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Approximate Parameterization of Algebraic Spline Surfaces

Bert Juettler

Institute of Applied Geometry
Johannes Kepler University, Linz, Austria

www.ag.jku.at

In geometric modelling and computer aided design, various different representations for curves and surfaces
exist, such as implicitly defined curves and surfaces, parametric representations by (piecewise) rational functions,
procedurally defined surfaces, or triangular meshes. The duality of implicit and parametric representations makes
each of them especially well suited for certain applications.

Parametric descriptions are suitable for fast generation of point meshes, fast visualization and interactive
modeling. On the other hand, the use of implicitly defined surfaces provides simple criteria to decide whether
points are located on, inside or outside a surface. These surfaces support simple techniques to define blend
surfaces between objects, and they can easily be intersected with lines. Moreover the class of algebraic surfaces is

closed under geometric operations such as intersection and offsetting (although this is a more theoretical
advantage, since the resulting degrees are rather high).

Most computational applications yield optimal performance for one particular representation. Regardless, there
exist some areas where it is crucial that both descriptions are available. An example is surface-surface intersection.
Ideally, one of the surfaces should be given in implicit form, and the other in parametric form. In the case of the
detection of self-intersections, both representations of the same surface should be available.

The talk discusses the conversion between implicit and parametric form. In particular, we address the problem

of converting an algebraic surface (or, more generally, an implicitly defined surface) to a (rational) parametric
representation, which we shortly refer to as parameterization.

The talk is based on joint work with Elmar Wurm.



The Intersection of Two Bi-Cubic Bezier Surfaces

Eng Wee Chionh

School of Computing, National University of Singapore

Sederberg and Nishita use Hermite interpolation to approximate the intersection of two bi-cubic Bezier
surfaces that meet transversely at the two end-points. In doing so, a heuristic to determine the length of the
tangents at the two end-points is needed. Empirically, there are other heuristics that seem to give better results.
We will explore possible heuristics and show how the approximate length of the intersection curve can also be
obtained.
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Automation of Geometric Theorem Proving, Discovering

and Diagram Generation

Xiaoshan Gao

Institute of Systems Science, KLMM, AMSS, Academia Sinica, Beijing 100080

Email: xgao@mmrc.iss.ac.cn

It is often said that "a picture is more than one thousand words". But in reality, it is still much more
cumbersome or even difficult to generate pictures with computer software than to process words, especially when
the pictures involve exact geometric relations. It is even more difficult to prove geometry theorems, which is
considered as one of the hardest mental labor. In this presentation, we will introduce some effective methods for
automated geometric theorem proving, discovering, and geometric diagram generation developed by us, including
the area method, the deductive database method, and the c-tree decomposition method. Applications of the these
methods to intelligent CAD/CALI, computer vision, robotics, and linkage design will also be discussed.
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Some Topics in the Computational Geometry

Renhong Wang

Institute of Mathematical Sciences, Dalian University of Technology, Dalian 116024

Email: renhong @dlut.edu.cn

Computational geometry is concerned with computer aided design, computer aided manufacture, computer
aided engineering, image processing, shape from X, computer graphics, scientific visualization, shape
reconstruction, and all the other fields related to geometric objects. The computational geometry is also an
important borderline subject related to Computational mathematics, Differential geometry, Algebraic geometry,
Approximation theory, and so on. It is well known that the multivariate splines are very useful for solving
problems in the computational geometry. As we know that a basic theorem on the multivariate spline has been
found by using the algebraic geometry. According to the theorem, the multivariate spline, in principle, is
equivalent to an algebraic subject. In this talk, we are going to introduce some topics in the computational
geometry. Especially we will emphasize some topics which are related to the algebraic geometry. For instance, we

will introduce some topics such as the piecewise algebraic curve, and general piecewise algebraic variety and so
on. Some open problems will also be introduced.



