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The Cauchy-Schwarz Inequality is another highlight in the topic of inequality. Like
the inequality A. M. =>G. M. , the Cauchy-Schwarz Inequality is an important vehicle for
proving a wide variety of inequalities.

Theorem Cauchy-Schwarz Inequality

Let ay,ass*"sa, and b, b, *+*b, be two sets of real numbers. Then (Z":la,-b,-)2<

(I_ga?)(ébf) ,and equality holds only when a;=0 or b;=Aa, ,for some AER,i=1,2,**,n.

Proof If a;=a;=a,=0,the equality holds. For other cases,define the quadratic
polynomial f(z) by

f()=C(a;x—b))*+(ayx—by) +++++(a,x —b,)*

=(adi+at+-t+a)x?—2(a1bytash, +++ab,) x+ (bF+b5++ 82,

which is non-negative for all real values of z. Recall that a quadratic function Az*+
Bx+C(A>>0) is non-negative if and only if its discriminant, which equals to B —4AC,
is non-positive. Applying this result to f(x),we can deduce that [2(a;b; +azb, +++++
ab)F—4(ai+ai++a2) (B +b 4 +b2)<0,0r [ (@b, +azb, ++++a,b,) ]*<<(at
+ai -+ +a?) (B +b5+++-4b%) and hence the result.

Equality holds when there exists a real number x such that f(x)=0. This occurs
only when a,x—b, =a;x—b,=+"=a,x—b,=0, .. e. b;=xa;si=1,2,*,n.

Exercises Let a;,as,*,a, and b, 6, ,**,b, be two sets of real numbers. Prove that
V{a+6) +(a; +0,) 7+ +(a, + b, <Vai+ad+++al+ /bl +b+-+b.

Hence deduce that if P(x,,y,),Q(xs,y:)and R(x3,y;) are only three points in the
x0y plane, then QP<PR-+QR.
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% kiR /// The Equations of Line

A linear function is a function of the form f(x)=kxr+b, where £ and b are con-
stants. The graph of f is a line. On the other hand,a line which is not parallel to y - axis can
be represented by a linear equation, y=*kx—+b.

Given that line [/ contains points (x;,y;)and (x;,y:) (x17x;). Since y, =kx, +b,
T

v, =kx;+b,subtract yi —y, =k(x,—x3) k= xz ,k 1s the slope of this line.
2
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If x=0,then y=b, and & is called y-intercept.
An equation or the line in form of y=kx+b is called the slope intercept form equa-
tion.
The definition of slope leads to many forms of equations of lines that are useful for

determining the rule of a linear function.

The point slope form equation of a line is y—y, =k(x—ux,), since k:%. The
1 2

form is used to determine the equation of a line when the slope £ and the coordinates of
one point (x;,y;) are known.
Exercises

please use the given information to write each equation in standard form.
3 .
(D k=§ »y-intercept: —4;

(2) A(—2,10),B(5,—4).




