote
stress, oo, result in backward or forward tilting of the
dynamic isochromatics. For a given o,,, the change in the
sign of K, results in a mirror image change in isochroma-
tics. Detailed discussion of the changes in dyanmic iso-
chromatics with variations in K,/K, and o¢,,/K; can be
found in Ref. 19.

Data-reduction Procedure

Dynamic isochromatics surrounding a running crack
often exhibit moderate unsymmetry. Such photoelastic
patterns were heretofore considered experimental ab-
normalities and were ignored by averaging the unsym-
metric patterns during the data-reduction process. Careful
postmortem inspection of the fracture specimens, however,
show that higher o,, and slightly unsymmetric isochro-
matics are often associated with slightly curved crack
patterns. With the development of a data-reduction
procedure'®?' for evaluating dynamic K, together with X;
and o,., it became possible to investigate the above
criteria by extracting K;, K,; and o,, from the previously
recorded dynamic isochromatics surrounding running
crack tips of curved cracks.

The dynamic-crack-curving criteria developed for pure
Mode I loading conditions require accurate determination
of K, and o,,. Accuracy of the data-reduction procedure

20 T T T T T
K“ /K|= =0.10
L_ v: 0333 s
25 o*1.3x10°m
— MIN. STRAIN GNERGY DENSITY Tox
2X.10
——— MAX. CIRCUMFERENTIAL STRESS J K
Y 20 4 i
a B (PLANE STRAIN) s
=z o* (0]
=i
L
E B _ i -lsxuo‘ﬁj
’g_) - ox _
=t T 10
& —_—
Lo === /,«/ro'l.BxIO-’;
e o,
——————————— —'k:‘—’-l.o
5 L rc'l.3:I63m_
_________ o,
____________ oX
—l K, =-1.0
=2
——————————————————————— To *1.3xI0m
o) | l 1 | | Zox -,
0 0.05 0.10 0.15 0.20 0.25 Ki

CRACK VELOCITY, c/c

Fig. 3—Effects of r, and o,, on fracture angle K,,/K, = —0.1
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CRACK INSTABILITY BY DYNAMIC PHOTOELASTICITY
UNDER PURE MODE I CONDITIONS

Tox 70 970

O-OX<O
INSTABILITY STABLE LESS UNSTABLE

FRACTURE PATH PREDICTIONS BY DYNAMIC PHOTOELASTICITY Fig. 4—Expected fracture paths by dynamic
UNDER MIXED MODE CONDITIONS photoelasticity

4G R

K”/Kl <0 K”/K|<O K“/K|<0 K“/K|>O K“/K|>O K“/K|>O

< > o = o = o < o >
L o(-JXO OXO OXO o OXO

0ox ox

(@) FIFTH FRAME 100 u SECONDS Fig. 5—Typlesl dynamic

THEORETICAL ANGLE, 0°; MEASURED ANGLE,0° 'S°°h'9mat'°s ofa c.”"’ed'cra"k
Homalite-100 dynamic-tear-test

(DTT) Specimen No. 6-C051074

(D) EIGTH FRAME 130 . SECONDS (C)TENTH FRAME 160 pu SECONDS
THEORETICAL ANGLE, II°; MEASURED ANGLE, lI°® THEORETICAL ANGLE,23° MEASURED ANGLE 26°
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used in this investigation was verified by using the above
data-reduction procedure to calculate K, and ¢,, from
numerically generated isochromatics using the three
parameters of K, o,., and A; with K, = 0.2 The re-
covered two dynamic parameters K, and o,, agreed within
+0.5 percent and +5 percent, respectively, with the
generated results. This series of numerical experiments
showed that the two-parameter characterization procedure
involving K, and o,, describe reasonably well the stress
field in the vicinity of a running crack tip.

The crack-curving angle was measured along the crack
path by averaging the measured crack-curving angle at the
front and back surfaces of the fractured specimen since
the crack surfaces of some of the curved cracks were not
perpendicular to the specimen surfaces. The maximum
variation between the front and back crack-curving angles
was about three degrees for severely curved cracks.
Similar differences in out-of-phase crack curving were
also observed by Williams ef /. in their PMMA specimens.?

Results

Figure 5 shows three frames out of a 16-frame dynamic-
photoelastic record of a curving crack in a Homalite-100
dynamic-tear-test (DTT) specimen of 9.5-mm (3/8-in.)
thick, 88.9 x 400 mm (3% x 15 in.). This beam with a
blunt initial crack of 6.4-mm (7/32-in.) length was impact
loaded by a drop weight of 1.48 kg (3.25 1b).2* The crack
emanated from the blunt saw-cut crack and propagated
through much of the height of the beam prior to curving
near the region of impact loading. Further details of the
experimental setup,
dynamic calibration of the Homalite-100 material used are
found in Ref. 23. Figure 6 shows K,, K, o,, and r,,
which is computed by eq (2), obtained from the dynamic-
photoelastic pattern preceding and immediately after
crack curving in Fig. 5. K, is negligible at the point of
instability and pronounced fluctuation in o,, is noted.
After crack curving, K, and o,, increased while K, and the
crack velocity dropped rapidly. r, was close to 1.5 mm in
the continuously curving crack and reached a minimum

crack-velocity measurements and .

value of r. = 1 mm during the critical stage of crack
curving.

