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Unit 1 Mathematics

Text A What is Mathematics, Anyway?

We keep the broad definition here, that mathematics includes all the related ar-
eas which touch on quantitative, geometric, and logical themes. This includes Statis-
tics, Computer Science, Logic, Applied Mathematics, and other fields which are fre-
quently considered distinct from mathematics, as well as fields which study the study
of mathematics (!)—History of Mathematics, Mathematics Education, and so on.
We draw the line only at experimental sciences, philosophy, and computer applica-
tions. Personal perspectives vary widely, of course.

A fairly standard definition is the one in the Columbia Encyclopedia (5th ed.):
“Mathematics: deductive study of numbers, geometry, and various abstract con-
structs, or structures. The latter often arise from analytical models in the empirical
sciences, but may emerge from purely mathematical considerations.”

Some definitions of mathematics heard from others:

¢ That which mathematicians do.
* The study of well-defined things.

 The study of statements of the form “P implies Q”.

* The science one could go on practicing should one wake up one morning to
find that the world has ceased to exist. (attrib. to Bertrand Russell?)

e The science of patterns. (Keith Devlin®)

* “Mathematics, at the beginning, is sometimes described as the science of
Number and Space—better, of Number, Time, Space and Motion. ”"—Saunders
MacLane®, in Mathematics : Form and Function

Contrary to common perception, mathematics does not consist of “crunching

@ Bertrand Russell: {H5§2 - F R (1872—1970) , X EEL TR BEFK BREE,
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numbers” or “solving equations”. As we shall see, there are branches of mathematics
concerned with setting up equations, or analyzing their solutions, and there are parts
of mathematics devoted to creating methods for doing computations. But there are al-

so parts of mathematics which have nothing at all to do with numbers or equations.
The Division of Mathematics

In order to find one’s way around the collection of mathematical ideas, it is use-
ful to organize them and classify them in some way into parts.

Among the ways to divide the field of mathematics is by field of application.
There are many books and courses in schools labeled “Engineering mathematics”,
“Financial mathematics”, “Mathematics for social scientists”, and so on. While it is
perhaps easier for the reader to have the material pre-filtered according to application,
this hides the fact that the underlying mathematics is really quite similar—radioactive
decay is essentially the same as inflationary depreciation of investments, for example.
(At this site we emphasize the mathematics itself rather than the intended applica-
tion, so this method of dividing material is inappropriate for us. )

Another way to divide the portions of mathematics is by level of complexity. El-
ementary topics include arithmetic and measurement; intermediate topics include sim-
ple algebra and plane geometry. From there we may pass to somewhat more complex
topics built upon these: trigonometry®, “advanced” algebra, analytic geometry, and
calculus.

That said, we proceed to divide mathematics along thematic lines.
How Many Parts of Mathematics—Two? Eight? Sixty-three?

The image shows a “map” of the subfields of mathematics. These are the major
classification groupings used at this site and by most research mathematics projects.
The sizes and positions of the “bubbles” are computed to reflect the sizes and related-
ness of the various disciplines. On our tour, we’ll highlight some of the main group-
ings of these areas (the different color groups).

One first step in dividing the mathematics literature is to decide which books and
articles intend to reveal the structure of mathematics itself, and those which intend to
apply mathematics to closely allied areas. This division between mathematics and its

applications is of course vague. Indeed, we’ll see that the two groups cut across each

@ trigonometry: ZH%¥, SH¥ L,
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other on the MathMap. The first group divides roughly into just a few broad overlap-
ping areas:

 Foundations considers questions in logic or set theory—the very language of
mathematics.

e Algebra is principally concerned with symmetry, patterns, discrete sets®,
and the rules for manipulating arithmetic operations; one might think of this as the
outgrowth of arithmetic and algebra classes in primary and secondary school.

» Geometry is concerned with shapes and sets, and the properties of which are
preserved under various kinds of motions. Naturally this is related to elementary ge-
ometry and analytic geometry.

e Analysis studies functions, the real number line®, and the ideas of continu-
ity? and limit®; this is perhaps the natural successor to courses in graphing,
trigonometry, and calculus. (This is a very large area; we subdivide it later into five
areas which we may label Calculus and Real Analysis, Complex Analysis, Differential
Equations, Theory of Functions, and Numerical Analysis and Optimization. )

discrete sets: BSHBIEAR o

the real number line: L EHLK

continuity: FE4ZRBIIREHE ; (RAFM) L
limit: PR, MR, i

[CEZHECHS)



Of course, the division of the subject areas into these broad headings is a little
fuzzy: combinatorics is only weakly associated to the rest of “algebra”; Lie groups®
are arguably a part of analysis or topology instead of algebra, differential geometry is
in practice closer to analysis than geometry, and so on.

The second broad part of the mathematics literature includes those areas which
could be considered either independent disciplines or central parts of mathematics, as
well as those areas which clearly use mathematics but involve non-mathematical ideas
too. It is important to note that the collection of files at this site covers only the
mathematical aspects of these subjects; we provide only cursory links to observational
and experimental data, mathematically routine applications, computer paradigms,
and so on.

* Probability and Statistics, for example, has a dual nature—mathematical and
experimental. This classification scheme focuses on the former—the study of the va-
lidity of the measurements one might make.

* Computational sciences have obviously flourished in the last half-century, and
consider algorithms and information handling. Here we are concerned with what
might be computed, not with compilers, architectures and so on.

* Significant mathematics must be developed to formulate ideas in the physical sci-
ences, engineering, and other branches of science. Again it is the theoretical underpinnings
which concern us here rather than the experiment or tangible construction.

