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Chapter 1

Percolation

1.1 Introduction

Take some squared paper and black out a portion of the squares randomly.
Consider the clusters of adjacent black squares. If only a small portion of
squares are blacked out, it is unlikely that a cluster extends across opposite
sides of the paper. However, if a large portion of squares are blacked out, it
is likely that a cluster ‘percolates’ across the paper. Indeed, for a paper of
infinite size, there exists a unique portion of randomly blacked out squares
that mark a phase transition from paper with no percolating infinite clus-
ter to paper with a percolating infinite cluster. Percolation is the study of
the clusters as a function of the portion of black squares. It is a purely
geometrical problem and is arguably the simplest model that undergoes a
phase transition. The challenge in percolation lies in describing its emer-
gent structures rather than understanding its defining rules. Apart from
investigating the geometrical properties of the percolating infinite cluster,
we will be specifically interested in the statistical properties of finite clus-
ters. One approach to studying these clusters is simply to calculate their
size and number explicitly from the rules of percolation, but we will find
that in general this is a hopeless task even for clusters of moderate size. In
the vicinity of the phase transition, another approach to describing cluster
statistics suggests itself, and this is related to the notion of scale invariance.
We will focus on the phase transition and dwell upon scale invariance, since
these are unifying themes throughout the book. We will develop a math-
ematical framework for expressing scale invariance, applicable not only to
percolation, but to other models undergoing a phase transition.
Percolation is, in fact, highly relevant in a variety of physical settings: oil
recovery from porous media [King et al., 1999], epidemic modelling [Cardy
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and Grassberger, 1985, networks [Cohen et al., 2002], fragmentation [Her-
rmann and Roux, 1990], metal-insulator transition [Ball et al., 1994], ionic
transport in glasses and composites [Roman et al., 1986], fracture patterns
and earthquakes in rocks and ground water flow [Sahimi, 1994] among oth-
ers. Therefore, the concepts in percolation are not only of academic interest
but also of considerable practical value. For an introduction to percolation
and some of its applications at the level of our presentation, we can recom-
mend the popular text [Stauffer and Aharony, 1994].

After defining percolation and its main observables, our programme is
as follows. First, we will investigate one-dimensional percolation, which is
simple and exactly solvable. Although trivial, this exercise is not entirely
fruitless because it will expose some of the features of a phase transition.
Then we will consider percolation on a tree-like lattice where we will also
be able to make considerable analytic progress. This so-called mean-field
percolation gives a qualitatively more accurate description of a phase tran-
sition, but leaves out important features, both qualitative and quantitative,
that are present in percolation in general. In two dimensions, we will ini-
tially appear to reach an impasse, since the possibility that clusters ‘inter-
act’ with themselves will force us to abandon explicit calculations even for
clusters of moderate size. Fortunately, however, one-dimensional and mean-
field percolation provide clues suggesting that something generic happens
to the clusters near a phase transition. We will identify and exploit this
generic phenomenon by invoking the powerful concept of scale invariance.
This will allow us to propose a particular functional form for the statistics
of clusters. While this so-called scaling ansatz will not be able to give us
the exact statistics of clusters, we will argue that the concept of scale in-
variance nonetheless gives us something far more preferable: a statistical
framework for unifying the description of clusters in percolation in general.

When studying the geometrical properties of percolation in greater de-
tail, we will find that the root of the simplification of scale invariance lies
in the fractal nature of percolation at a phase transition. Loosely speaking,
this means that at a phase transition percolating systems look alike on dif-
ferent scales. This in turn will refine our intuition of scale invariance, and
we will be in a position to introduce the so-called renormalisation group
approach. Such an approach is designed to exploit scale invariance in per-
colation at the phase transition, by preserving only large-scale features of
the clusters. We will illustrate this approach with specific examples of
renormalisation group transformations.
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1.1.1 Definition of site percolation

We now define site percolation, one of the simplest examples of a disordered
system. Consider for now a two-dimensional square lattice composed of
L x L sites. We refer to L, measured in units of the lattice spacing, as the
lattice size. Note that L is not a length scale as such, but a dimensionless
number, L'/a, where L' is the lattice length and a the lattice spacing.
Throughout, all lengths are measured in units of the lattice spacing.

To introduce disorder, we occupy sites randomly and independently
with occupation probability p, treating all sites equally, see Figure 1.1.
The foremost entity of interest is a cluster, which we define as a group of
nearest-neighbouring occupied sites. The cluster size, s, is the number of
occupied sites in the group.

[ ——

s |N(s,p;L)
[ 1 g
E v, 1

4 1

7 1

Fig. 1.1 A realisation of two-dimensional site percolation on a square lattice of size
L = 5. Sites are occupied with probability p and are thus empty with probability
(1 — p). Occupied sites are dark grey while unoccupied sites are white. A cluster is
defined as a group of nearest-neighbouring occupied sites. In a square lattice, a bulk
site has four nearest neighbours: north, south, east, and west and four next-nearest-
neighbours: north-east, north-west, south-east, and south-west. The table to the right
displays the cluster size frequency, N(s,p;L).

1.1.2 Quantities of interest

We shall introduce the quantities of interest on a two-dimensional square
lattice. For a fixed lattice size L measured in units of the lattice spac-
ing, there is only one parameter in the problem, namely the occupation
probability p.

For p = 0 the lattice is empty of clusters, while for p = 1 there is only
one cluster of size L2. For intermediate values 0 < p < 1, each realisation
will, in general, be different. But qualitatively, we expect the size of the
largest cluster to increase with p. Figure 1.2 supports this trend, showing
six realisations of increasing p on a lattice of size L = 150.



