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1.2 Huygens’ Principle

A concise, treatment.of the history of the development of diffraction theory *'*

1s given by Born and Wolf [1-6] and more detailed treatments Qf L}Fe theory
are available or those interested [1-7 through 1-9]. Only a br_xef introduc-
tion is given here. The account begins in 1678 when Christian Huygens
postulated that each point on a wavefront could be regarded as the source
of a secondary spherical wave. The position and form of the wave at a
later time is then described by the envelope of the secondary waves as
shown in Fig. 1-3. Huygens' concepls were incorporated into n_'lathemaucal
form by Augustin Fresnel in 1818, Fresnel predicted dirflractlon patterns,
later experimentally verified. which could not beé explained by parucie
theory. This work led to the acceptance of the wave theory of light over the
particle theory. The mathematical description was Iat_er further ‘rcfmed by
Kirchoff, Rayleigh, and Sommerfeld. The mathematical techniques have

Spherical
wavelers

Mew wavefront
Primary
wavefront

Figure 1-3  The envelope of the secondary waves arising from the primary wave forms the
new wave.

not yet been perfected. with most aifficulty arising because of the
boundary conditions. The boundary condition problems have been studied
since 1888 by Magg [1-10] up to the recent work of Rubinowicz, Wolf.
and co-workers [1-11, 1-12].

We have obtained the expression (1-25) by considering the propagation
of the plane wave components of the distribution U,. The same equation
can be developed using Huygens' assumption that each point of the
distribution radiates a wavelet uniformly in all directions. Its wavefront is
thus spherical and is described by exp(ikr). The total effect in the second

plane is the superposition of the waves from all points in the first plane,
being proportional to

[— 6



fo|[.r,.y,)exp[ikr).i\,n{r, (1-26)

where Uyix,v,) denotes the amplitude and phase of the wave radiated
from the point (x,.»,), and the constant of proportionality has been shown
to be 14/ iAz. (See. for example [1-3])

Reference o Fig, 1-4 shows that r'is given as

P24 (x, = ) + (2, = p2) (1-27)

¥

\{(;’.,‘1'-'

Flgure 14 The relationship between the coordinates and the distance hetween a paint an
the x,-y, plane and a point on the x -y, plane.

or equivalently as

] 14172
- +(y,—v,
P LTk Ve P T (1:28)
The binomial expansion can be used to obtain
u:+%[(t,—.c:f+(_v,—y;}’] (1-29)

where the higher-order terms can he dropped as heing negligible if the
region of interest 1s restricted to be such that

2l —xl 2y ep) (1-30)

Substituting the approximaton (1-29) in (1.26) results in the same expres-
sion. (1-25), that was derived hy the use of the ancular spectrum. In this
aporoach, the physical interpretation ¢f the approsimanon s that only a
portion of the sphenical wave from euch point gof concern, Consequently,
1 quadratic approximation o the spherical surface 1s adequaie,

The diffraction fermala.  Equation +1-23) can be rewritten with the +, and
¥y terms outside of the integral as

t— 7



i . X+
l_:_](x!,h)-xexp(:kz)np ik 7 l B

2 ' . .
x f fU‘(x1.yi)exp(ka';y' )ap(wak@'-’—’)dx.am. (1-31)

If the value of k is written as 2 /X in the last exponential of (1-31),

. L X3+
Uy{xppy) = ;;'-; exp(ikz) exp( rkT

’ 24yl % % 5T
xfo.(x,.y.)exp(a‘k"h‘)exp(—aw'—’h—'-’)dw. (1-32)

takes the form of a Feurier transform. That is, the integral represents the
Fourier transform of U,(x,,y,)exp[ik(x?+y})/2z] and the transformation
is from the x,,y, domain to the x,/Az,y,/Az domain. Alternatively, the
integral of (1-32) can be viewed as a Fresnel transform of U\(x,,»,). Let us
further examine the significance of the term exp[ik(x? +y})/2z].

13 Fresnel Region

In the inevitable effort to simplify the mathematics, the term
exp| ik .rf+yf |
P 2z

(1-33)

of (1-32) comes under s};‘u‘iny. Obviously if U(x,,»,) is nonzero over only
a small region, then x} and y} can be small in ¢omparison to Az, and the
term (1-33) can be neglected. If this is not the case, by reason of either a
farge extent of U, or a small value of z, the x,,y, plane is said to be in the
Fresnel region of the distribution U(x,.y,). The Fresnel region is then the
region where z is large enough, with respect to the extent of U, and U,
that the higher-order terms of (1-29) can be neglected but where Az is small
enough with respect to the square of the extent of U, that the exponential
term (1-33) cannot be neglected. This region is of importance in optical
imaging and holography.

