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77 Cauchy (5] 855 6K 1E U] 1 (e R0 B A5 R

EHERRBGL RS, B2 T BRI LHXL 5, FERERN. EFE



F 7 v

R FE R R E A P A B NE REMERE T FZRRENE
R, EERRBRS. HHBLSNFSHRIGRLHT TR, B2 THHESES
58, TR h Z R, FE R R ARSI KB FXER
b BHERBE L, MOFEER, HRERER. HREE. ROTHR. MEHEE.
PRE FESIR. AICER. MR, KEBRE, BISFEERL T FSHFNEN
5@

BJE, X FSIEE LR R BB AR WERR$-
RERET A ISR, EEREIHR. KR, R, AL PR
FEM LR AEFRE HRE. RGK. REE. £A WL SUESRRRN, it
I AA RIS T #2545 ey TIE.

AREIERERBEEES . EREQEMPTR L RARTE : BORF 9737
B E TRYEG R E A ES AT

[
2005 4£ 6 ATt



B X

W8 FFHE. FEERTFEFLG oo 1
§1 Laplace HHREGIETUBHBE oot 1

§2 FFHEG—RRIOBHREE o, 7

§3  FRLRIEB G FE LUK Klein-Gordon JyFRIRZER -roveveveevevssemsseeeenes 15

§4 Lagrange 7715 R H7E B (A A BE) HRRRIIRLF --oveereerererseennnns 22
EF RN SATION . MR IERE oo 40
§1  FHAFIRG BRI oo, 41

§2  FHRRIKIAFLERE -vovreereemeeem e 52

§3 ﬁﬁgpﬁ*—ﬁgmmu:ﬁ ...................................................................... 57
WE MR EN IR ITBRR oo 76
§1 . SR BAEBMITEE vt 7

§2 ﬁéi‘{ﬁﬁ-‘??}b\ﬂﬁﬁ%%% ............................................................... 82

§3  FEIRMETEGUGTRBIIETL - ooveeerermeemrsm s 84

§4 EUEBEENHFEM Cauchy FIBEAREITETIPE - reoveeevsermmessrmnessensseisneens g5
FmE IIG??-?&?‘J‘E&‘EEWB‘J%W@E'&E#&%E ...................................... 110
§1 HBEBMRM Morawetz fiH BIBAGEEHE «oveererrmmremsesmsnecsiene 110

§2 BEBRMEI BRI B BT ERI o evveeeere e 122

§3 #Ji 25 Klein-Gordon BT RERERME RAHICI R ---ovovvvemsevemseeennene 130
$HE IFLM Klein-Gordon A RN BB SEEME ---ooomevrroe 139
§1 Ae2t Klein-Gordon T FRARHIJREBFERL +-voeeeereerermemmemsensssssinsennss 140

§2 %K;’Tfﬁ:%ﬁ Klein-Gordon ﬁﬁﬁm%%%ﬁ ......................... eeeeenes 150

§3  AESRHEBEEN HFRIPEIETUE - orverrereememnmemssn e, 161
B BB IR B ATAZ TR e 182
Al &%{?fﬂ*&)\%ﬂﬂ‘]%ﬂimﬁﬁﬁﬂiﬂ%% ................................. 182



- viii - B %
A2 Sobolev HEA EE G REEAFHLJE I -+ oveerererersereeresenistersnesesesennasnnns 188
A3 RGN REFSKEMEIEE. TF. BAZLE v 191
A4 Morrey /25 [d] 5 John-Nirenberg BRI Fg T -revereeererserserrasmnsinnns 197
A5 Sobolev A EHELE PDEs B IR B -BEM] -eevoveeererereremnmmmcenencacnes 204
BB LR -rerveveeesroreorors e et b s 207



g8 RFHE. FTRESERS

§1 Laplace J7 53R Bt

AT 401, Laplace HFIESB R KB MRRAE (FHEUBEHRE ¢ & RY
ERFrAERAGRE). 4 N > 30, RN ¢ BRES T M TR,

(1) BB (group of translation transformations).

(2) HEFE A #:B¥ (group of rotation transformations).

(3) 1457 HaRE (group of dilation transformations).

(4) REIE#HBE (group of inversion transformations).

ROV A IIB A BB ¢ HEHRE

N(N-1) (N +1)}(N +2)
— el

1+ N =
+1+ >

dim(G) = N +

SR, XtF Laplace &
Au=f(u), f(0)=0 (1.1)
ME, B Galilean B#H B TRIFAE, HEETFHHIEELEE ¢ TR
%,
FiC 1.1 DAgERtE R E R x R h#), EREHEHBZ KR
(i) Galilean AW BB VB ERB SRET BB TRTHER:

/ 4
' =x+a, z=(x9,11,22,23), a€R"

T B2
-Té) = Zo,
zi = z;cosd + z;sinb,
i,7,k € [1,2,3].
:1:; = —z;sinf + z; cosd,
T}, = Tk,

(i) —MeHhift, B SCARXT IR Galilean B 245 -

o=z —vt, 1<j<3.



