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Chapter 1

From Geometry to the Quantum

According to one legend, Lucifer was God’s favorite angel before
stealing light from him and bringing it to mankind. For this, to us
a generous act, Lucifer was expelled from heaven and subsequently
became the top angel in hell. Most of us are not able to steal pos-
sessions from God, but we can at least admire his most marvellous
creation — light. Quantum optics is the theory describing our most
sophisticated understanding of light.

This book intends to acquaint you with the basic ideas of how
physics describes the interaction of light and matter at three dif-
ferent levels: classical, semi-classical and quantum. You will be
able to understand basic principles of laser operation leading to
the ideas behind non-linear optics and multiphoton physics. You
will also become familiar with the ideas of field quantization (not
only the electromagnetic field, but also a more general one), nature
of photons, and quantum fluctuations in light fields. These ideas
will bring you to the forefront of current research. At the end of
this book, I not only expect you to understand the basic methods
in quantum optics, but also to be able to apply them in new situ-
ations — this is the key to true understanding. The notes contain
five sets of problems, which are intended for your self-study. Being
able to solve problems is definitely crucial for your understanding,
and a great number of problems have been chosen from the past
exam papers at Imperial College London set by me. I also hope
— and this is I believe really very important — that the book will
teach you to appreciate the way that science has developed within
the last 100 years or so and the importance of the basic ideas in
optics in relation to other ideas and concepts in science in general.
The book contains a number of topics from thermodynamics, sta-
tistical mechanics and information theory that will illustrate that
quantum optics is an integral part of a much larger body of scien-
tific knowledge. I hope that at the end of it all, and this is really
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my main motivation, you will appreciate how quantum description
of light forms an important part of our cultural heritage.

Optics itself is an ancient subject. Like any other branch of
science, its roots can be found in Ancient Greece, and its develop-
ment has always been inextricably linked to technological progress.
The ancient Greeks had some rudimentary knowledge of geomet-
rical optics, and knew of the laws of reflection and refraction, al-
though they didn’t have the appropriate mathematical formalism
(trigonometry) to express these laws concisely. Optics was seen as
a very useful subject by the Greeks: Archimedes was, for example,
hired by the military men of the state to use mirrors and lenses
to defend Syracuse (Sicily) by directing the Sun’s rays at enemy
ships in order to burn their sails. And like most of human activity
(apart from some forms of art and mathematics) the Greek knowl-
edge was frozen throughout the Middle Ages only to awaken more
than 10 centuries later in the Renaissance. At the beginning of
the 15th century, Leonardo da Vinci designed a great number of
machines using light and was apparently the first person to record
the phenomenon of interference — now so fundamental to our un-
derstanding not only of light, but matter too (as we will see later
in this book). However, the first proper treatment of optics had
to wait for the genius of Fermat and Newton (and, slightly later,
Huygens) who studied the subject, making full use of mathemati-
cal rigor. It was then, in the 16th and 17th centuries, that optics
became a mature science and an integral part of physics.

If you could shake a little magnet 428 trillion times per second,
it would start making red light. This is not because the magnet
would be getting hotter — the magnet could be cold and situated
in the vacuum (so that there is no friction). This is because the
electromagnetic field would be oscillating back and forth around the
magnet which produces red light. If you could wiggle the magnet
a bit faster, say 550 trillion times per second, it would glow green,
while at around 800 trillion times per second it would produce light
that is no longer visible — faster still and it would become ultra-
violet. In the same respect, we can think of atoms and molecules
as little magnets producing light — and their behavior as they do
so is the subject of quantum optics.

From our modern perspective, optics can be divided into three
distinct areas which are in order of increasing complexity and ac-
curacy (they also follow the historical development):

e Geometrical optics is the kind of optics you would have
done in your sixth form and the first year of university,
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prior to learning that light is an electromagnetic wave.
Despite the fact that this is the lowest approximation of
treating light, we can still derive some pretty fancy results
with it — how lenses work, for instance, or why we see
rainbows. [ will assume that you are fully familiar with
geometrical optics.

e Physical optics is based on the fact that light is an electro-
magnetic wave and, loosely speaking, contains geometrical
optics as an approximation when the wavelength of light
can be neglected (A — 0). Behavior of light as described
by physical optics can be entirely deduced from Maxwell’s
equations, and it is this level of sophistication that we will
investigate at the very beginning of the book.

e Quantum optics takes into account the fact that light is
quantized in chunks of energy (called photons), and this
theory is the most accurate way of treating light known to
us today. It contains physical optics (and hence geometri-
cal optics) as an approximation when the Planck constant
can be neglected (A — 0). This treatment will be the core
of the book.

Geometrical optics can be summarized in a small number of
fundamental principles. For those of you interested in the color-
ful history of optics, I mention Huygens’ Treatise on Optics as a
good place to read about the early understanding of light. Here
are the three basic principles that completely characterize all the
phenomena in geometrical optics:

(1) In a homogeneous and uniform medium, light travels in a
straight line.

(2) The angle of incidence is the same as that of reflection.

(3) The law of refraction is governed by the law of sines — to be
detailed below (see Figure 1.1).

Are these laws independent of each other or can they be derived
from a more fundamental principle? It turns out that they can be
summarized in a very beautiful statement due to Fermat.
Fermat’s principle of least time. Light travels such that
the time of travel is extremized (i.e. minimized or maximized).
All the above three laws can be derived from Fermat’s principle.
We will now briefly demonstrate this. The fact that in a homoge-
neous and uniform medium light travels in a straight line is simple,
as the speed of light is the same everywhere in such a medium (by

Geometrical
Optics
Principles

Fermat’s
Principle
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definition of the medium), and therefore a straight line, being the
shortest path between two points, also leads to the shortest time of
travel. The same reasoning applies for the incidence and reflection
angles. The law of sines is a bit more complicated to derive, but
I will now show you how to do so in a few lines. Suppose that
light is going from a medium of refractive index 1 to a medium of
refractive index n as shown in Figure 1.1.

n=1

Fig. 1.1 The law of sines can be derived from Fermat’s principle of least time.
The full derivation is in the notes.

The total time taken from the point A to the point B is

t o< \/22 + 92 + ny/13 + (d — x)? (1.1)

Note that the second term is multiplied by n, as the speed of light
is smaller in the medium of refractive index n, being equal to ¢/n
where ¢ is the speed of light in vacuum. Now, Fermat’s principle
requires that the time taken is extremized, leading to

fl_t_o( z B (d—x)
dz /22 +yf  nV/yi+(d—2)?

=0 (1.2)