Figure 7 shows a slightly curved crack and the associated
K;, Ky, 0, and r, in a fracturing 9.5-mm (3/8-in.) thick,
254 x 254 mm (10 x 10 in.) single-edged-notch (SEN)
Homalite-100 specimen.?* Gradual increase and decrease
of K;, a small K;; and rapid fluctuations in o,, and r, are
noted. In the three SEN test results evaluated, K, consis-
tently reached a maximum value prior to crack curving,
K, was negligible and o,, always increased. At the onset
of instability, K, suddenly dropped, K, = 0 and a,,
increased. r, dropped sharply to an average value of 1.5
mm in all the three SEN-specimen data evaluated at the
point of instability. This minimum r, value will be referred
to r. which will be found to be a material parameter
associated with dynamic crack curving. A small K, co-
exists immediately after crack instability, and changes the
direction of crack propagation. A negative K,, immediately
after instability resulted in a positive angle of crack
curving. This result is not only in agreement with the
analytically predicted angles in Fig. 3 but is also in agree-
ment with similar observations in crack curving under
stable-crack-growth conditions.?* The rapid oscillations of
ro in all the three SEN specimens appeared to be related
to the rapid but opposing oscillations in o,,.

Figure 8 shows a curved crack and the associated K,
Ky, 0. and r, in a Homalite-100, wedge-loaded, rectangular
double-cantilever-beam (WL-RDCB) specimen of 9.5-mm
(3/8-in.) thick and 76.2 x 152.4 mm (3 X 6 in.) with a
blunt initial crack of length 2.4 mm (0.093 in.). Experi-
mental details of this series of tests can be found in Ref.
26. Fluctuations in dynamic fracture parameters K,, Ky,
0. and 7, are noted all along the curved crack path.
Immediately after the instability, a positive small K,
associated with the large K, resulted in a negative crack-
curving angle. The crack curved continuously without any
kinks and is characteristic of the fracture path in a
DCB specimen.

Figure 9 shows five frames out of a 16-frame dynamic-
photoelastic record of a curving crack in a 9.5-mm (3/8-
in.) thick, 254 x 254 mm (10 x 10 in.) Homalite-100
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single-edge-notch (SEN) specimen loaded under fixed-
gripped tension. The crack emanated from a small pre-
crack 150 us after impact by a flat-nosed projectile. The
severe stress-wave reflections in this specimen caused the
crack to curve continuously in a zig-zag manner. Details
of this experiment can be found in Ref. 27. Figure 10
shows the corresponding K, K, o,. and r, variations
associated with the unsymmetric dynamic isochromatics in
this test. Severe stress-wave loading generated positive K,
and caused the crack to curve immediately after pro-
pagation. r. is about 1.4 mm but o, changed signs,
resulting in a zig-zagged crack path.
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Fracture angles of curved cracks measured in nine
dynamic photoelasticity tests and the corresponding
fracture angles computed by the maximum o4 and mini-
mum S theories are summarized in Table 1. Also, theoreti-
cally predicted and measured crack-curving angles are
shown in Figs. 5 and 9, respectively. The remarkable
agreements in experimentally measured and numerically
computed results by both theories, using the experimentally
determined r. = 1.3 mm for Homalite-100, are noted.
Crack-curving angles in our Mode I loading-condition
experiments ranged between +25 deg to a minimum of
2 deg for severe to moderate curving.

Fig. 7—Dynamic-fracture parameters
associated with a slightly curved
crack in a single-edge-notch (SEN)
tension plate, Homalite-100, Specimen
No. B12
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Fig. 9—Typical dynamic
isochromatics of a curved
crack. Homalite-100
single-edge-notch (SEN)
specimen impacted by a
flat-nose projectile,
Specimen No. 21-W090771
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Discussion

The closed-form elasticity solution for a circular-arc
crack under uniform stress field provides a simple check
on the accuracy of using the near-field solution of a
straight crack in the results cited above. The static solution
given by Panasyuk and Brezhnitskiy?® in the vicinity of a
circular-arc crack with an included angle 2« differ with
straight-crack solution only by a multiplication factor of

Kfurved = K cos /2/(1 +sin? /2)  (6a)
Kymved = K78 sin «/2/(1 +sin? «/2)  (6b)
00 = 0, " sin? @/2/(1 +sin? /2)  (6¢)

where the superscripts ‘straight’ and ‘curved’ refer to

TABLE 1—SUMMARY OF EXPERIMENTAL AND
THEORETICAL RESULTS

Total number of experiments: 9

Type of fracture specimen: DTT, SEN, WL-RDCB
Number of data points: 81

Crack velocity, c/cy : 0.03 to 0.21

K; (MPay/m) 0.50 to 1.59

Ku/K; —0.22t00.18

0ox/Ki —2.891t04.04

Experimental fracture angle
associated with crack curving:

