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The Global Solution for Some Systems
of Nonlinear Schrédinger Equations”

Guo Boling( ¥4 X )

8§ 1. Introduction

One class of the sytem of nonlinear Schrédinger equations(SNSE)
iy, = upe +2u, (o | |2 + 0 ua|?) an
iy = g +2us(oy | ur|? + 0 un]?) -
has been proposed in[1,2], and the scattering inverse method for the system(1.1)has been
studied in [2]. The existence of the global solution for the nonlinear Schrédinger equation has
been studied,see [3,4]. In this paper, we shall examine the existence and uniqueness of the
global solution for some broad systems of the nonlinear Schrédinger cquations (including system
(1.1)),and consider the problems for some systems of multi-dimensional nonlinear Schradinger
equations that concern more dimensional solitons. To obtain a global solution in time, we use the
method of perturbation and the Galerkin method. We shall use the standard notations: let
€ R”" be a smooth bounded open subset and J {2 its boundary. For the definitions of the
spaces C" (2),L,(2),L.(2),L(0, T;H®), - ,see [2,5].

§ 2. The Initial Value Problem and the Periodic
Initial Value Problem of Some SNSE

We consider the following initial value problem

i —iuge + BgCw|* 4 Lua | uy + k(2 0)uy = fi(x,2); (2.1)
Up — Uz, + BQ(Iul‘z + |l ua|Duy + by (2, uy = fo(x,t); (2.2)
ullzzozu(l)(l’); uzl,zozu(zy(x), —oo L < oo, (2.3)

and its periodic initial value problem,i.e. ,the periodic functions u,; (x,¢) (the variable x with

period 2x)satisfy (2.1)—(2.3),5=1,2, where £>0,i= v — 1, unknown functions u,, u,
are complex valued functions; ¢ (s) is a real valued function in [0, ), and ¢ (s)=0;
ki(x,t),fi(x,t) and wp(x) (j =1,2) are known complex valued functions. We require

that u, ,u, and some of their derivatives with respect to x tend to zero as | x| = for the

* Proc. of DD-1 Symposium, 1980(3):1227~1246.
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problem (2.1)—(2.3).
Consider the corresponding regularized problem for the problem(2.1)—(2.3)
Uy, — it + Bg(]u|? + lua | uy — eure + by (x,t)uy = filz,t);  (2.4)
Uy, — ity + BgClur|® + Jua | uy — cusyy + ky(x,0)uy = fola,t);  (2.5)
Uil e = ub(2)s  upl,co = ui(z), —0<zx<™,e>0. (2.6)
Lemma 1. Let u,,u, be a solution of the problem (2.4)—(2.6). Assume that
Ci)lk |<M,"f,-||2sz,_w<M1 (7 =1,2),where M, M, are constants;
(ii)uy(x)EL, (j=1,2).

Then we have the following estimates:

2
Zl " U; "szLw < Eg;
i=

r 2 r 2
B (el Y+ ef (2w, )ae<c, 2.7
0 "=t 0 =1
where the constants E,, C, are independent of ¢.

Lemma 2. Suppose that the conditions of Lemma 1 are satisfied and that
(i)qg'(5)=0in[0,);

2
i) [ l<M, |k <M, 2161, <M G =1,2);
j=1

(i) D3 T ue O, < M.

Then we have the estimates
2 2
Slwli, <E ef (Bluwli)a<c, (2.8)
= i=
where
E, = (M, +2C,T)e%", C,=3M+1, C,= ME,+M,,
C C
C; = (7‘+1)E1+——21
Proof. We differentiate (2.4) and (2.5) with respect to x , multiply them by #%,, and

T.

i, , respectively, integrate over ( — %,00),take the real part. Noticing that

2 e © 13
,BZRe((qu,-),,ujI)=,BZj q|u,-,|2dx+ﬁj q(£(|u1|2+|u2|2))dx>0,
=1 i1 -
we obtain(2.8).
Lemma 3. Suppose that the conditions of Lemma 2 are satisfied and that

2
CO 1 <M Tk <M 2 el pr, <M
(ii)q(s)EC?;
2
Cii) D7 b If, < M,
ji=1

Then we have
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2 2
Sl s, <En e, (Bl Jar <, (2.9)
= =

where the constants E;, C, are independent of ¢.