‘2. B8 RTINE PERRFERS

(ii1) Poincaré {E&#@@Tﬂﬂﬁ\ﬂd’éillg&&ﬁ—% Lorentz A8 # ¥, Lorentz AF
HRE 2 B Bk Lorentz ARk

¥ =z* + ez, e = —e"*, u,rv=0,1,23

RN R B, Lorentz AR i EFE B (W (i) XX THEAY Lorentz
A e

t' = tcosht + z;sinh T,

z; = tsinh 1 + z; coshr,
i,5,k €[1,2,3]

i SRR BeRE.

FEMEMR: IR fu) BRI 2%KME URRMKETE (1.1) 7308268
(group of conformal transformations) F#ARZE#E. X BILTE AR B BE 0y 85T (b
REBMBERBGFRT) KB (1.1) FrEEAXIRF, ¥3), ¥ENHBMHEXT P TR
M sh A7, Schrodinger H B (REEABFE) i, RFTLIKE—RIFER
4y XX T RATPFFX BN E S, SRR RIS EEMN.

TEMAUARRHMEZE (1.1). BiE (1.1) B8 u(o) R EETFTTLE
%, B

lim wu(z)=0.
|| =00

MR 1 HEZRN TR
0= (—Au+ f(u))u= V- (—Vuu) + |Vu|? + uf(u).
Hilt, £ RN L4, 85
/R (VuP + uf())dz =0, (1.2)
MR u(z) X o(z) B (1.1) ##%, W
0= (~Au+ f@W)v = V - (—Vav) + VuVo + vf(w),
0= (~Av+ f(©))u = V- (~Vou) + VoVu + uf(v)
Hit, 7£ RN L84 FEBR, EERS
/R (@f(w) — uf(@))dz =0. (1.3)



§1 Laplace H B 53AHE | 3.

M2 Bulz) BHE (1), WREZAH (scaling transformation) FEWRE
v(z) = au(izr) HE
Av = a)? f(g) £(0)=o0. _ (1.4)

TR, X FEM f(u) = cu? + du? BIERERY, B REER v(z) = au(rz), B
ATLA%E (1.1) $4 ,
Av = 0P 9. (1.5)

B8 i F(u) = /0 " f(w)do R

E() = /R ) { %]Vulz +F(u)}d:c. (1.6)

M (1.1) TUERES R

§E(u) = 0. (1.7)

BR L, T, RWE To = I 6—BORIESR, & M = T2 oo RIMAEBHST

R Xt FAERH B u(x), H
% 5=0E[TEU] = (E'(u), Mu) = (—Au + f(u), Mu). (1.8)
& u(zr) & (1.1) 4%, W (1.8) X 0, %8} E[T.u| = E[T,u] = const, (—Au +
fW)Mu B—ANBERR. SR, RN TEER Noether R HELR.
Noether B WMRFE T ESRERERFELFE O %) A%, Wi
RN 2 — 1 FiER
THEBFEFR (1.1) 7 RY FE3BESEE A TR FERS M
LRAET f(u) WS R ARG A BT RIEITE AR RBE A T oA FHF &,
X o R VT AR B 3T SRR R R B, (1.1) DAFTERREY —SE AT 2R 1.

1. ¥ Zi#fi(translation transformation)

dT,

T.: u(z) — u(z +ea), M= d;' =a-V. (1.9)
e=0
¥ (—Au+ f(u))Mu EREEER, BEFERS:
v- { - (a-Vu)Vu-%a(@-i-F(u))} =0. (1.10)

5, Bl a=er B8 k MRIRRIEAIEIE, N (1.10) ERE
ou

{ —ul + %wu,z + F(u)}k + j;{—ujuk}j =0, H¥ u;= T (1.11)



4. F—E RFITE AEERFERS

2. FE¥ T (rotation transformation)

Tou(wl’...’xj’...’Ik,...,xN) :u(xl,...7a~:j’...,ik,...’xN),
Z; =xzjco80 +xpsinf, Tx = —z;sinf + xcosb. (1.12)
HEERAWR
dTy . .
M=— = (—z;sinf + zx cos 0)9; + (—x; cos § — x sin 6) O
df |o—o 6=0
=z10; — j0k. (1.13)

¥ (—Au+ f(u)) Mu BERBERN, BAGFERS

V - {—~(zx0; — z;0k)uVu} + {a:k (@ + F(u)) }j - {:ij ([_V;_P + F(u)> }k =0,
(1.14)
3. (BT #i(dilation transformation)
FREMG
Ta(u(z)) £ ua(z) = A™u(Az), A>0 (1.15)

T, B4 (1.1) M Lagrange B AE ((NBRWEZMN m BITT). EEE
Vuy(z) = Z™H(Vu)(Az), EE8TTETR

E(ux) =./]RN {%/\2”‘+2|(Vu)()\a:)¢2 + F(,\"‘u()\;c))}dﬂlc
_ /R ] {%Azmﬂ_m(vu)(y)p + A—Np(Amu(y))}dy, (1.16)
XEHB y= Az, dy = \Vdz. BB 2m+2=N (Bl m = (N —-2)/2), B