1.4 Fraunhofer Region

The point at which the term in (1-33) can be neglected is easier to define
when U, is bounded by an aperture. The limits on the size of the aperture
then give a direct means of comparing the maximum values of x} and x}
with Az, Even so, the ‘exponential term is not suddenly negligible, and
different numbers have been given as the values of Az beyBind which the
exponential (1-33) can be ignored. Consideration of the integral of (1-32)
shows that the exponential (1-33) is negligible if its phase change is
negligible over the range of nonzero or nonnegligible values of U,. It is
assumed that this is so if the phase change Gver the range of integration is



- much less than | radian. If the maximum value of x]+y7 is (d/2)%, where
“d i the linear dimension of the maximum extent of U,, the restriction oﬂ
the phiase leads to

k(d/2)'  wd?
T (1349
This is frequently wrilten as
: 2
>4 (1-35)
where _the ratio of #/4 is taken to be 1. The criterion 15 often that the
aBowable phase shift is much less then | radian, leading to

242

> (1-36)

In cither case, the region in which (1-33) can be neglected 15 called the
Fraunhofer region, or the far field. The Fraunhofer distribution s given by

1 . L xj+yi
Uy(ps) = 5 explikz) exp| ik—57 )

' S R AP
* Ufx.y ]:xp(—rk %‘)dx‘d_\-, (1-37)

Xa ¥y

i :
Uyl xyp,) = —: exp rRz}exp(ik 5 ]A,( e ) (1-38)

If we recogmize that, for small values of o/z and v /20 cosfl= v /2 cosé
- g/ z, then (1-7) allows us 1o write

E 1
Udlv,y, )= Ao eapb ks besplimiztu’ + o)Al qu). (1-39)

Esther expression shows that the dutfraction paztern an e Fraunhofer
regon 15 given by the Founer transform of the distribution i the first
plane. The multipliers show the | /z decrease in amplitude (1/ 2% in power),
the progressive phase shift due to propagation, and a quadratic phase
factor.

It is interesting to put some numbers into (1-35) to determine where
(1-33) can be neglected. If A is'5x 10”7 nieter (in the visible region) and
the aperture diameter is 0.5 cm, 750 meters. We shall see in Chapter 5
that there are methods by which we can reduce the value of = and sull
obtain 2 Fraunhofer diffraction pattern. These techmques involve the
mtroduction of another phase term nto (1-32) to cancel or reduce.the
effect of the term (1-33)

| —&
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Pﬂn of plane waves. A uniform plane wave traveling in an ar-
bitrary direction can be represented by

|U|Reexp| — i{wt — ax — fy.— yz + €} ] (1-1)

where |U] represents the magnitude of the wave. ¢ denotes the phase, and
Re denotes real part. We will normally allow a complex U to include both
amplitude and phase. The power density of the wave i given by UU*.
The variabi: U therefore represents neither the electric nor the magnetic
field but could be associated with either, depending on the definition of U.
That.is, U=E/Vy or U=V7q H where 7 is the intrinsic impedance of the
medium, E represents the electric field, and H represents the magnetic
field. In qur scalar work. a choice need not be made. The intensity of a
wave is a measure of the energy per unit time per unit area normal to the
direction of propagaton. The variables a. #. and y determine the direction
m which the wave propagates. and arz restricted by

Loy
u‘+ﬁ‘+y-vk‘=l—{:] {1-2)

where A 1s the wavelength. The values of a. §. and y are related to the
direction of propagation: that is

a=kcosh, (1-3)
B=kcosé. (1-4)
y=hcosy [1-5)

where 8#.{, and x, are respectively, the angles between the «. y, and r axes
and the directior. of propagat:on (normal to the wave). Note that the
dimensions of a, B, and y must be radians per umit length.

In writing a cescription of a propagating wave. we shall normally omit
the temporal variable and the propagation constant for the z direction. The
temporal varnation is understood and the value of y can be found from
{1-2). The expression (I-1) can then be writlen as

Uexp{i2a[ux+uy]} (1-6)

, —6



INTRODUCTION TO SCALAR DIFFRACTION

where_u and v are spatial frequencies having the dimensions of cycles per
unit length:
yoa cos B _cost
2n AT 2w A
Figure 1-1 illustrates the parameters discussed for a plane wave propagat-
ing in the x and z directions. The solid lines are mauma and the dotted
lines are minima of the tilted wave. Along the x axis the distance between
maxima is given by A/cos#. That is, the spatial period 1n the x direction.is
A/cosé, and the spatial frequency 1s given by (1-7). A wave propagating
partially in the negative x direction. such that the spaual period 1s again
A/tosd, has the same magnitude spatial frequency. but the phase regresses
(cosf)A cycles per unit length rather than advancing by the same amount
This could be considered as a negative progression of spatial phase. Notice,
however, that the real part of (1-6) is the same in either case. When two
waves represented by Uexp(i2aux) and Uexp(— 127ux) are combined, the
resulting amplitude distribution along the x axis 15 2U cos(27ux). giving a
fringe distribution having a spatial frequency of u cycles per unit length.
Consequently, we see an intensity pattern described by aU% cos (2mux).

. (1-7)

Figare 1-1 A plane wave propag in the positive x and z di
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