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Shallow Water Flow Computation Using
the Unified Coordinates’

Hui W. H. Kudriakov S. **

Department of Mathematics and Center for Scientific Computation,

The Hong Kong University of Science and Technonlog, Clear Water Bay, Hong Kong (whhui @ ust. hk)

Abstract Two general coordinate systems have been used extensively in computational
fluid dynamics: the Eulerian and the Lagrangian. The Eulerian coordinates cause excessive
numerical diffusion across flow discontinuities, slip lines in particular. The Lagrangian coor-
dinates, on the other hand, can resolvp slip lines sharply but cause severe grid deformation,
resulting in large errors and even breakdown of the computation. Recently, Hui ea al.
have introduced a unifled coordinate sqstem which moves with velocity hq ,q being the veloci-
ty of the fluid particle. It includes the Eulerian system as a special case whenh = 0 , and the
Lagrangian whenh =1, and was shown for the multi-dimensional Euler equations of gas dy-
namics to be superior to both Eulerian and Lagrangian systems. The main Purpose of this pa-
per is to adopt this unifled coordinate system to solve the shallow water equations. It will be
shown that computational results using the unified system are superior to existing results
based on either the Eulerian system or Lagrangian system in that it (a) resolves slip lines
sharply, especially for steady flow, (b) avoids grid deformation and computation breakdown
in Lagrangian coordinates.

Keywords unified description, Eulerian description, Lagrangian description, two-di-

mensional shallow water equations, slip lines
1 INTORDUCTION

Two general coordinate systems have been used extensivly for describing fluid motion;
the Eulerian and the Lagrangian. Computationally, each system has its advantages as well as
disadvantages.

Eulerian coordinates are simple but cause excessive numerical diffusion across disconti-
nuities, slip lines in aprticular, In contrast, Lagrangian coordiantes can resolve slip lines

sharply, but cuase large grid deformation, resulting in large errors and even breakdown of

« This research was funded by Research Grants Council of Hong Kong;

* » Present address: CEA, Paris,France, email;skudiakov@cea. fr
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computation,

Recently, Hui and Lit"} have introduced a unified coordinate system which moves with
velocity hq , where g is velocity of the fluid particle. It includes the Eulerian coordinates as a
special case when h = 0 and the Lagrangian whenh = 1 , and more importantly, it has a new
deg;ee of freedom in choosing the arbitrary function  to improve the quality of computational
results. In particular, it was shown in Ref. [1]that for the two-dimensional Euler equations
of gas dynamics, choosing the function h to preserve grid angles results in a coordinate sys-
tem which is superior to both Eulerian and Lagrangian systems.

The purpose of this paper is to adopt this unified coordinates approach to solve the shal-
low water equations; it will be shown that computational results using the unified system are

superior to existing results based on either the Eulerian or Lagrangian system.

2 SHALLOW WATER EQUATIONS IN THE UNIFIED COOR-
DINATES

The shallow water equations in conservation form using Cartesian coordinates are

C {u f’v 0
3 ) 1 d Suv _
EP Su +5; §u2+7g§2 +5§ o = {0 (D
A 2
Sv tuw Go? + ng 0

where g is the acceleration due to gravity, {(z, y, t) is the total water height measured from
the horizontal bottom u(x, y, 1) and v(z, y, t) are the comppoments of the fluid velocity in
the horizontal x and y direction, respectively. We have neglected the bottom friction force.

Introduce a transformation of coordinates from (¢, z, y) to (A, &, 7) ,

dt = d},
dx = hudi + Ad€ + Ldn (2
dy = hud} + Bd + Mdy

where h is arbitrary. Let

Dh__a_ d a
E——“at"}‘hué;'f'hv—a‘; (3)

denote the time derivative following the pseudopartical, whose velocity is hg,q = (u,v).
Then, under the assumption AM — BL 3 0 (nonsingularity of the transformation (2)), it is
easy to show



D¢ D7

7 T

t

¢y

that is to say, the coordiantes (§, 7) are material functions of the pseudoparticles. Accord-

ingly, computational cells move and deform with pseudoparticles, rather than with fluid par-

ticles as in Lagrangian coordinates.