Fitting B-Spline Curves to Point Clouds

by Squared Distance Minimization

Wenping Wang
University of Hong Kong

Helmut Pottmann

Vienna University of Technology

Yang Liu
University of Hong Kong

Computing a curve to approximate data points is a problem encountered frequently in many applications in
computer graphics, computer vision, CAD/CAM, and image processing.

We present a novel and efficient method, called squared distance minimization (SDM), for computing a planar

B-spline curve, closed or open, to approximate a target shape defined by a point cloud, i.e., a set of unorganized,
possibly noisy data points.

We show that SDM outperforms significantly other optimization methods used currently in common practice
of curve fitting.

In SDM a B-spline curve starts from some properly specified initial shape and converges towards the target
shape through iterative quadratic minimization of the fitting error.

Our contribution is the introduction of a new fitting error term, called the squared distance (SD) error term,
defined by a quadratic approximant of squared distances from data points to a fitting curve.

The SD error term measures faithfully the geometric distance between a fitting curve and a target shape, thus
leading to faster and more stable convergence than the point distance (PD) error term, which is commonly used in

computer graphics and CAGD, and the tangent distance (TD) error term, which is adopted in the computer vision
community.

To provide a theoretical explanation of the superior performance of SDM, we formulate the B-spline curve
fitting problem as a nonlinear least squares problem and conclude that SDM is a quasi-Newton method, which
employs a carefully chosen positive definite approximant to the true Hessian of the objective function.
Furthermore, we show that the method based on the TD error term is a Gauss-Newton iteration which is unstable

for target shapes with corners, whereas optimization based on the PD error term is the alternating method that is
known to have linear convergence.
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Large Piecewise Function Generated by the Solutions

of Linear Ordinary Differential Equation”

Zongmin Wu

Shanghai Key Lab. of Contemporary Applied Mathematics
School of Mathematics, Fudan University, Shanghai 200433

E-mail: zmwu@fudan.edu.cn

Abstract: We try to establish a parallel theory as the piecewise polynomial function for the piecewise function generated
by solutions of linear ordinary differential equation. Such function spaces contain the algebra of the piecewise polynomial,

trigonometric polynomial and the hyperbolic polynomial, therefore containing the curves, which are drawn by the rule, the
compass and some other instruments.

The purpose of the approach is to try to find a suitable function space, which can be easily used for curve
representation, reproduction, approximation and pattern recognition, pattern classification.

Key words: B-spline, piecewise function, Computer aided geometric design, approximation theory.

1 Introduction

The paper deals with the problem of the function space for curve representation, reproduction, approximation
and pattern recognition, pattern classification. The most common function class, which the people prefer using
both in the theory and application is the polynomials. We can use interpolation or the least square approximation
to simulate a prescribed curve (parametric or non parametric type). However we know that the polynomial
interpolation possesses Lunge's phenomena and require to solve a large scale linear system of equation on the
other hand the least square approximation (as well as the Bernstein's approximation) possesses only very lower
convergence order. Therefore the function space of polynomial is not very efficient for the curve simulation.

The spline, which is constructed by piecewise polynomial (more generally the piecewise rational polynomial-
the NURBS), is now the most favorite basis of the function space both for Mathematicians and Engineers, which
is also included by most of standard computer software for curve design.

The simplest case of the spline is the piecewise linear function, which is already used to construct the
quadrature formula for the numerical integration, the approach is used in the theory of finite elements for
numerical solution of partial differential equation too.

For the spline theory, the B-spline, the basic (best) spline basis is very important. There are a lot of
advantages of using B-splines: such as the approximation capacity, the local control property (compactly
supported), the shape preserving property, easy to evaluation (recursive evaluation scheme), multi resolution
property (refinable, subdivision algorithm, wavelets) etc. The spline possesses a disadvantage that it does not
include the arc of circle, which is the most common curve in engineering (drawn by rule and compass). One can
use rational spline to represent conic function, but it is difficult to develop an algorithm to keep the conic
reproducing property, because the parameters of the rational polynomial are non linear.

* Supported by NSF-CHINA Project No. 10125102.