Proof. We differentiate (2.4),(2.5) with respect to x two times, multiply them by

#i1,. and i@,,, respectively, and integrate over ( — o0, o). Using Sobolev’s inequality, Holder s

inequality, Gronwall’s inequality and the results of Lemma 1 and Lemma 2, we can obtain

(2.9).

Differentiating (2.4), (2.5) with respect to x (or ¢) many times, using the Sobolev’s
inequality and the preceding results repeatedly, and noticing the order of the integral estimates,
similarly we can derive that the norms

2 2 2
Z u Uiz “LZXLm ’ 2 “ Uiz " LyXLy, ? Z " Uje IIszLm ’
=1 = =1

and

2 2
Z “ Ujrnt ul_zwa s E “ Ujnzr “LZXLL»
i=1 =1

are uniformly bounded independent of €.

We can prove that the sequences {u}}, {uj.! of the global smooth solution for the
problem (2. 4)—(2. 6) are uniformly bounded and equicontinous. Using the Arzela Ascoli
selection theorem, and let e—0, we obtain a subsequence converging to the solution.

Theorem 1.  Suppose that there exists a local smooth solution of the problem (2.4)—
(2.6) ,for which not only the derivatives which appear in the system (2.4),(2.5), but also
the derivatives u, » Ui » Ujrry » U and )y, exist (7 =1,2). Assume that

(i )the complex functions &; (x,2)€ C*(j =1,2), and all their derivatives up to order
three are bounded;

(i )the complex functions £;(+,2)E€ H’, and all f;i, fiu s fin > Fimm » fur € L2 (3 =1,2)3

(iii )the real-valued functions ¢(s)=>0,q (s)=>0 and q(s)€ C* in [0,%0);

(iv)the initial data & (x) € H*(j=1,2).

Then there exists the global classical solution for the problem(2.1)—(2. 3). For this classical
solution, the partial derivatives which appear in the system (2. 1), (2. 2) exist and are
continuous.

We can extend the above results to the following class of SNSE

w, —iu, +Bg(lul®)u+ku = f, (2.10)
where u=(u,,u;,**, uy)", functional matrix k= (k;(x,2))(i,j=1,2,-,N);
= ’fz’"',fN)T~

Theorem 2.  Suppose that the conditions of theorem 1 are satisfied, in which we
substitute &, (x,¢) for k;(x,t). Then there exists a global classical solution for the initial
value problem and the periodic initial value problem of (2.10).

Consider the following initial value problem with the higher space

wy —ibu; + BCluy|* + lua |y + ki (x,0)w; = fi(x,2) (G =1,2), (2.11)
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ulico = up(x) (o0 < x < o055 =1,2), (2.12)
32 82 82
= “ee 4 —— oo
where x=(x,,x5,",x,), O ppe: 3x§+ s

For the sequence of the solution of the corresponding regularized problem of (2.11),(2.12),

and by analogical proof,we can derive that the norms

2 2
; I u; "LZwa ’ j LyXL,, and ]Z:; I wj, Hl_le_oo

are uniformly bounded. Hence the norms

2 2
DN I PN ' P
i=1 i=1
are uniformly bounded also(7n<{3).

Theorem 3. Assume that the conditions of theorem 1 are satisfied, where ¢ (s)=s,
8=, >0. Then there exists a global classical solution for multi-dimensional (7 <I3) initial

value problem(2.11),(2.12) and its corresponding periodic initial value problem.
For the problem(2.4)—(2.6), let the sequence | u\” (z,2)}(n=1,2,-*)be defined by
the (linearized) problem
W =il — el = — Bg(| v (D |2 4| lnh) |2 oD — kD 4 £ (G =1,2),
(2.13)
where ul=0, o V=¢+yu"Y.
Let ¢ be a solution to the problem
¢ —i¢, —eb, =0 (e>0;5 =1,2);
Fl,oo = wp(x) (m0< < o035 =1,2).
We can prove that || u(-") ()], (m=2,3,-,s) are uniformly bounded independent of n, and
sup Zuu(”*“( ) — E")(T)“ < p sup Zuu(")(r) J(-"_l)(t)"” 0< p<1).