Under transformation (2) the shallow water Eq. (1) become

JE , 3F , 3G _
5;+—3—5+_9—7] =0 )
where
t1—hn1 1 —n7J
) 1 1
hu §(1—h)Iu+'§g§2M C(l—h)Iu——Z-gCZB
Qo (1 —h) o —$gt?L (1~ k) To— +gtA
E = A ’ F = ’
B — hu 0
L _h'U 0
0 —hv
with
A=AM—BL, I=uM—d, J=vA—uB (6)

We note that the shallow water Eq, (5) written in the unified cocrdinates are in conservation
from. We also point out that although Eq. (5) is larger than Eq. (1), compuationally the ex-
tra computing time required for solving the last four compatibility equaitons of Eq. (5) is ver-
y small, typically 3~5%, becuse the bulk of computing time is spent on solving the Rie-
mann problems for the first three equations of Eq. (5), which require the same amount of
computing time as system Eq. (1).

3 ONE-DIMENSIONAL SHALLOW WATER FLOW

For the special case of one-dimensional flow, transofrmation (2) simplifes to

3.



d=d

7
dz = huda -+ AdE D
and the shallow water Eq. (5) become
3E | IF _
A TaE=0 (8
where
A A1 —Ru
E=|tu|, F=|t0—hu+5el O
A — hu

It can be shown easily that Eq. (8) is hyperbolic. indeed the eigenvalues of Eq. (8) are:

o1 = 0 (10)

A—hut/gl
I ab

The corresponding right eigenvectors, when the primitive variablesU = ({,u,A)T are used,

are

rn = (0,0,1D7 (12)
ro= (1, +/27%, ﬁ’i/g/bf 13)

Direct computation shows that the one-dimensional shallow water equations have juct one
type of flow discontinuity (shocks), but there is no flow contact (slip) lines which exist in
the one-dimensional Euler equations of gas synamics. With no contact line to resolve, Euleri-
an and Lagrangian coordinates are on equal footing for accuracy, as is verified in our compu-
tation. The adaptive Godunov scheme®®}, which resolves shock crisply, can now be applied
to either the Lagrangian coordiantes or the Eulerian one, or indeed for any h. Our com-
puations for 1-D problem useh = 0.



4 TWO-DIMENSIONAL SHALLOW WATER FLOW

Direct though tedious computations show that system (5) is hyperbolic forh 1 , which
includes the Eulerian coordinates whenh = 0, but is only weakly hyperbolic forh =1, i. e.
in Lagrangian coordinates, lacking one eigenvector although the eigenvalues are all real.
This new finding has important implications.

We now come to the question of the determination of A. As mentioned earlier, the chief
advantage of the unifled coordiantes is the new degree of freedom in choosing~. As shown in
Ref. [1], a good choice for & is preserve the grid angles in the solution process which marches

inA»i. €.

ar_vé v
a[lvel |vv|]‘° (14
Since
v1=(—B,A)/A
condition (14) becomes
a AL + BM ]__
AT L BL/IZLME =0 (15)

By making use of the last four equations of Eq. (5), it is easy to show that (15) is equivalent
to

SIG+TIg =[5 (BR-A%)-T(MF-LF)] as

where

S=L"+M, T+A+B

A consequent of determining h from (16) is that if the grid is orthogonal atA = 0 it will
remain so for subsequent A . Orhtogonal grids are know to possess many desirable properties
over nonorthogonal grids, e. g., attaining higher accuracy than nonorthogonal grids. Com-
putationally, (16) is to be solved at every time step after the flow variable Q=(&, u, v)7,
and the geometric variables K= (A, B, L, M)T and found. It is thus a first order linear par-
tial differential equation for h(§, 7; A ) with A appearing as a prameter. To find solution A in

-5.



the range

0<{hK1 an
we note that (16) is linear and homogeneous, and therefore it possesses two properties: (a)

positive solution h > 0 always exists, and (b) if k is a solution of (16) so ish/C, C being any
constant. Making use of property (a), we let g = In(hg) to get

S* (Asing — Beos#) 2§ + T* (Mcosé — Lsind) 5;-% -

5 (o752 24) -1 25

where ¢ =/ + ¢ and §is the flow angle: u = gcos, v= gsind. Now, if g, is any solution
to (18), then h = ¢ /qC is solution to (16) satisfying condition (17), provided we choose C
equal to the maximum of € /q over the whole flow field being computed. The reason to work
In (hg) instead of h is that from our experience with steady flow!*, hg is continuous across
slip lines, hence working with hg can minimize the numerical errors.