Theoretical prediction of
fracture angle:

—20 deg to 26 deg

—20 deg to 25 deg
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T T T T T
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Fig. 11—Effect of g,, on the isochromatic fringe
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crack-tip parameters associated with a straight and curved
crack, respectively. Possible errors, which were generated
by fitting a straight-crack solution to a curved crack, were
estimated. The procedure consisted of least-square fitting
the exact solution of a curved crack and the corresponding
solution for a straight crack to the two extreme curved
cracks associated with the latest data points in Figs. 6 and
8. The resultant K;, K, and o,, of the straight-crack
solutions are within 10 percent, 28 percent and 6 per-
cent, respectively, of the corresponding solutions for
circular-arc cracks of o = 25 and 28 deg. Thus, possible
error introduced by using a second-order dynamic-crack-
tip state of stress of a straight crack in place of a curved
crack should be negligible for most of the curved-crack
problems of o = 5 and 10 deg in this investigation.

Figure 11 illustrates the influence of o,, on the shape
and tilting of the isochromatics. For a given K,/K; = 0.1
and crack velocity of ¢/c, = 0.16, a —0.1 to 0.1 variation
in 0,./K; will result in a six-percent variation in the
maximum radial distance, r,..., and a =+ 12-percent vari-
ation in the angle of tilt, 6,,, of the isochromatics. Con-
versely, should 7,... and 6,, be measured within +6 per-
cent and =+ 12 percent, a range of —0.1 < ¢,,/K;<0.1 is
to be expected.

Figure 12 shows an enlarged figure of the fifteenth
frame of the recorded isochromatic patterns associated
with the curved crack of Fig. 9. K,, K,; and o,, were deter-
mined from isochromatic-fringe order of 3.5 for the
curved crack. The accuracy in o,, determination can be
estimated by comparing the calculated and recorded
fringes of order 2.5. The coincidence is reasonable for a
radial distance of about 5 mm (0.2 in.) and thus the error
involved in o,, estimation is negligible.

The developed dynamic-crack-curving criterion shows
that the large o,, contributes to crack instability and is in
agreement with Benbow and Roesler’s conclusion involving
static experiments.?® Cotterell**? referring to Williams’s

Fig. 12—Calculated and recorded isochromatics,
15th frame, 390 pus of Fig. 9



analysis,** showed that the crack path will be unstable
when o,, is positive. The above static-crack-stability
criterion*7? correlates well with the experimental results
of DCB and CT specimens but cannot explain dynamic
crack curvings in fracture specimens of SEN, and DTT
where o,, is negative. The proposed criterion for the
directional stability of a propagating crack is independent
of the sign of the o,., and is thus applicable to all crack-
curving data considered in this paper.

As shown in Fig. 3 the influence of nonsingular stress
is more pronounced for moderate values of r, irrespective
of the sign of K, /K;. This result re-emphasizes the im-
portance of the nonsingular stress term o,,, which, when
neglected, can lead to inaccurate results as observed
by Tirosh.**

Considering the fact that dynamic photoelasticity experi-
ments cited in this paper were conducted by four different
investigators over a period of ten years with different
shipments of Homalite-100, the consistent results of
re = 1.3 mm is noticeable. This magnitude of r, at the
onset of stability is larger than those reported in Refs.
2 and 11, which is due partly to the different material
under consideration but mainly due to the ad hoc pro-
cedure in which r, values were determined by others. In a
critical review of r. associated with the minimum S
criterion of crack curving, Theocaris and Andrianopoulos'*
also determined experimentally r. = 1.3 mm (0.05 in.) for
polymethylmethacrylate.

Finally, the crack-curving criterion by Karihaloo ef al.'?
requires that K, be known immediately before and after
crack curving. The lack of sensitivity in this analysis
precluded precise variations of the very small K, before
or after crack curving and thus this crack curving could
not be checked.

Conclusions

(1) A dynamic-crack-curving criterion based on the
directional stability of a running crack at a critical
distance

ro = 1/128 7[(K,/ 0,x) V,(cC, C1, C2)]?

under pure Mode I loading is developed. Directional
stability is ensured when r,>r., where r, is a critical
material constant.

(2) Dynamic fracture angle under pure Mode I and
mixed Mode I and II conditions can be predicted by
using either the maximum circumferential-stress or the
minimum strain-energy-density theories with the non-
singular stress term o,,. The difference in dynamic-crack-
curving angles predicted by either theories nearly is equal
for » = 0.33 to those of static analyses when ¢/c, <0.15.

(3) Positive o,, always enhances the crack curving and
negative o,, reduces the fracture angle irrespective of the
sign of K, /K;.

(4) Experimental results with and without K, proved
that r. is a material constant. The critical value of Homa-
lite-100 is 7. = 1.3 mm (0.05 in.).
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