0< < T j= 0<<T j=

We have.

Theorem 4. Let &) (2)EH, f(+,t)€EH '(5222),q9(2)€ C™',and assume that
the derivatives D'k; (/<{s — 1) are bounded. Then for any real number 3, the problem(2.4)—
(2.6) has a local solution w;(x,2)€L"(0,t; H') for some t, =T (j=1,2).

For the multi-dimensional problem (2.11),(2.12),we have:

(2.14)

Theorem 5. Suppose that the conditions of theorem 3 are satisfied and that s = [-’L] +1.

2
Then there exists the local solution ' (x,t) € L™ (0, te; H')(j =1,2) for the problem
(2.11),(2.12) and its corresponding periodic initial value problem.

Theorem 6. Let g(z)€ C' and assume that k;(x,t)(j=1,2) are bounded. Then the
bounded solution for the problem(2.1)—(2.3) is unique.

Proof. Using ordinary method of the energical estimates, we easily obtain this

conclusion.
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§ 3. The Periodic Initial Value Problem for Another Class of SNSE

We consider the following problem
iy — e + B(z)qoy || + ol uz [Py + ki (2)w, = 05
uj|,=0 = dy(zx) (0<x<2n;5 =1,2); (3.1)
ui(x,t) = u;(x +2n,t) (Yax,t>0). (3.2)
Let a basis {w;(x)} € H)_ (where Hj, denotes the space H' in which the functions possess
period 2n). We construct an approximate solution of (3.1),(3.2)by Galerkin method. Let

un, (¢) = D (Dw(x) (I =1,2),
i=1
where ¢}, (¢) are complex functions,such that u’, (z) satisfy the following system

i(uim’wj)'*' (uiwr’wjx)"" (ﬁuﬁn(I("u'uinlz + Ulzluizlz)fwj)"'

(bt sw;) =0 (1 =1,2;5 =1,2,,m), (3.3)
and the initial conditions
(4, (0),w;(x)) = (u(0),w;(x)); (1 =1,2;5=1,2,,m). (3.4)

Using the method of the integral estimates , we can obtain that the norms " ul, () L, (7. L,
and || u., | L, (1=1,2) are uniformly bounded independent of m. Now define the generalized

solution( I ) of the problem (3.1),(3.2). “The generalized solution { I )” : unknown functions
u'(x,¢) € L™(0,TsHy); u(z,t) € L7(0,T;L,) (I =1,2),
which satisfy the integral identity
i(ul o) + (dlyuy) + (Bulqoy |l u' |2+ o | 42 1%),0,) +
(k! ,v,) =0 (Yv, € Hy3t >0;1 =1,2); (3.5)
(' l,20,7") = (dh(2),v) (I =1,2). (3.6)
Theorem 7. Assume that
(i )01,>0,0,,>0,and the periodic real-valued function B(x)=>0;
(ii )the real-valued function q(s)E C',¢(5)=0 in [0,0);
(il ) the periodic real-valued functions &; (x) are bounded;
(V) uh(x)EH; (j=1,2).
Then there exists the generalized solution ( I ) of the problem (3.1),(3.2).
Theorem 8. Let g(s)€ C',and assume that the functions k; () are bounded. Then the
generalized solution ( I ) of the problem (3.1),(3.2) is unique.
Remark 1. For the initial-boundary value problem of (3. 1) (specifically, «’ |,_, =
W l,-,=0,j=1,2),the conclusions of theorem 7 and theorem 8 are still true. In fact, by
choosing the basis {w; | € Hj,we can obtain these results directly.
Consider the following problem:
iu = uj, + B(x)('ul |2 + |u2|2)u,- +k(x)u; =0 (G =1,2); (3.7)
ujlico = wh,0< 2 <2n; u;(x,t) = u(x+2n,¢) (VYz,0>0), (3.8)
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where 8(x)<C0. Using the Galerkin method and the Sobolev estimates, we can also obtain that
the norms || W, “ L, and || o, || L_ are uniformly bounded. We have:
Theorem 9. If
(i) >0,6,>0;
(i )B(x) and &;(x) are periodic real-valued functions with period 27 3
(ii)uh(x)EH, (j=1,2).
Then there exists a generalized solution ( I ) of the problem (3.7),(3.8) and it is unique.
Now consider the problem
iy = Auy + B(2)qloy | ul® +opluz | + by =0 (5 =1,2);  (3.9)
uilon = 05wl = up(z) (G =1,2). (3.10)
Lemmad. If
(i oy >0,0,>0,B(x)>0;
(ii )g(s)=0,k;(x) are bounded real-valued functions;
(i) up (x) € H3(j=1,2); B(x) q(on | uo|* + oo [ ug |)EL,.
Then we have