Finally note that every branch of mathematics has its own history, collections of
important works—reference, research, biographical, or expository—and in many
cases a suite of important algorithms. The MSC classification allows these topics to be
included within each major heading at a secondary level. However, these themes are
sometimes best woven together into areas of study which are not so much research in-
to mathematics as research into the enterprise of mathematics—*epi-mathematics”,
perhaps.

The Mathematics Subject Classification (MSC) scheme breaks down these gen-
eral areas into 63 numbered subject classifications with widely varying characteristics.
(This is the classification system used by the research mathematical societies. ) We
adhere to the polite fiction that these areas are more distinct than the subfields of
some of the larger areas; more detail is available in the pages for the various areas.

(Continue the tour by clicking on any of the major branches of mathematics de-

@ Lie groups: Z°8¥, 1870 FFEI B EF KRB - TREMELH,
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scribed above. You might want to begin with a tour of foundations. )
But Is This Division “Real”?

In a word, “no”. It’s false to assume that mathematics consists of discrete sub-
fields, it’s false to assume that there is an objective way to gather those subfields into
main divisions, and it’s false to assume that there is an accurate two-dimensional posi-
tioning of the parts. For example, a division into “Pure” and “Applied” Mathematics
is traditional, but the boundaries are unclear and cross-fertilization is common. With-
in the first part it is also traditional to identify Algebra, Geometry, and Analysis as
the three largest areas, but again this division is somewhat artificial as we have noted.

Yet the picture we have described above is consistent with the images painted in
other sources. Some other systems for classifying mathematics are presented for
browsing in the set of subject headings used at this site. Each system is different and yet it
is generally possible to match parts of one classification scheme with parts of another.

The National Science Foundation, for example, organizes its mathematics pro-
grams into

* Algebra and Number Theory

* Topology and Foundations

* Geometric Analysis

* Analysis

* Statistics and Probability

* Computational Mathematics

* Applied Mathematics
a division which clearly maintains the same larger areas we have indicated, though it
gathers the smaller ones somewhat differently.

Exercises

I . Answer the following questions.

1. What is mathematics according to the Columbia Encyclopedia?

2. What subfields of mathematics reveal the structure of mathematics itself?
What subfields intend to reveal the applications of mathematics? Can you
name some respectively?

3. What’s the relationship between pure mathematics and applied mathematics?

4. According to Bertrand Russell, mathematics is the science one could go on

5



practicing should one wake up one morning to find that the world has ceased
to exist? Comment on his viewpoint.
1 . Write out the equivalents of the following words and expressions.

1. empirical sciences 9. R A%
2. Financial Mathematics 10. TER¥¥
3. plane geometry - 11. @ Juf
4. Differential Equations 12. RS ML Hr
5. combinatorics 13. B4
6. Theory of Functions 14. B{ES AR
7. topology 15. $4JUfa
8. physical sciences 16. R 545t
1. Translate the following into Chinese.
(1)

We keep the broad definition here, that mathematics includes all the related ar-
eas which touch on quantitative, geometric, and logical themes. This includes Statis-
tics, Computer Science, Logic, Applied Mathematics, and other fields which are fre-
quently considered distinct from mathematics, as well as fields which study the study
of mathematics (!)—History of Mathematics, Mathematics Education, and so on.

(2)

The analogies between mathematics and logic should not be overrated; they only
go so far. Logic may be regarded as the manipulation of concepts of any kind, where-
as mathematics concerns specifically numerical concepts. Although there is some in-
tervention of mathematics in logic, for the resolution of quantitative issues, and we
may be said to think logically when engaged in mathematics, these sciences are very
different fields of interest. They have rationalism in common, but their scopes are
different and neither is really a subsidiary of the other.

Text B The Long Road to Calculus

The origins of calculus go back over 2,000 years to the work of the Greeks on ar-
eas and tangents. Archimedes® (287-212 B. C.) found the area of a section of a

@ Archimedes: FIBKM, SR BARLMRER WBRER, EHFEGTROTE) PRENBEN
WRR 17 HHETF /4 B
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parabola®, an accomplishment that amounts in our terms to evaluating L}xzdx. He

also found the area of an ellipse and both the surface area and the volume of a sphere.
Apollonius®(around 260-200 B.C. ) wrote about tangents to ellipses, parabolas, and
hyperbolas, and Archimedes discussed the tangents to a certain spiral-shaped curve.
Little did they suspect that the “area” and “tangent” problems were to converge
many centuries later.

With the collapse of the Greek world, symbolized by the Emperor Justinian’s®
closing in A.D. 529 of Plato’s Academy®, which had survived for a thousand years,
it was the Arab world that preserved the works of Greek mathematicians. In its liber-
al atmosphere, Arab, Christian, and Jewish scholars worked together, translating
and commenting on the old writings, occasionally adding their own embellishments.

For instance, Alhazen (A. D. 965-1039) computed volumes of certain solids, in
b b
essence evaluating Jox3dx and Jo z*dz.

It was not until the seventeenth century that several ideas came together to form
calculus. In 1637, both Descartes® (1596-1650) and Fermat®(1601-1665) intro-
duced analytic geometry. Descartes examined a given curve with the aid of algebra,
while Fermat took the opposite tack, exploring the geometry hidden in a given equa-
tion. For instance, Fermat showed that the graph of ax®+ bxy + cy? + dx + ey +
f=0 is always an ellipse, hyperbola, parabola, or one of their degenerate forms.

In this same period, Cavalieri® (1598-1647) found the area under the curve
y=x"forn = 1,2,3,...,9 by a method the length of whose computations grew
rapidly as the exponent increased. Stopping at n» =9, he conjectured that the pattern
would continue for larger exponents. In the next 20 years, several mathematicians

@ the area of a section of a parabola: M S EEH.

@ Apollonius: B35 BT, WA EBER, IE(AEHR)—BRAEAMEEEZ—,
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