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Preface

This addition to the SUMS series of textbooks is an introduction to various as-
pects of discrete mathematics. It is intended as a textbook which could be used
at undergraduate level, probably in the second year of an English undergradu-
ate mathematics course. Some textbooks on discrete mathematics are written
primarily for computing science students, but the present book is intended for
students following a mathematics course. The place of discrete mathematics in
the undergraduate curriculum is now fairly well established, and it is certain
that its place in the curriculum will be maintained in the third millennium.

Discrete mathematics has several aspects. One fundamental part is
enumeration, the study of counting arrangements of various types. We might
count the number of ways of choosing six lottery numbers from 1,2, ... ,49, or
the number of spanning trees in a complete graph, or the number of ways of
arranging 16 teams into four groups of four. We develop methods of counting
which can deal with such problems.

Next, graph theory can be used to model a variety of situations — road
systems, chemical molecules, timetables for examinations. We introduce the
basic types of graph and give some indication of what the important properties
are that a graph might possess.

The third area of discrete mathematics to be discussed in this book is that of
configurations or arrangements. Latin squares are arrangements of symbols
in a pa.rticula.r'way; such arrangements can be used to construct experimental
designs, magic squares and tournament designs. This leads us on to have a look
at block designs, which were discussed extensively by statisticians as well as
mathematicians due to their usefulness in the design of experiments. The book
closes with a brief introduction to the ideas behind error-correcting codes.

The reader does not require a great deal of technical knowledge to be able
to cope with the contents of the book. A knowledge of the method of proof by
induction, an acquaintance with the elements of matrix theory and of arithmetic
modulo 7, a familiarity with geometric series and a certain clarity of thought
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should see the reader through. Often the main problem encountered by the
reader is not in the depth of the argument, but in looking at the problem in
the “right way”. Facility in this comes of course with practice.

Each chapter ends with a good number of examples. Hints and solutions to
most of these are given at the end of the book. The examples are a mixture of
fairly straightforward applications of the ideas of the chapter and more chal-
lenging problems which are of interest in themselves or are of use later on in
the book.

My hope is that this text will provide the basis for a first course in discrete
mathematics. Obviously the choice of material for such a course is dependent
on the interests of the teacher, but there should be enough topics here to enable
an appropriate choice to be made. The text has been influenced in countless
ways by the many texts that have appeared over the years, but ultimately
it is determined by my own preferences, likes and dislikes, and by my own
experience of teaching discrete mathematics at different levels over many years,
from masterclasses for 14-year-olds to final year honours courses.

I would like to thank the Springer staff for their encouragement to write this
book and for their help in its production. Thanks is also due to Gail Henry for
converting my manuscript into a WTEX file, and to Mark Thomson for reading
and commenting on many of the chapters.

University of Glasgow, June 2000
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1

Counting and Binomial Coefficients

In this chapter we introduce the basic counting methods, the factorial func-
tion and the binomial coefficients. These are of fundamental importance to the
subject matter of subsequent chapters. We start with two basic principles.

1.1 Basic Principles

(a) The multiplication principle. Suppose that an activity consists of k
stages, and that the ith stage can be carried out in o; different ways, irrespective
of how the other stages are carried out. Then the whole activity can be carried
out in ajas ... a, ways.

Example 1.1

A restaurant serves three types of starter, six main courses and five desserts.
So a three-course meal can be chosen in 3 x 6 x 5 = 90 ways.

(b) The addition principle. If A;,..., A; are pairwise disjoint sets (i.e.
A;N A; = 0 wherever i # j), then the number of elements in their union is

k
A1 U= U Ae| = 41|+ + Ak = D |44l
=1
Example 1.2

In the above example, how many different two-course meals (including a main
course) are there?
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Solution

There are two types of two-course meal to consider. Let A; denote the set of
meals consisting of a starter and a main course, and let A; denote the set of
meals consisting of a main course and a dessert. Then the required number is

|A1 U Az| = |[Aq] + |As] (by the addition principle)
= (3x6)+(6x5) (bythe multiplication principle)
= 48.

1.2 Factorials

How many ways are there of placing a,b and c in a row? There are six ways,
namely
abe, ach, bac, bca, cab, cha.

Note that there are three choices for the first place, then two for the second,
and then just one for the third; so by the multiplication principle there are
3 x 2 x 1 = 6 possible orderings. In general, if we define n! (“n factorial”) by

nl=nn-1)mn-2)... 21

then we have

Theorem 1.1

The number of ways of placing n objects in order is n!.