E\(t) = oy "v“1"2L2 + alz||Vuz|l‘2Lz +jﬂ($)<1(0u | u,|2 + aIZ‘ule)dI +

0
[Riowlun]? + ko) w2 )dz = E(O), (3.11)
0
where q(s) = J;q(z)dz.
Lemma 5. If the conditions of Lemma 4 are satisfied, then
IVull, + 1Vl <G, (3.12)

where C, is a constant.

Now we define the generalized solution ( Il ), which is more general broad than the
generalized solution ( I ). “The generalized solution ( Il )”: unknown functions u; (z,1) €

L=(0,T;H"), which satisfy the integral identity
T T T

J (iu,-,Qj,)dt~J J (vuj'v(pj)dxdt_J‘ (B‘I(Uu‘ul|2+0'12|“2|2)uj,‘15,-)dt*
0 0Jn 0

j;(kjuj,<1>j)dt +i(uh, ®;(0) =0 (G =1,2), (3.13)
for any functions
®l,r=0, &l,=0, &€C (=1,2).
Theorem 10. If
(i)6,>0,0,>0,8(x)>0;
(i )the real-valued functions k;(x) are bounded;

(i) wh(x) € H', | pla)alonub]® + ai| uf]*)dx < oo

Then there exists the generalized solution ( II ) of the problem(3.9),(3.10).
For the problem (3. 1), (3. 2), moreover, we choose the basis {w; | € HS, C H,,, as
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periodic eigenfunctions satisfying
_wk.r::/lkwk (k:192)'.'9
and let

#, (0) = D) hn (0)wy (x) = wh(x) in H®.
i=1
Differentiate (3. 1) with respect to ¢ many times, again set ¢ = 0, then take the orthogonal

projector. We can derive that the norms || ), (0) || L || W, (0)] L, || W (0) || L,
| e (0) | L, and || «},. (0) | L, are uniformly bounded and independent of m .

Using the method of the integral estimates, we can obtain the norms " o (T) " L,
| e (T L | e | L | e | 1, are bounded and independent of 7. We have:

Theorem 11. Under the conditions of theorem 7,and if that

(i )g(s)€ C’ and all derivatives until up to order three of £, (x) are bounded (j =1,2);

(ii )the periodic functions ) (z)E H*(j=1,2).
Then there exists a classical solution of the problem(3.1),(3.2).

Remark 2. The existence of a generalized solution and a classical solution for the initial
value problem of (3.1) can be obtained by the following method.

Consider the problem

), = U + Bg(oy I u, |2 + o | Uz Iz)uj + kj(I)uj =0

G=12lzl<m+1;t>0); (3.14)
tilieo = w08 (2), wliirnn =0 G =1,2), (3.15)
1 <
Where L(0EC, 0<E (<1, g(o)=|' 1ZI<m

0 lzl=zm+1

From remark 1, there exists the generalized solution ( 1 ) u,, of the problem (3.14),(3.15).
From the uniform estimates of the functions «) £,, (x) and their some derivatives independent
of m ,one can conclude that as m—>o0, u,, (*,¢)—>u;(+,¢),strongly in Ly;u,, (*,t)—>
u;(+,t),weakly in L,. Hence we have proved the existence of the generalized solution ( 1 )
of the initial value problem of (3.1). If the coefficients of the equations and the initial data are

smoother, then we can show the existence of the classical solution.