0=+ B(ux(®)) - /R (- NF() +muf ()} dy. (1.17)

KRBT EHERE m = (N - 2)/2, —NF(u) + muf(u) B—PBERERX. I
B, 425 (1.15) MV H BT M N

Mu = di/\[/\mu(/\:v)] =z - Vu+mu. (1.18)

A=1

M FERS 2
0 =(—Au+ f(u))(z - Vu + mu)

=muf(u) — NF(u)+ V- {—(z- V)uVu
N -2

+ %leu[z — muVu + zF(u)}, m=———. (1.19)
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ERAE FEFEBSE, AR T TER:

V- ((.’L‘ . V)uVu) = 8,- ((.’Ekaku)aju)- = 6jk8ku8ju + .’L'kakajuaju + .’L‘kakua;‘-)u.

A
/ (IVul® + uf(u))dz / {~NF(u) + muf(u)}dz =0

(R (1.2) 5 (1.17)) 1%

Vil = - [ ufde =525 [ Fais, N23 (20

RN

B(w) = /}RN (%IVulz + F(u))dx — ?’1\7/m~ Vul?dz > 0. (1.21)

B LTSGR RNAWTER:

EE 11 3 u(r) & (1.1) BEBMELE 2| — oo RAER, W (1.1) XVHy
RERL E(u) > 0(u(z) = 0 BRSM). FHSh, R
(a) sf(s)>0 N2>=2;
(b) F(s) > N >2;
(c) H(s) > H(s)=(N—2)sf(s) -2NF(s), N2>2;
(d) - (8) >0, N2>
(e) K(s) > K(s) =sf(s)—2F(s), N23
Z—maz, M (1. 1) NFTER.

iFB  AfEER, UE N >3 TIiEH. EEF

/ uf(u)dz = —/ |Vu|?dz <0,
RN RN

N -2
Flu)dr = —— uf(u)dxr = —————/ |Vu|?dz <0,
RN 2N RN

H(w)dz = (N - 2) /]R wf(u)dz — 2N /R _Flwdz =0,

RN

—H(u)dz = 0,
RN
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UK
/R  K(u)da = /R uf(u)dz —2 / F(u)de
=- IVujzda:—{- ——/ |Vu|dz
_ ; (Vul?dz < 0
RRIEERBER 1.1 4R

FHic 1.2 () EHIIZEN=1HEETEARLH. XREHRY F > 06,
(1.1) {AFEAER. W Strauss B CE ([S2)) BHFIX.
(ii) — M, FEZ R (1.1) FEMEEA

u(z) — uxr = A"u(Az), m= E—Q_—g
FHRRATEIE, AT, IR
NP+ Rupw) =0, Fw) = f() (1.22)

Ep

F(u) = const - u®z,
W (11) RS FTRERE. EREET, HEFE (1.1) XEHESEE (7
AR X I8 b AU E ) (REatR iF A B R AERT Sobolev (RAARFER

llo@)ll g, < CliVell2, C=RERK (1.23)

8 p(x). BARIERITTS R (S2).
#ig 1.3 MRRE F 5 F XBRMKBT o, WATHRB (1.17) —4> Virial
%X, B

-2
N uf(z,u) —z- VF}dz

Oz/RN{—NF(a:,u)+N

=/RN { _ NF(z,u) + NIQ 2wt (@, u) - 'r%g}dz. (1.24)'

4. T #(inversion transformation)
RETAS, RY LR 513

Vi z— —5



§2 RTIMEG—MEEHEF T

(R SAREAL, B VKR Jol = 1 BRRE Iyl = V()| = 1. 4 v(2) =
2P Vu(1 ), AHRIE

/ |Vu(y)|2dy:/ |Vu(z)|*dz. (1.25)
RN RN

—fHin, A N SEE MRS E KR

y =Vo(z) = (VI V)(z) = VT, (#) -V (I—w% " a)

_ z + a|z|?
" 1+2a-z+|af?z? (1.26)
EFRBERHRT AR KR
%U(Vw (x)) = |z|%a - Vu - 2(a - z)(z - Vu). (1.27)
e=0
BEXT R A X BT
Mu = —|z|%a - Vu+ 2(a - z)(z - Vu) + (N — 2)(a - z)u. (1.28)

ROUTRIE LA AR By, EHEKF

[-Au+ f(w)]|Mu

FRMBEE AR ESERRE K. BAVET — 7% th— BT B3 L <HE %
o 1EAFFEIRE AT RAGIE ST R BAE ] T AR R THEAMER.

52 FeT Ik SR B

AATHEL M — A — AR T B, 1 BB S T LA B 8 H 7 R ST A
FRA MRS, SRR, 70T BB S A e B 0 B Rt R
FiE%ERX. B—FH, RIDEEEHREF Laplace ST AW B RBE—ERILES
Bt |

FTHE 2.1 &%

N |
M =Y £(2)d; + pla) = £(z) - V + p(a), (2.1)

i=1