Example 1.3

Four people, A, B, C, D, form a committee. One is to be president, one secretary,
one treasurer, and one social convener. In how many ways can the posts be
assigned?

Solution

Think of first choosing a president, then a secretary, and so on. There 4! = 24
possible choices.

The value of n! gets big very quickly:
5!'=120, 10!'=3628800, 50!=¢3.04 x 1054

This is an example of what is called combinatorial ezplosion: the number of
different arrangements of n objects gets huge as n increases. The enormous size
of n! lies behind what is known as the travelling salesman problem which will
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be studied further in Chapter 4. A traveller sets out from home, has to visit n
towns and then return home. Given the mileages between the towns, how does
the traveller find the shortest possible route? The naive approach of considering
each of the n! possible routes is impracticable if n is large, so another approach
is needed.

In certain problems, only some of a given set of objects are to be listed.

Example 1.4

A competition on the back of a cereal packet lists ten properties of a car, and
asks the consumer to choose the six most important ones, listing them in order
of importance. How many different entries are possible?

Solution

There are ten possibilities for the first choice, then nine for the second, and so
on down to five for the sixth. So, by the multiplication principle, the number
of possible lists is

1
10x9x8x7x6x5=1—(:'

= 151 200.
7 151200

In general, we have:

Theorem 1.2

The number of ways of selecting r objects from n, in order but with no repeti-
tions, is
n!

n(n—l)(n—-r+1)=m

Example 1.5

A committee of 4 is to be chosen, as in Example 1.3, but this time there are 20

people to choose from. The number of choices of president, secretary, treasurer,
social convener is

20!

20x19x 18 x 17 = 61 = 116 280.

1.3 Selections

Suppose that in Example 1.5 we wanted just the number of ways of choosing
four people for a committee, not bothering about the positions they might fill.
Denote by (%) (and read as 20-choose-4) the number of ways in which we can
choose 4 from 20 where order does not matter.
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Each such choice of four from 20 can be ordered in 4! ways to give an assign-
ment to particular positions within the committee, so, by Example 1.5,

20\ 20!
] ==
4 x (4) 161

20 20!
(4) = 16 = 4845.

This argument is general: F':—'TF =r! x (7), so we have the following general
formula.

Thus

Theorem 1.3

Let (:) denote the number of unordered selections of r from n where repetitions

are not allowed. Then
n n!
('r‘) Torlln—r) (1.1)

Since some students find the idea of turning ordered selections into unordered
selections confusing, here is another way of deriving the formula (1.1).
Suppose we have to choose a team of r players from a pool of n, one of them
to be appointed captain. This can be done by first choosing the team - and
there are (:‘) ways of doing this - and then choosing the captain - there are r
ways of doing this. So there are r(}) choices altogether. But we could, instead,
first choose the captain - there are n ways of doing this - and then choose the
r — 1 other members of the team - and there are (’::}) ways of doing this. So

the number of choices is also n(7?~). Thus

)=+
(7)=3("): 12)

But similarly, (72]) = 2=1("=2), on replacing n by n — 1 and = by r — 1, so we
get

n _ﬁ.n—l n—2
r/] r r—1\r-2/

Continuing in this way we obtain

()3 22k amti=n (noow)

Since (1) is clearly always m, we obtain finally

(n)=n(n—1)...(n—r+l)_ n!

r r! - ri(n —r)!

so that
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as before.
[Note in passing that this is a good example of the technique of counting
the same thing in two different ways.]

Example 1.6

In the UK National Lottery, a participant chooses six of the numbers 1 to 49;
order does not matter. So the number of possible choices is

(49)_49x48x47x46x45x44

6 & = 13983 816.

So there is roughly one chance in 14 million of winning the jackpot!

Example 1.7

How likely is it that next week’s lottery winning numbers will be disjoint from
this week’s?

Solution

There are (%) possible selections next week. The number of these which are

disjoint from this week’s must be (4’), since six of the 49 numbers are ruled

out. Since all (469) selections are equally likely, the required probability is

(5 () ome..

Example 1.8

Binary sequences. There are 2" n-digit binary sequences since each of the n
digits is 0 or 1. For example, the eight binary sequences of length three are

000 001 010 011 100 101 110 111.

(a) How many binary sequences of length 12 contain exactly six 0s?

(b) How many have more Os than 1s?

Solution

(a) The six 0s occupy six of the 12 positions. There are (*2) = 924 choices of

these six positions, and this gives the number required.

(b) There are 2!2 — 924 = 3172 sequences with unequal numbers of 0s and 1s.
By symmetry, exactly half of these, i.e. 1586, will have more Os than 1s.