§ 4. The Initial-boundary Valued Problem for
A Class of Multi-dimensional SNSE

We consider the following initial-boundary value problem

n p) )
u, — 7Y 2: _ax_aq(l)_az‘lf + Bg(oy luy|? + 612‘u2|2)ul + Au,
t 7

= filz,t), (4.1)

with initial-boundary conditions
ul|z=0 = ull)(I) (x € N2); uzlan =0 (U= 1,2); (4.2)
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where 7=7,+ir, (i=v -1); Rer=7,=0; 0,=20; 0,=>0.
Let the real-valued functions

a;(x) = a;(z) (i,j=1,2,-,n)

and satisfy 2 a;$é = a E |&1%, a«>0.

i,j=1

du 9T
Let alu,v) = ZJ ,,au =z,
1,j=1

choose a basis | w; |, which are eigenfunctions,i.e. ,satlsfy

- d 3'wk

—i;l Z;aij 9.7:]- = Wy, Wy Ian = 0. (4.3)

It is well known that if a; € C*,02€ C?, then there is such a special basis {w, | CH;(2)C
H} () ,which is dense in H}. Let o/, = 2 S (2)w, (x) and satisfy
=

(e wi) + va(iy,wy) + Blahg(on | un|? + o | uh]?),w) + (Xt > wy)
= (fi,w) (G =12), (4.4)
(,(0),w,) = (dp(x),w,) (G =1,2,,m).
Obviously, there exists a local solution u, () of the problem (4.4),(4.5) in [0,¢,],by a

priori estimates of u},. From the following lemma we can obtain the existence of the global
solution u’, of the problem(4.4),(4.5)in [0, T].
Lemma 6. Assume that
( " )Re)’: Y()>O, ﬁ}O;
(i) uh(x)EL,.
Then we have
2 j 2 T 2 2 |2 j 2
Z || ujm"szL < E,, ZJ J q(oy ‘ uinl + 0'12‘ uml )'“Im| dzdt < Gy,
i=1 © =170 a
(4.6)
T,K6 2 )
[, (Sl <c, (4.7)
i=1
where the constants E,, C, and C; are independent of m .

Lemma 7. Assume that

(i)xj"f;',a,‘jecl,

a 2

XM, lagl< M, NVAIL <M, (i,j=1,2);
a-ri k=1 2
(i)B>0,6,,>0,0,>0,9(5)=0,q"(5)=0;

(iiYuh(z)EHN () (j=1,2).

Let a; satisfy the condition of the uniform positive definiteness. Then we have
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2 ) T
2 lu (DI <E, L, (lAw, 3, + 1Ak 1E Ve < €, (4.8)
o
n a k
where - Adt, =~ Z %aﬁgzﬂ (k=1,2) and the constants E, , C,, are independent of 7.
ij=1 i J

Proof. From (4.4),(4.5),we derive
(s = A, )+ (= Ay = A )+ (g (ol un | + onlul?), - Au, )+
(x> = Auh) = (f;» — Adl) (G =1,2). (4.9)
since Re(al, , *Aufn):%d—dza(ufn’uﬁn),
Rey (= Au,,, = Aup) = 7o Au, |1, =0 (1 =1,2),
by the conditions of this lemma, we have
|Gt = A [<2Min | T 12+ il 12, (0= 1,2),

1

|y = AdD | < IMa(VV AN, + 1V ) (10 =1,2),

N

and notice that

2
Re Z (uﬁnq(all , u:n lz + 012 ! u%n ‘2)3 - UllAufu) 209
i=1
it is not difficult to obtain

1 d< 2
7 a2y owa Gt i) < €5 (2 oul Tl )+ ;.

Integrate the above inequality with respect to ¢ ,and then by Gronwall’s Lemma we obtain
(4.8).

Lemma 8. Assume that

COlx <M, L |<M, sup [ £, <M, (G=1,2);

(i1 )Rey=7,=0,8>0,06,,>0,0,>0;

(iii )g(s)EC",q(5)=0,49"(5)=0in [0,00);

(V) e (O] <K (j=1,2).

Then we have

2
2w (DI, < Cu, (4.10)
=1

where the constant C,; is independent of m .

Proof. Differentiating(4.4) with respect to ¢ ,and noticing

2
BRGZ (ad;ui,,q(o‘u | u, \2 top | u?, IZ),o‘“ufn,)>O,
=1

we have
2

2
Zo'u " uim(T)“iz < E(Uu - K*+ o,ME, + o‘M%)eGMH)‘r = C/“.
=1

=1