Numerically, Eq. (18) is solved by the method of characteristics if their slopes do not
change sign; otherwise, it is solved by iteration.

We now discuss solution strategies. As the system of shallow water equations (5) writ-
ten in unified coordiantes is in conservation form, any well-established shock-capturing
method can be used to solve it. We shall use the Godunov method with MUSCL update to
higher resolution to solve system (5). The computation will be done entirely in the A-§-3
space. A physical cell in the -y plane marching along the pseudoparticle’s pathline corre-
sponds to a rectangular cell in the &7 plane marching in the A direction in the computational
space A-€-7 . The superscript & refers to the marching time step number and the subscripts
and j refer to the cell index number on a time plane A =const. The time step M* = A*! — ¢
is uniform for all { and j , but it is always chosen to satisfy the CFL stability conditon. The
grid divides the computational domain into cubic control volumes, or cells, which in § and 7
direction are centered at (A%, &, 7;) and have widths A&S; = €., — 612 and AY; = Ty, —
D172 (for all k). Unless otherwise stated we shall use uniform cell width A, for all i and A;
forallj.

In the physical space (¢, z, ¥) a cuboid cell marching in (A, &, 7) space corresponds to a
pseudopatticle marching along its path tube with step At(4# = M) . The pseudoparticle is
bounded by four path surfaces § = £/, and 7= %,,; around it. Initially, any curvilinear co-
ordiante grid on the z-y plane may be used as the &7 coordinate grid, and the initial geometric
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variable K=(A, B, L, MDT can be determined from (2) as part of the initial conidtions. A
stationary solid wall is always a path surface of the fluids and hence also of the pseudofluids;
it is therefore a coordiante surface of the unifled coordinates.

Applying the divergence theorem to (5) over the cuboid cell (i, j, %) results in

k 3

B = B — O (PR, — PR — 5 (G54 — Gin) (19)
i J

i= 192,"'1771 ]= 1129"'," (20)

where the notation for the cell average of any quantity f is

/2 [ B2 i
= m} L/JM FQr, &, mdEdn (21)

and the notation for the A average of f is

1 1&1
Pl = 3]y S Qo 1)A (22)
frl, = AM ) A (23)

We shall numerically solve (5) using a Godunov-type scheme based on the dimensional split-
ting approximation to reduce the two-dimensional flow problem to two one-dimensional flow
problems. We shall use the Strang splitting™’ in this paper. Let L, represent the exact solu-
tion operator for the one-dimensional equation in the A- plane and L}, similarly defined, then
according to Strang splitting

— L4LLL4F
where AA = 11—+,

5 TEST EXAMPLES

In this section the unified coordiantes approach is tested numerically on several exam-
ples.

Example 1. The first example is purely a one-dimensional two-dam break problem. In a
long channel three different heigths of still water are separated by two dams, of which one is
located at z = 0. 8 and the other at x = 1. 2 (Fig. 1(a)). Atz = 0 the dam located at = =
0. 8 is broken instantly and completely, resulting in an expansion wave moving upstream and
a bore (shock) rushing downstream (Figs. 1(b), (c¢), (d)). The bore (shock) then reaches
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Flow state at t=0.0

T

time = 0.15

Water height

Water height

1
time = 0.35

Fig.1 Evolution of water height in the two-dam problem. Shock-adaptive Godunov scheme. (a) t=10.0;
Br=0.13;(Dt=0.15; (dt=0.2;()2=0.25; (Dt=0.3; (t=0.35
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